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Ta  the  READER; 


Pwf  ^id^jinusy  Courteous  ttiaderjtqkh^  what 
liMf/^f^rfomd  ixitbif  EJithn  oftbi  ttmenH 
^fEi%Q{^^^  to^JUHtnJhbrtj^ 

Hc^(^ing  ii  the  nature  'if  the  Work,  Have  en^ 

fi^fmofff^'ofnd at  ibi  C^itlme [o.wr^^  that. 

^,^&iok  mfji^.vqt  JiifQllip'^^^^  Bulkydx  i^ay  he 
'^PHkU&wLif  f0f^rji<fhoti^  i^ni^  {in  ivjjieb  1  t^ink  I  have 
fi/^Cfided^  nii^iif  ffljf  /fkf!n(i^fbaPrint^*slia^^^ 
fiffjlrafe,  ffff^I^eJiffK  &ime.  ifos  hrigbter  Genius^  and 
Wdffed  mtb.^gr^i^fS^iU^  majp^vedemonpratekmofi 
9ftb4^9  PxoS^tims  wkH  nfQve  nUefj^  but  f^bap  mm 
Witb^  M^r$  pf^avj&vefttban  X'have  i  efpciallj  Jfncet 
aferijV.  «wf  ^^  Mi^tfif.  nmhr  and'order  of  the  Authors 
'^iroj^iti^ns^  .JWfx^fyn^  dVitf^ir  toj^ie  the  liietty  af 
fpe&ing^  ^,Ms.ni^^^^  ^.Qf.tUfii^  cr'ofndi^einl^ 
\^f  the  fajf^r £iilt  i$$tatbe  rani  efji^idrpSy  as  /i* 


kmv^iedge  t^kaf  I  b^ve  ijoif^tef  blm  in  fome  Points) 
\lfHr  ou^e  «p^  offiraU  £4fVi«i  I  bad  no  TbQUgbts  pf 
titep^i^g  ^n^thiff^  <yf  tbU  p^^u^^  .  ^^'^  J-  cfnJtJcrd 
th^  thk  m^^l^iirp^ii  Mfif  iboHj^t^fit  t9  fuph^i  onlj 
^li^t  ^f^Xi^ii^ rRi^kf^  Oi^bifb  b^  tQoktbe  fains  t^ 
iflfi^noMd A^iSiUijb^'  bavittg'in  ,(ji  manner  rejeSed 
^^underw^nshbi  or  V  [m^f^^/'s  hfi  appeHamn^ 
tit^fbefy^i^i^X<H4?^^        '^^^^^Jl  Province  pai 


To  the  READEIL 

mmts  9fGwmeirjy  ^fftr  wtn^mmf^d^fif^o^t  /  /I2«mVj 
hit  of  dcmcmfir^mgy  in  m  few  words  0s  foffiUe  I 
^m%  tUf  wboU  Wlurks  of  £|lcUde.,  As  t$  pmt  ff 
tie  Boots fyiz.  tbefeventb^  tigtti^nhibp  sskitmstf, 
0Ubotbqd(mt  fo  nearly  afpwttmn  Uthe  Elememsef 
flain^  anXfoUd  Geometry^  as  tho  fix  frec^$ms  md  tit 
^^ofni/eijMent,  yet  nrite  ef  tie  more  sBlfnl  Geome-^ 
triclans  csm  be  fo  ign&tamt  at  net  to  knewtiaeiiey  ara 
very  ^fefid  for  Geomari^  nmtsersy  netcnljiy  rea^ 
fon  oftiemigity  near.affmity  tiae  is  iitwten  jMti^ 
nsetiek  atfi  Geemetrj^'int  alfo  for  tit  kmwkdp  ef 
^oti  meafm^hle  and  unmeafttrdile  Mlgnittidis,  fiese^ 
eeedtng  neeefary  for  tie  i>oSfnne  efiotifbttn  and  fa* 
Udfgurfs. '  New  tie  noble  Contemflatio^  of  tie  fivi 
J^siuiar  Bodies  tiat  is  eontain'd  in  tie  tiree  Uft  Beoie^ 
canned  Tt^itiont  great  Injufiiee  be  petermieted^  finee 
that  for  the  fate  tt&eof  0Ur  tor/pmei^e^  leinga  P&* 
lo[opb€r\f  tie  Vlatonic  SeSy  is  [aid  to  imOe  aemposd 
this  miverfal  Syflesss  af^Ummtts ;  as  Ptodos  lib.  2^ 
Witne£etb  in  tiefetVordsy  ^C^ee  H  ^9%  ^fcmW 
^<^tX^de$nt  t(a9-  it^t^^Jit  tIv  jfT  iuEX»^«r  irAii-* 
7«f/«^r  ^fiyiArm  ^^€tsr.  Befidesp  leafSy  ferfwaded 
my  felf  to  thinks  iiat  it  wndd'tipt  be  wtacceftaUi 
to  any  Lover  eftbef^  Scienees  to  iave  in  Us  PoffeffSon 
tbt  ^bole  Uuclideaii  Wbrky  as  it  is  cerlUmmefy  cited 
an3  alebrated  by  aU'Men.  Wberefari  Irefohidta 
omit  ng  Book  or  Trofofition  oftiofeetat  are  fotmd  in  » 
t'.  Herigonius'i  Edition,  wiofe  Steps  I  was  obliged 
elofely  to  follow,  by  fiafinl  took  a  Refobttion  ton^ke 
ufe  of  mfi  of  the  Sthemes  ef  the  faid  Book^  nmf 
yitli  forefceing  that  time  Would  net  alkwmetofeme 
"•  ,  *       new 


To.t&e  RBikDElU 

m»  mms^  tio  fiamiimv  tthtfi  rMkrU  JUiu  '  F^ 
Aefime  rmfcB  I  ^a$.  vtilU$fg  njif^f*  tk  m^ftaf 
Endade'i  mm  Dimm^rwiimt^  iivkig  mdf  4Kfnf$d 
Uim  in  ^  mtrt  fitmnS  Rrtt^^  tmhfsHriapi  im  /<4i 

mdmmkBfJk^  im  wmekit  fimfd  mt  wunitmf 

wbik  ^  ikviMtt  mmy  fMTtkmimr  fir^m  iim  7We-t 
fiff$  lamwai  withm  wm  hf9$  $Im,  s$  ^  tUt  port  t^ 
ktme  mfmm  wmf$t9^jMkM  Mk  my  ^»B  lutmtimsg 
mtd  tbfDefif  pftUSMimu  As  fir  fnm  ^m^m 
Pfff^ims  md  Thearmss  thia  sre  suUtdimfie  Sc^fkHu] 
Or  pMt  EMfo/kami)  ^kier  Mffm^Mt^  Oj  tuCm^, 
$imrfr¥pmi$tVft)t0thtn^ur§^ftkytEi^^  ' 

Mumaisg  n  tie  nn^  DmmJIr^m  ef  fit^tiiwgi 
iistfUiMf,  0rwikiAimim^rieftii/i9S4f'/mm 
pimifd  Mttbs  offn^ual^  Qem/Kt^f  reJt^g  tiam 
totktiforigmdJPmmuimp  tbefi  J  fif,   wiUnpf^  I 

<  Tie  itter  Bu^f\whieH  Ut^J  itt^  u  teemmt 
tie  Defires  eftitfe  t»ie  sre  JeligiteJ  mere  wkJ^Am- 
ieUedtbMnterkdtkmeetftmtkmSf  Jb  wiiek  kmd^ 
u^ieress meft  smeagm  ere  eca/^emi  tetie  Sgmkeh 
ifQvi&9imm  Ovghtredu^^  Itker^we  tio$igfft  ieft 
PeemfbMfe,fertiemeJtf0rt^0fbis..  Nmeiithne 
itu  I  kmm  ef)  ias  mttew^ed  to  interfret  4md  p^Ufk 
Ei|clide  0fier  tUs  wtmmery  except  P.  Herigonip^  ; 
etfiefe  Mktiei-(tie  itukei  me0  txcdtenf  in-mm^^ 
thk^^emd  nmy  VfeU  Mcccemnedat^d  fee  tie  fartiadar 
fiSrfefi  ef  ti0it  mtfi  h^tmem  Man^  jt^  jetme  ktny 
Qpbdme  to  Utowr  emder  a  deuhU  HefiB^  pfn/f^Jm 
regerd  tkat,  altho  oft^g  erj^e  Fr^fefitiem^  S^f^^' 


r 


Ta  tSd^  AS A]!>Ba: 
^  forty  Hoif^Mnft  <Mr^  9fMm  ir  Tiit^mn^  titt 

^  tJto^  that  Mt^  Ni^M.    Btfki»  iP  fie^wtly  Jmf^ 
finty  that  thefaii  JkkiMcsmfdt  mmi  fitpipflfMA 

thhei  ftn^dteSouty  Mnife\ 


taf^  ;  'wMek  tiutkJt  ikf  Method  M^  $alify  remdif  ijlt 
tit  ai;iittarf  nfhtnr^  ^hfk  Wotii  4mi  Sigm.  T&i'm 
j^kp  what  hat  kn^  faUj'  folding  tbt  btmtim 
inlAhihU  of  fhit  ti^h  W^ky  fuffice.     As  ^  tU 

h  fiii^  tHher  in  TVaife  of$bi  Mati$mtridn  in  gm^ 
Yafy  cr  ofOtam^^-i^  fkrfkid0ry  &Uuckhtgtbe  Hi^ 
ficty  of  tbeft  Scienas,  and  cof^tqnemfy  of  EucKck^ 
Bfmfelfy' (7»6o  iigtfiisd  fbofi  Ekmm/}  Md  khers 
%ll;pr^oi  oftbdt  kind,  mof  emfid^^i^r  Inter fnfern 
mtlep^^ill  I  (as  ifI^iW0  wfiiid  Isofll:  th^jt^  £3m 
dtiewfTtfht^  fall  ftmf  of  bang  fatiifaSor}  to  aU  PiM 
font)  alledge  at  an  Exoufi  (tk$'  tmaf  mrflaattfidtf^ 
ioHtythe want  ofdtte  finH  n^bicb  ^wgbt  ia  h  n»% 
plofitn  fbis  Wurky  nor  tbt  Mmyftion  octafiut'dbp 
^her  Agairtynof  jet  $be want  of  riamfito  htftfii 
tS^  Studies  ncrfeimral  Iff  her  things  $f tit  liko  nifirn. 
B^P-MatJ  ba^ne  here  entpie/d  my  Labour  and  StuJk 
inff  the  Vfe  of[tbt  ingennom  Hoad^^  /  ivApi* 
fia^mit'to  bis  Cenfure  and  Jadgfnem^  to  afphfte  if 
nfifktyernjeS^efkeru^ife.  ' 


JI4  miAakam\'mmt:^e!.^'SXML^ 
contr:^^  viviiffyit. 

"t^JSim  lent !  iiHtit  Laeniet  lepii 
r   Stnex  profundi,  &  afhfUfltm  ivhnt, 
JmMenfa  Juium  margo  commtntatii  . 

Diagfanma  circuit  mtrmtum\itt^  Jtfula'i 

Protienia  hreve  natalat  m  vajlo  »uri.  ( 

Sedundajam  itiumuit;  &  ^i^  tnSior   t         '-' 
Stfofgit  TTnoretiaUi :  mvnoris  annli  i 

Latfrihis  tcct  Jottii'  Eacfi'dti  jSWf,  | 

Inctufus  olm:veivt  Homents  in  jwce; 
Pluteo^ue  'farcim  ykodo'^in'iiaiitrUti  feuit  * 
.      ,^  •  J&ry&WM^taiw,     PeUt  in  ofjgaa  lakt 
'.",.','■  ingemmiiyii,  :      '         -r 

Xnj^ande  mtmti  Jtltit 

■     Vie  mote  mm  ie  '   ■ 

, ;     .  £"J~»  ■n^i'T  in  <  '  { 

'"'■"■    tStrtidSa^o^  ,.  I  * 

,..-,,.    Sifivheiie'ptifis  "  ' 

'  0    Sit  fleniofi /fi^a  \ 

Tontnle  corMs  5;  .     ,       " 

.1      PrafUffit  AOUM  I.  __^        J.  ■- 
■  ■      fmumoPnh'aTt  «Mnr>^Wtt«(fl'iAi»e«jR  V 

EAROVIANO  wwuMi.MipM*.    | 
Sttilimii  tuge  mentis  JBgetfftfMytefa  F       t    F^P 
Cui  invitum  nil,  arduum  cjfenjljpielf       ' 
Sie  ufjue  fergat  pofpeTo  cm^riinn^,   ^       I   iitO 
'  -    Radiuffue  ^uitum  Jtbeat  ac  aiacsi  lihi  jl 
^■■-■    Sic  tteflltinditifeTaeiffr'l^s,  '       f    .OtO 
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More, ,  Of  to  be  tiM^  . 
Le(^  Of  tobe  fubtf>fte<L 

« 

The  Dl&erences,  pf  Escefk;  Alfpl  that  aU 
the  ^Miititks  tirhidi  foUow,  tre  to  be 
f iibtf ft  $e(^  |be  Signs  not  being  diangedL 

I  MiiltiBUcidoiit  Of  the  Dfaving  one  lide  of 

I     t  Rpftiagje  into  anbthei;.    . 

If  be  fame  is  demoted  by  the  Gonjui^ao 
of  letters  ^  as  AB  ^  Ajc  B.  * 

:7:heSideo|plM'9^tQf  ^Square,  of  Cij^,  &c. 

A  Cube  ' 

I*  -.','.' ! 
the  ra^  of  a  f(]uafe  number  tq  afquate 

1^   nupiber. 


aeeur,  tht  tUader  mil  vriiicia  iroMe  w$dt^atU 
Mmfi^  i  fa^*igfm»fiw,  v^kicb^  being  af  Ufs  gtf^ 
T0l  $fiy  tre  nfwt6^  te  4$sflsined  in  tbnr  flacu^ 
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E  U  C  L  I  D  E'S 

ELEMENTS- 


I, 


Definitions. 


Point  is  that  which  ha^  no  part. 

IL  A  Line  is  a  longkude  with- 
out latitude.    - 

III;  The  endsj-orliaiksitrf  % 
line  ire  Joints. 

IV.  A  Right  Line  is  that  which  lies  equally^ 
betwisft  its  Points.      *       . 

V.  A  Superficies  is  that   which '  has  only 
longitude  and  latitude.^ ' .  -  ; . 

^    vl.  The  extremes,  ipr  limits,  of  a  Superficies 
are  lines. 

VI  LA. plain  iSuperficies  is  that  which  lies 
equally  betwixt  its  lines. 
^  VIII.  A  plain  Angle  is  the  inclination  of  two 
lines  the  one  to  the  Qcher,  the  one  touching  the 
othirr  in  ihe  lame  f  lain,'  yet  not  lying  in  che 
faitie 'ftrait  line. 

IX,  Andit-the  lines  which  contaiii  the  AngU 
6c  right  lines;  it  is  calkd  a  right-line^  Angle. 


The  firfi  Book  of 

O  X.  When  a  right  liw 

CG  ftandiag  upon  a  right 

line  AB,  makeH  the  angles 

on   either   fide    thereof, 

CQA,  CQB,   equal    one 

^Rto  the  other,   then  both 

9         '**'thofc  equal  angles  are  right 

angte  ^    and   the     right 

line  CG,   which   fbndeth  on  the  other,  is 

termed  a  Perpendicular  to  that  (A^  wl]iereoB 

itfiandeth. 

Note,  When  feveral angles  meet  at  ^  fame  point 

iof  at  G)  each  particular  angle  it  defcrHid  hy  three 
fttersi  whereof  the  middle  letter  Jbeweth  tie*  angular 
fointj  and  the  two  other  letters  the  lines  that  maka 
that  angle :  Js  the  angle  which  the  right  lines  CGf 
Jamake  at  G,  is  catted  CGJy  orAQC. 

XL  An  obtufe  angle  is 
that  which  is  greater  than 
a  right  pgle  ^  as  ACD. 

XiL  An  acute  angle  is 
that  which  is  lefs  than  a 
right  angle  \  as  ACB. 
,P    aUL  a  Limit,  or  Term, 
is  the  end  of  any  thing. 
XIV*  A  Figure  is  that  whi(^  is  contained 
under  one  or  more  terms. 

XV.  A  Circle  is  a  plain  figure  contained  under 
one  line,  which  is  called  a  Circumference  ^  untQ 
which  all  lines  drawn  from  one  point  witdiii 
the  -figure,  and  falling  upon  the  circumference 
thereof,  are  equal  the  one  to  the  othej. 

XVI.  And  that  point  is 
called  the  Center  of  th^ 
Ciide. 

XVIL  A  Diameter  of  a 
circle  is  a  right  line  drawn 
through  the  center  there^ 
of,  and  ending  at  the  dr* 
cumference  on  either  fide, 

divi* 


r^ 


EUCLIDE'i  EleHKnts. 
dividing  tlx  circle  into  two  equal  parts.     ^ 

XVIlL  A  Semicircle  is  a  figure  which  is 
contained  under  the  diameter,  and  ui^derthat 
part  of  the  circumference  which  is  cut  off  by 
the  diameter. 

In  the  circle  BJBCDj  Euthc  center^  AC  ttt 
iiametery  JBC^be  femicircle* 

XIX.  Right-lined  figures  are  fuch  as  are  con* 
tained  under  right  line^ 

XX.  Three-iidcd  or  Trilateral  figures  are  fuch 
as  are  contained  under  three  right  lines. 

XXI.  Foui-fided  or  Quadrilateral  figures  are 
fuch  as  are  ibiitained  under  four  right  lines. 

XXII.  Many^fided  figures  are  fuen  as  are  con- 
tained undef  moie  right  lines  than  foui; 


XXIH.  Of  Trilateral 

figyres,  that  is  an  Equi- 
lateral Triangle,  which 
hath  three  equal,  fiides^ 
as  the  Triangle  A. 


i 


XXIV.  Ifofceles  is  a 
Triangle  which  hathdn* 
ly  two  ^dts  equal  >  ar 
the  triangle  B. 


XXV.  Scalenum  is  a 
Triangle  whofethreefidcs 
ate  aUiuBCfuali  as  C 


■wwAi 


:A  » 
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V. 


V 


/ 


one  angle  obtufc  j  as 
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XXVI.  Of  there  Trila- 
teral  figures,  a  right-angled 
Triangle  is  that  which  has 
one  right  angle  j  sis  thp 
Triangle  A. 

XXVIL  An  Amblygo- 
nium,  or  ohtufe-angled  Tri- 
angle,  is  that  which   has 


XXVIIL  An  Ox7- 
goniuni,  or  acute-angled 
Triangle,  is  that  which 
has  three  acute  angles  ^ 
as  C. 

.  An  Equiangular,  or  e- 
qual-angled  figure  is  that 
whereof  aU  ue  angles  are 
eoual.  Two  n^ures  are  e- 
il       '       "  ' 


quiangular,if  the  feveral  angles  of  the  one  figure 
be  equal  to  the  feveral  angles  of  the  otl^r.  The 
fame  is  to  be  underftoodolf]pqu|ll^eral  figures. 

3l  "^ — p     XXIX.   Of   QuadrUate- 
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£ 


-\     X33^t  ;A'J^  the 

one  pajt^-j^^r,  yfirz  long 

Lfquare,  i^  that  which  hath 

"gh^  ^ffli^s,  but  not  equal 

files  i  i  A^.       ,        ' 
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EUCLIDE'^  Elewents: 


XXXI.  A  Rhonabuj, 
or  diamond-figure  ^  is 
that  which  has/ four  e- 
quai  ficjes  ,  but  43  not 
right-angled  j  as  A; 


XXXII.  A  Rhomboid 
des,  or  diamond-like  ^- 
gure,  is  that  whofeop- 
poiite  fides,  and  oppo- 
lite  angles,   are  equal; 

<  but  has   neither   equal 

flor  right  angles  5  as  GLMH. 

XXXIII,  All  othet 
quadrilateral  figures  be- 
ndesthefe  are  called  Tra^ 
pezia  J  or  Tables  i  as 
GNDH, 

/ 

IXXIV,  Parallel,  01 
equidiftant  righflinesaie 
7^  fuch,  which  being  in  the 
fame  fupeificies,  if  infinitely  produced,  would 
never  meet  ,  as  A  and  B. 
U  M  XIXV.     A     Paraflelo^ 

gram  is  a  quadrilateral  fi- 
gure, whofe  oppofite  fides 
are  paralleLorequidiftaBti 
asGJ-HM, 


A 
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i^    , 
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XXXVI.  In  a  Paial- 
ItlbgOLm  ABCD,  whcoa 
diameter  AC ,  and  two 
lines  £F,  HI  paiallel  to 
the  fides,  cutting  the  dia* 
meter  in  qne  and  the  fane 
point  G,  tie  drawn,  fo 
that  the  ParaUelog^am  be 
divided  by  them  into  four 
parallelograms  ;  thofe  two  DQ,  QB,  through 
which  the  diameter  paffeth  not,  are  called  Com- 
plements ;  and  the  other  two  HE,  FI,  through 
which  the  diameter  pafTeth,  the  Parallelograms 
standing  about  the  diameter. 

A  Problem  »,  when  fometMng  is  propofti  to  It 
ione  or  efeSed. 

A  Theoreme  i^  wbenfometiii^  is.fropofed  to  It 
iimonjlratid, 

A  Corollary  ijj  a  eonfeSary^  or  font  confeMnt 
truth  gained  from  a  frecedin£  denionftratio^ .     '* 

A  Lemma  is  th  demonnr$t%on  offome  fr^ife^ 
whorehy  ibe  froofdftbe  thing  in  band  becomes  the 
Jborter.  •  .  ^ 

Populates  or  Petitions.      "^ 

*•  117 '^^^^^  *"y  P*^J^"t  to  any  point  to  draw  a 
*4     *  Jr  right  line. 

,,jL  »•  To  produce  a  right  line  finite,  flarait  f ortk 

K,h  continually. 

,     J.  Upon  any  center,  and  at  any  diftance,  to 
defcribe  a  circle. 

•  jixioms^ 

«•  Tp Kings  equal  to  the  fame  third,  arc  alfo 
'*  X     tquzl  one  to  the  other. 

.     As  ArrBmC.  Therefore  A=:C.  Or  therefore 
*11,  A,  B,  C,  arc  equal  the  one  to  the  other. 
,  P  ^^^»  ^ew  fiver  al  fuantities  are  joined  the  one 

^^  the  ^ber, continually  with  this  mark^y  th&firjt 
quantity  «  by  virtue  of  this  axiom  eptal  to  the  lajt^ 
and  every ono  to  every ono:  tnrfhicbcafewc  often  ab^ 

^  Jlain 


>w,^ 


ifi] 


E'i  Ekmmi.  f 

Jlahi^m  citipg  the  axiome^  for  hcvitfs  fdki  %  (tt-^ 
/if'  tT/e  force  of  the  eonfcfuince  depend  thereof^ 

z.  If  to  eaual  things  you  add  equal  things, 
the  wholes  mall  be  e^l.     . 

y  If  from  equal  thmgs  you  takeaway  equal 
thit^gs,  the  things  remaining  will  be  eaual, 

4.  If  to  unMual  f  h^ngs  you  add  equal  things, 
the  wholes  will  be  unequal. 

5.  If  from  pnequal  thing^pu  takeaway  equal 
thinig,  the  ren^aln^^rs  will  be  unequal. 

6.  Things  which  are  double  to  the  fame  third, 
or  to  equal  things,  are  equal  one  to  the  other. 
TJuderftand  the  lame  of  triple,  quadruple,  &c. 

7*  Things  which  are  half  of  one  and  the  fame 
thing,  or  of  things  equal,  are  equs^  the  one  to 
th?  other,  Cpneeive  th(;  fsmie  of  fubtriple, 
llibquadruple,  &c* 

8.  Things  which  agree  together,  a;e  equal 
fne  to  the  other.  ^ 

The  converfe  of  thh  axiome  is  tru^  in  right  lines 
and  angUs^hut  not  in  figurer^unlefs  they  he  like. 
.    Mpreover^  magnitudes  are  faid  to  agree,  when  the 
parts  of  the  one  beim  appheito  the  parts  of  the  other^ 
they  fill  up  ap  equal  or  tie  fam^e  place. 

9.  Every  whole  is  greater  than  its  part. 

10.  Two  ri^ht  lines  cannot  have  one  and  the 
fame  fegment  ^or  part)  conunon  to  them  both. 

11.  Two  rifhtlines  meeting  in thefame point,    { 
if  they  be  bpth  produced,   they  ihall  necefiarily 
cut  one  the  other  in  that  point. 

12.  All  right  ingles  are  equal  the  one  to  the  pther; 


tj«  If  a,DgbtUneBAfallingoQtwotsghtlinetf 

A  4  AD,  CB, 


■    ^    ■ 

8f^  ^e  yirfi  B^ok  cf 

AD,CB,a4fcc  the  irttctnal  angles  on  thefamc  fide, 
BADi ABC,lef s  thai^  two  right  angles,  thofe  two 
right  lines  .  produced  fliall,  meet  on  that  fide, 
wnere  the  angles  are  lefs  than  two  right  angles. 

14.  Two  right  lines  do  not  contain  a  fpace. 

I  J.  If  to  equal  thingsjou  add  things  unequal, 
the  exeefs  of  the  wholes  ihall  be  equal  to  the 
excefs  of  the  additions. 

16.  If  to  unequarthings  equal  be  added,  the 
esc6f3  of  the  wnoles  fhali  be  equal  to  the  exceEs 
of  thofe  which  were  at  firft. 

17.  If  from  equal  things,  unequal,  things  be 
taken  away,  the  excefs  of  the  remaindcts  (hall 
be  •e<^tla:r  to  the  cxCefs  of  the  wholes, 

18.  If 'from  things  unequal,  things  ^qual  be 
taked  away,"  the  excefs  of  the  remaiudei:s  fhall 
Ijc  equal  to  the  excefs  of  the  Wholes. 

'  ip.  Brery  whole  is  equal  to  all  its  parts  ta- 
ken together. 

20.  It  one  whole  be  double  to  another,  suid 
that  which  is  taken  away  from  the  firft  to  that 
which  is  taken  away  from  the  fecond,  the  te- 
snaindet  of  the  fkft  Ihall  be  double  to^  thp  re- 
mainder of  the  feebnd.'  '        ^' 

r^e  Citations  are  to  he  unierjiood  in  this  min>feri 
VbtH  you  miet  with  two  numbers^  the  firfijhewt  tht. 
Prcfeption^  tie  fecond  the  Book  ;  a&  by  4.  i.  yoil 
are  to  underftahd  the  fourth  Propofitioii  of  the 
&lt  Book  ;  and  fo  of  the  reft.  Monover^  ax. 
ienofes  Axiomeyfoft.  Pvfiulate^  dcf.Vffnit^on^fch. 
ScMiii^y  cm.  CoroUmy\,  ' 


\ 


!^  '  f  &  o- 
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PRO  POSITION    L 


UPon  a  finite  ngit  Rne 


given  JB^to  defcrihe  an 
equilateral  triangle  ACB, 

From  the  centers  A  and 
B,  at  the  diftance  of  AB,  or 
BA,  tf*diefcribe  two  circles  a  J«^^* 
cutting  each  other  in  the 
point  C  ;    from   whence 
I  diaw  two  right  lines  CA,CB.  then  is  AC  ch  t.pdfi. 
=:  AB  r  =  BC  4  —  AC.    e  "Wherefore  the  Tri-  c  1 5 .  <^ff. 
angle  ACB  is  equilateral.  JH^icb  wot  to  he  done,  d  i«  ax. 
^  ,  tzi.def. 

Scholium. 

'  After  the  fame  manner  upon  the  line  ABoiay 
be  defcribed  an  Ifofceles  triangle^  if  the  diilaii* 
ces  of  the  equal  circles  be  taken  gceatcar  or  lefs 
jhan  tjieline  AB. 

PROP.    II. 


Jt  a  foint  given  J^  to  make  a  right  line  AS 
tjublto  a  right  line  given  BC* 

From  the  center j^jit  the  diftance  of  CB,tf  d&-  a  J*fojL 
licTifoe  the  circle  QIH^  b  )oia  AC  \  ijipon  which  b  i.  fof. 
p  raife  the  equslat^al  triangle  ADC.  d  Produce  c  1. 1. 
JXt  to  £.    Itoitt  ^e  centtr  D,  at  the  diftatieed  z.jcfi. 

of 


:^vj:  '»;«.  r- 


m 


tie  firfi  Bool  of 

e  2, />()/?.  o^  DE,  defcribc  the  circle  DEH;  and  let  DA  e 
be  produced  to  the  point  G  ia  the  circumfe- 
rende  thereof.    Then  AG^tr  CB. 

For  DG  /:=  DE,  and  D A  ^  =  DC-  Where- 
fore  AG  ^  rrC^  *:=  BC  /  =  Aa  ^  VMOkwai 
to  he  done.  ^  '%^ 

-  The  putting  of  th^  point  A  within  or  without 
the  line  BC  varies  the  cafes ;  but  AetooAru^ioL 
and  the  demooftratibni  are  every  where  alikeiT/ 


fi$.def. 
gcdnfir. 
h  3.  ax* 

Vuax. 


ScboL 


y 


The  line  AG  might  be  taken  with  a  pair  of 
compafies^  but  thflPio  doing  anfwers  to  np  Po« 
ftulate,  as  Vtoclus  well  intimates* 

PROP.    III. 

Two  fight  Bnes,  A  and 
BCj  leinzgiven^  from  the 
greater  d  C  to  take  awa^ 
ftfe  right  line  BE  equal  to 
the  lejffer  J» 
k^  At  the  point  B  a  draw 
^''  the  right  line  BD^i^A. 

The  circle  defcribed  frenn 

the  center  B  at  the^  j|iftance  of  BD  fiiall  cut  otf 
b  1 5*  def.  BE  >r=BD  1?=: A/ifcBE.    Which  woi  to  le  done> 
c  conJh\  i  -^-^ 

it. ax.  fPROP.   ly. 


a  £•  I. 


B  0 

Jftsfotiian^s  BAC%  Sir,  have  two  fides  cf 
the  one  BJ,  JC  equal  to  two  fiies  of  the  other  ED;, 
CF,  each  toits  norre^ondm  fide  {thatUfBd^EU^ 

and 


EUCLIDE**  Elements'. 


IX 


and  JC^DF)  and  have  the  angle  J  equal  to  tie 
angle  D  contained  under  the  equal  right  linei%  they 
fiatt  have  the  hafe  BC  equal  to  the  hafe  EF  -^  and 
the  triangle  BACfiall  he  equal  to  the  triangle  EDP^ 
and  the  remaining  angles  J,  C^fiallbe  equal  to  the 
remaining  angles  £,  F,  each  to  each,  under  which  . 
the  equal  fides  are  fuhtended. 

If  the  point  D  be  applied  to  the  poin,t  A,  and 
tl^e  right  line  DE  placM  upon  the  right  line  AB, 
the  point  E  ihall  fall  upon  B^becainrprffi  an  AB,  a  i#- 
alfo  the  right  line  DFftiali  foil  upon  AC,becaufe 
the  angle  Aa^DJ  mottt^vet  the  point  F  Ihall 
fall  upon  the  point  C,  bccaufe  AC  a^=^  DF.b  14.  n^* 
Therefore  the  right  lines  EF,  BC  fluU  agree, 
becaufe  they  have  the  fanae  Terms,  and  confe- 
quently  are  equal.  Wherefore  the  triangles 
BAC,  DEF,  and  the  angles  B,  E,  as  alfo  the 
angles  C,  F,  do  agree,  and  are  tqudL  Which 
9^  to  he  DevioT^/irated. 

PROT.    V. 

The  angles  JBCj  JCB,  at  the 
hafe  of  an  Ifofceles  triangle  JBCm 
are  equalone  to  the  other:  AndiftVo 
equal  fides  JB^  AC  he  froduc*d, 
tie  angles  CBD^  BCE^  under  the 
hafeJbaU  he  equal  one  to  the  other. 

a  Take  A£:=^AD  s  ^^^  ^  ioin  a  ;•  i» 
CD,  and  BE,  b  upojln 

^    Becaufe,  in  the  triangles  ACD, 
J^^ABE,  are  AB  ^  =  AC,   and  KZchyf. 
drz  AD,  and  the  angle  A  common  to  them  both,  d  cor^r, 
e  therefore  is  the  angle  ABE  -  ACD,and  the  angle  e  4.  i. 
AEB  e  =  ADC,  and  the  bafe  BE  e-QD  5  alfo 
HQfzni  DB.     Therefore  in  the  triangles  BEC,  f  j.  ax. 
BDC^  ihall  be  the  angle  ECB  -  DBC.    mich  g  4,  i. 
vfof  to  he  Dem.    Alfo  therefore  the  angle  £BC=:= 
DCB.  but  the  angle  ABE  ^=:  ACD  5  therefore  h  lefine. 
the  angle  ABC  kzzACH,  Whkhwat  to  heDem.  k  2.  ax^ 

■        CoroU.     ^ 
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CoroU. 
I     H^nee,  every  tquihterzl   triangle  is  alfo 
equiangular. 

PROP.    VI. 

If  two  angles  JBC^  JCB  of  a 
tY^angle  ABC  he  equal  the   one  to^ 
the  other ^  the  fides  AC,  AB  fuhtended 
under  the  equal  angles^  fiaU  alfo 
he  equal  one  to  the  other, 
Sp     If  the  fides  be  not  equal,  let  one 
be  bigger  than  the  other,  fuppofe  BA  c  CA.  a 
I  3-  ^^      Make  BD— CA,  atnd-i  draw  the  line  CD. 
°  I-  pop*      In  the  triangles  DEC,  ACB,  becaufe  BD  err 
cfupfof.   c^^  and  the  fide  BC  is  common,  and  the  angle 
^  W-       DBC  J -ACB,  the  triangles  DBC,  ACB  e  fhaU 
*  4»  '•      be  equal  the  one  to  the  other,   a  part  to  the 
f  9.  axm     whole,    /  Which  is  impojihle, 

CoroU. 
Hence,  Every  equiangulat  triangle   is  alfp 
equilateral. 

PROP.  vir. 


-  *'  Vfon  the f ante  right  line  AB  two  right  lines  hcijig 

irawn  ACy  BCy  two  other  right  lines  equal  to  the 
former y  AD^  BD,  each  to  each  (viz.  Jd  — .  AC^ 
aniBD-rzBC)  cannot  he  drawn  from  the  fame 
points  J^  Bj  on  the  fame  fide  C,  to  fever  al  foints^  as 
C  and  JD,  hut  only  to  C. 

J.  Cafe.  If  the  point  D  be  fet  in  the  line  AC, 
a  ^.  a^t .  it  is  plain  that  AD  is  a  not  equal  to  AC. 

2.  Cafe*,  If  the  point  D  be  placed  within  the 
triangle  ACB,then  draw  the  line  CD,and  produce 
BDF,  MdBCE.  Now  you  would  have  AD-^  AC. 

then 
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then  the  angle  ADC  Jr^ACD;  as  alfo,  bccaure  b  5.  i* 
BD  c—  BC,  the  angle  FDC  ^t  ACD.  there-  c  rumn 
fore  is  the  ai5gle  FDC  nr  d  ACD,  that  is,  the  d  o-  /«. 
angle  FDC  c- ADC-    dWlmh  is  mfoffihU. 

5.  Crt/e.  If  D  falls  without  the  triangle  ACB, 
let  CD  be  joined. 

Again  the  angle  ACD  t—  ADG,   and  the  e  K.-i. 
angle  BCD  e  -=•  BDC.   /  Thertfore  the  angle  f  o  ax. 
ACD  cr  BDC,  vhz.  the  angle  ^DC  cr  BDC, 
Winch  is  mpjffihk.    Therefore,  &c 

PROP.   viii. 

ff  two  triangies 
J£C,  DEF,  have 
two  fides  J  B,  JC 
eqiial  t$  two  fides 
DE^  DFy  each  ta 
each  J  and  the  hafe 
BC  eaual  to  the  lafe  EF^  then  the  avgles  con- 
tainei  under  the  ejual  right  lines  fialLhe  ejual^ 
vizJ  Jto  D. 

Becaufe  BC  ^=::EF,  if  the  bisife  BC  be  laid  oir  a  hyp. 
the  bafe  EF,frthey  will  agree:  therefore  whereas  b  tfar.  8. 
AB  czr:DE,  and  AC— DF,  the  point  A  will  fall  c  hyf. 
^n  D  (for  it  cannot  fall  on  aiiy  othei;  point,  by 
the  precedent  propofition)    and  fo  the'^fides  of 
the  angles  A  andD  ^e  coincident  ^  d  wherefore  d  8.  Att^ 
^hofe  angles  are  equal.    Which  woi,^  he Dem. 

.   .  CoroU. 

T.  Hence,  Triangles  mutually  equiUteial,  a^ 
alfo  mutually  e  equiangular.  *'  '"ci.K 

a.  Triangles  mutually  equilateral,  e  arc  e^ual    ^ 
one  to  the  other^ 
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PROP,    IX. 

To  hifeSf  or  divide  into  two 
equal  fartSf  a  rightJinedan-' 
gU  given  B  AC. 

a  Take   AD  =r  to  AE, 
and  draw  the  line  D£  ^  mi^ 
on  which  h^  make  an  equi- 
lateral triangle  DFE.  draw 
the  right  line  AF^  it  fhall 
bifeft  the  angle. 
For  AD  crrAEj  and  the  fide  AF  is  common, 
and  the  bafe  DF  <?  :=  FE.  d  therefore  the  angle 
DAFznEAF.    Wbieh  was  to  U  done. 

CoroU. 
Hence  it  appears,  how  an  ^ngle  may  be  cut 
into  any  equal  parts,  as  ^  8,  i6,  &c.  to  wit,  bjr; 
bifed:ing  each  part  again. 

The  method  of  cuning  angles  into  any  equd 
parts  required,  by  a  Rule  and  Compafs,  is  as 
yet  unknown  to  Geometricians, 

PROP.   X. 

To  hfcS  a  right  line  given 
JB.  ^ 

Upon  the  line  given  AB 
a  ere£l  an  equilateral  triangle 
ABC;  and*  bifeft  the  angle  C 
with  the  right  line  CD. 
That  line  iha:U  alfo  bifeft  the 
__  _^line  given  AB. 
For  AC  <?=:BC,  and  the  fide  CD  is  common, 
and  the  angle  ACD^rr BCD.cherefore  AD^r=BD, 
Vhich  -was  to  he  done. 

The  pr  aft  ice  of  this  and  the  precedent  Propo- 
fition  is  eafily  Ihewo  by  the  conftruftioU  of  the 
t  Ptop*  of  this  Book. 


PROP. 
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PROP.    XI. 

From  a  point  C  in  a 
right  line  given  JB  to  g- 
rm  a  rigf^t  line  CF  at 
right  angles* 

a  Take  on  either  fide 
of  the  point  given  CD 
=  C  E.  upon  the  right 


a  ).  u 


2t3>     .  C        :e  B    line  DE  h  ereft  an  equi-5  j^  j^ 
lateral  triangle,  draw  the  line  FC,  and  it  will 
be  the  perpendicular  required. 

For  the  triangles  DFC,  EFC  are  mutually  ce-c  confir. 
quilateral ;  d  therefore  the  angle  DCFrrECF.  ed  8.  i* 
therefore  FC  is  perpendicular.  Which  was  tohe  done,  t  10.  def. 

The  praftice  of  this  and  the  following  is  ea- 
pertormcd  by  tlie^help  of  a  fquare; 

Ufon    an  '  ivfinitt 

ight  line  given  JB^ 

"^from   a   point    given 

that  is  not  in  itj  to  let 

fall    a    perpendicular 

^^rigJjt  line  CG. 

From    the  .  center 
C  ^  defcrihca  circle  cuttingthe  ri^t  line  given 
AB  in  the  points  E  and  F.    Then  bifeft  EF  in  a  5.  fqf. 
G,  and  draw  the  right  line  CG,  which  will  be  »  *©•  !• 
the  perpendicular  required. 

Let  the  lines  CE,CF  be  drawn.  The  triangles 
EGC,  FGC  arc  mutually  c  equilateral,  d  there- c  eonfir. 
fore  the  angles  EGC,  FGC  are  equal,  and  by  d  8.  r. 
e  confequcnce  right,    e  Wherefore  GC  is  a  per-  « io^4«f. 
pendtcular*  WTfich  wot  to  he  done* 


£ 


•Q— 5 


PROP.    XIII.    * 

Wlen  a  right  line  At  /landing 

uptm  a  right  line  CD  maketh  angles 

JpC^ABD^  it  maketh  either  two 

right  angletf  ortwoangkt  egualto 

jitworig^* 

If 


f^ 


l6  ,        Tie  firfi  Bool  of 

3  def.  lO.      Tf  the  angles  ABC,ABD  be  equal,  a  then  they 
maketwo  light  angles;  ifunequal,  then  fromthe 
b  II.  1.    point  B  &  let  there  be  ereded  a  petpendjcular  BE. 
e  10  ax.  Becaufe  the  angle  ABp  cz:=toA  right  -t-  ABfi, 
A  {.ax.    and  the  angles  ABD  J  =:  lo  a  right  ~  ABE, 
«^.Av.    therefore  ffiall  be  ABC-i- ABD  er=  to  two 
right  ang'fis  -+■  ABE  —  ABE  -:^  two  ligbt  an- 
cles.   Voieb  wot  to  it  demonfiTatei, 
Corottaria. 
I.  Hence,  if  one  angle  AB  D  be  right,  the 
other  ABC  is  aifo  right;    if  one  acute,  the 
other  js  obtufe,  and  fo  on  the  contrary. 

z.  If  more  right  lines  than  one  ftand  upon  the 
fame  right  line  at  the  fame  point,  the  aiiglei 
Biall  be  equal  to  two  right. 

;.  Two  right  lines  cutting  each  other  md^e 

angles  equal  to  four  rieht.  ^ 

4.  All, the  angles  mode  about  one  point,  maKJ 

four  riglit ;  as  appea|L  by  Coroll.#.  1 

PR  Mr.    XIV.  J 


If  you  deny  it,  let  CB,  BE  inkke  one  right  line, 
lii;.  I.  then  lhzlIbetheangleABC-^AB£ii=tworjght 
bhP'       u^lcsI>=ABC-^ABD.    Wbicb it atfurd. 

PROP.    XV. 

If  two  ri^bt  lines  AS,  CD   cut 
ibro'  one  another,    then  art  the  ttvo 
_<>ngles  which  are  opfojite,  viz.  C££, 
!b  JtD,  equal  one  to  liii  other. 

For  the  angle  AEC-hCEB 
:i  —  to  two  liglit  angles  -rrr  AEG 
»!J.t.  U-AED;  *  therefore<;i£=;AtU  Wbiebwat 
B  J,  At.    Id  je  iemvfirmi, , 
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If  to  any  right  line  GH,  and  in  It  a  [^oint  A, 
two  right  lines  being  drawn  EA,  AF,  and  not 
taken  on  the  fame  iide,inak€the  vertical(oroppo- 
fite)  angles  D^;andB  equal,  thofe  right  lines  £A, 
AF,  do  meet  direftly  and  make  one  flrait  line. 

For  two  right  angles  are  a  equal  to  the  angle  ^  ' ?•  *• 
D-^Aa:=:B  \  A.  h  therefore,  EA,  AF,  ar^  in  a  '^  ^4-  »• 
firait  line.  Winch  i»ai  to  bt  demonfiratcd* . 

BchoL 
If  four  rjfht  lines  EA,EB,  EG, 
ED,  proceeding  from  one  point 
£,  make  the  angles  vertically  ' 
oppofite  equal  the  one  to  the 
other,  each  two  lines,  A  t,  EB, 
and  CE,  £D,  are  placed  in  one  ftrait  lint. 

For  becaufe  the  angle  ALC  \   A  ED  |-  CEB 
i'DEB  flcr:  to4rfgluangles,theretoretheanele^  ^  >.,-,  * 
AEt^AED^=CE%  t  DEB^totwo?V;^^-'t 
right  angles,  ^ therefore  CED  and  AEB  aie?  .1^ 
ftrait  tines.    Wliici  was  to  he  demonfirated. 

PROP.    XVI.  • 

p        One  tide  E  C  of  amy  trian^ 
gle   J  £  C   being  froduc^d^  tH 
outward    angle    JCD   will .  he 
greatet    tly.n  either  of  the  i«- 
^  ward  and  optojite  angles  C  J  B^ 

Let  the  right  lines  AH,  BE 
tf  bifcftthe  tides  AC,    BCjaici,^ 
*  produce  EF  —  BE,  and  Hl,r.  foft. 
$  B  i»=;b},  I*. 


i,ax. 
c  14.  i« 


i8  The  firji  Bwi  of 

h  =  AH.   and  join  FC,  aud  IC  i    and  produce 
ACQ.  *^ 

kcovJIy.  BecaufeCEc-EA,  andEF(=EB,  and  the 
d  IS.  I.  angle  FEC  A—  BEA,  the  angle  ECF  e  (hall  Im' 
e  4. 1,  equal  to  EAB.  By  the  like  aigument  is  ihean- 
fij.  I.  clelCHrrABH.  Theiefote  the  whoie  anglg 
gp.  ax.  ACD  f7BCG)^isgre3terthaneithei  the  angle 
CAB  or  ABC.  Vbi^  wat  to  he  dtmnfirated. 

PROP.    IVIL 

Two  avgks  of  any  triangle 
ABC,   whUb  vay  fotver  they 
he  taken,  are  left  than  two 
rjgbl  angle  t. 
Let  tne  fide  B  C  be  pro- 
"nf  \  fi   nduced.    Becaufe  the  angle 

ACD -|- ACS  a—i  tight 
a  I ;.  r.    angles,  and  the  angl^CD  ir  A,  c  th«eftre 
b-i6. 1.   A-|-ACB-3thentworightangles,  Afterthcfame 
€4.  fl».    mannei  is   the  angle  B-|-ACBr3  then  two 
right.    Laftly,  the  fide  AB  being  pioduced,  the 
angle  A'l  B  will  be  alfolefs  than  two  lighc  an- 
gles.   Wbicb  teas  to  he  Aemonjlrated.  ' 
CorolL 

1.  Hence  it  follows  that  in  every  triangle, 
wherein  one  angle  is  eitlier  right  or  obtuTo,  the 
jwo  others  are  acute  angles. 

2.  If  a  right  line  A£  make  unequal  angles 
with  another  right  line  D,  one  acute  AED,  the 

I  other  obtufe  ArJZ,  a  perpendicular  AD  let  fall 

^  from  any  point  A  to  the  other  line  CD,    ihall 

fall  on  that  llde  the  acute  is  of. 

ForifAC,  drawn  on  the  Cde  of  the  obtufe  an- 

*tt  T     S^^'  bc^perpendicularitheninthetriaiigleACC 

"■  ^"    ftiall  AEC'I  ACEbe*  greater  than  two  right  an. 

gles.    Wlikb  is  contrary  to  the  precfdent  Ftop. 

3.  AUthe  angles  of  an  equilateral  triangle, 
,  and  the  two  angles  of  an  Ifolceles  triangle  tnat 

ace  upgi  the  bale,  are  acute. 

PROP.  . 


5» 


■Pli  J 
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PROP.  XVIII. 

The  greateft  fide  AC  of  every 
triangle  ABC Juhteneb  the  greats 
eft  angle  AnC.  y  . 

From  AC  tf  take  away  ADa  3.  i. 
,"r:AB,  and  join  BD.  h  There-  b  5.  i. 
fore  is  the  angle  ADB  r:* ABIX 
But  ADB  e  cr  C ;  therefore  is  ABD cQ\  d  there-  c  t5,  i. 
fore  the  whole  angle  ABC  cr  C.  After  the  fame  d  9.  ax. 
manner,  ihall  be  ABC  cr  A.  VHAchwasto  he  dem. 

PROP.    XIX.  _ 

In  every  triangle  ASC<,   under .    > 
the  greateft  angle  A  is  fub tended 
the  greateft  fide  BC. 
For  if  AB  be  fuppofed  equal 
^to  BC,  then  will  be  the  angle  A . 
^r  r=  C,  which  is  contrary  to  the  •   ^ 
Hypothcfis :  and  if  ABcrBC,  then  fhall  be  the  an-  *  5-  '•  ^ 
gle  C  hzr  A,  which  is  againft  the  Hypothelis.  u  -o  . 
Wherefore  rather  BC  cr  AB  ;  and  after  the  fame  "  *°»  *v 
manner  BC  C"  AC.    ^Ach  was  to  be  dem.  < 

PROP.    XX. 

Of  every  triangle  ARC  two 
'fides  BA^  AC,  am  waytake^^  are 
greater  than  theftde  that  remains  ' 
BC. 
Produce  the  line  B A,  a  and  a  i.  u 
Ctake  AD  =r  AC,  and  draw  the 
Itne  DC,  h  then  fhall  the  angle  D  be  equal  to  b^  5.  i. 
ACD,  c  therefore  is  the  whole  angle  BCDr*D ;  c  9.  ^;r* 
d  therefore  BD  {e  BA  I  AC)  cr  BC.    Which  was  d  19.  il 
to  he  demonftratea.  t  conftr, 

PROP.    XXI.  &%.ax. 

If  from  the  utmoft  pintrdf'^\>ne 
fide  BC  of  a  triangle  A  B  C.,  ttv.o  • 
right  lines  B  D,  CD  he  irawn 
to  any  point  within  tl)e  triangle, 
then  art  hoth  thofe  two  tines 
Jborfefthan  the  two  other  fides  »/ 
^C-  Bz         ^  ^  thi^. 


i« 


<l 


-^. 
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c  i5«  i« 
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the  triatigUt  BJy  CA\  lut  do  contain  agtiAter  an- 
gle, BDC. 

Let  BD  be  produced  to  E.  Then  is  CE  -+  ED 
/ir-CI),>and  BD  common  to  both,  i  then  fhallbe 
BD  DE  -hECc-  CD  -  BD.  Again,  BA  AE 
AC- BE.  h  theieforc  BA  '  AC:"BE  i  EC.  Where- 
fore I.  BA-|-AC  (tBD  -hDC.z,  The  ancle  BDC 
c  tr  DEC  c  c  A.  Therefore  the  angle  BDCirA. 
Which  was  tohe  demonftraied. 

PROP.    XXII. 

|A>  ■   ■ "  B    c 


a;.  I. 


tr 


To  make  a  triangle  FKG  of  three  right  lines  FK^ 
FGy  Glf^  which  JoaU  he  equal  to  thee  right  lines 
given  A,  B^  C.  Of  wbich^  it  is  neceffary  that  any 
two  taken  together  he  longer  than  the  third. 

from  the  infinite  line  DE  ^takc  DF,  FGjGH 
equal  to  the  lines  given,  A,  B,  C.  Then  it  troin 
'    -    the.i  centers  F  and  G  by  the  diftanci^s  of  FD 
D  i.fojt,  and  GH,  two  circles  be   drawn  cuiting  each 

t       **  J  r "  ®^^^  ^  ^>  ^"^  ^^^  right  lines  KF,  KG  be  join- 
c  I  J.  def.  eU,  the  triangle  FKG   fliall  be  made,  c  whofe 
fides  FK,  FG,  GK  are  equal  to  the  three  lines 
DF,  FG,  GH  d  that  is  to  the  three  lines  given 
A,  B,  C    Wliich  was  to  le  done, 

PROP.    XXIIL 

JS^  At  a  joint  A  in  a  right 

line  given  AB.to  make  a 
rightrhned  ang^e  A  equal 
to  a  right4med  angle 
given  D., 

'  Draw    the    right 
«  line 


d  i.axn 


a  i.fefi* 


t-' ^ 


^^ 


EUCLIDE'/   Elements, 


21 


ikie  CF  cutting  the  fides  of  the  angle  given  any 
ivays;  ^make  AQ-^CD^uponAG^raifeatrian-b-^.  i. 
gle  equilateral  to  the  former  CDF,  fo  th)|t  AH  be  c  zi.  i. 
equal  to  £UF,  and  GH«td  CF.  then  ihall^you  have 
the  angle  A  J  -^  Dv  Wl>ich  was  to  hp  mm.         d  8.  i. 

P  ROP.    XXIV. 


If  Wo  triangles  ABC^  DEf  have  two  fides  of 
the  one  triangle  AB^  AC  equal  to  two  fides  of  the  \ 
other  triangle  DEt  DF,  each  to  other ^  and  have  the 
angle  A^edter  than  the  angle  EDF  contained  un-        ^ 
der  the^qual  right  lines  ^   they  Jball  alfo  have  the  ' 
hafe  SC  greater  than  the  hafe  EF.    ^^^ 

a  Let  the  angle  EDG   be:5|lJSSfo  equal  to  A,  a  *?•  i« 
and  the  fide  DG  ^  :=:  DF  r  ::^AG  \  and  let  EG,  b  ?.  i. 
and  FG , be  joined.     -  "^  c  %. 

i.Cafe.  It  EG  fall  above  EF  ;  b'ecaufeABi^!i=  d  hyf 
DE,  and  AC<r-DO,.a!id  the  angle  A  «r=,EDG,  e  conftr 
f  therefoie  is  BC-  EO.  But  beteaufe  DF.?=::^DG,  f  4-  «• 
^therefore is theangleDFarrDGF^JBitfaercfore  g  J.  u 
is  the  angle  DFG'c-  FFG,  and  by  eaftfequcijce  h  9.  ax 
khe  angle  H'Q  *  c?  JtOF,  t  wherctbife  EG  <BQ)  k  ip.  i. 

cr.BF.-   •  .  '  . , 

B  ;  z.Cafe, 


k 
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2.  Cafe.  If  the  bafe  £F  falls  in  the  fam^  plaoe 
with  EG,  /  it  is  evident  that  EG  (BC)  cr  EF. 

^.Cafe.  If  EG  fall  below  EF,  then  bccaufe  DG 
-I-  GE  w  c-  DF  -H  FE,  if  from  bothJ)G,  DF  be 
taken  away,  which  are  equal,  EG  (BC)  remains 
H  S«  ^^*    ^  cr  EF.    ff^bicJj  was  to  he  demonjlmted. 


1  p.  ax. 


m  zr.  !• 


a  4.1. 
b  24.  r. 


PHOP-    XXV. 


^  » 


Jf  /WQ  friang^s  JBC^ 
DEF  have  two  ties  JB^ 
AC  equal  to  tfi^o  fides 
2)£,  JjF,  ftf c i  ip.  otJ^^ 
Mfid  have  tbttdfe  MC 
greater  than  the  hafe  EP^ 
they  Jb  all  alfo  have  the  angle  J  contained  under  the 
equal  right  lines  greater'  than  the  angle  J^. 

For  if  the  angle  A  be  faid  to  be  equal  to  D,  tt 
then  is  the  bafe  bC  r=:  EF,  which  is  ligainft  the , 
Hypothecs.  If  it  be  faid  the  angle  A  *d  D',|then  b 
will  be  BC  -^  EF,  which  is  alfo  againftthe^^y p. 
Therefore  BC  cr  EF.    Which  was  to  h  rfcfff- 

'  PROP.    XXVL 


If  two  triangles  BJC^  EDCr  hdve  two  angles  of  the 
one  Bfieyial  to  the  two  angles  of  the  other  jB,  DGJ?, 
each  to  hs  correj^ondent  angle^  and  have  alfo  one  fide 
of  the  one  equal  to  one  fide  of  the  other  ^ither  that  fide 
which  lyeth  ietwixt  the  equal  anglenyOr  that  which  is 
fubt^ndedund^roneofthe  fqual  angles  ^  the  other  fides 

al/Q 
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mI/o  of  the  antjball  he  equal  to  the  other  [ides  of  the 
othev  each  to  his  cenej^ondent  fide^  and  the  other 
angle  of  the  onejballhe  equal  to  the  other  angle  of 
theothei'. 

1.  Hyp*  Let  BC  be  equal  to  EG,  which  are  the 
fides  tnat  lie  between  the  equal  angles.  Then  I 
fay  BA— ED,  and  ACrrDG,  and  the  angle  A= 
EDaForifitbefaidthatEDcrBA,thentfletEHa  J.  r. 

be  nsade equal  to  B  A,and  let  the  lineGHbe  drawn. 
•     Becaufe  AB  t=HE,  and  BC  c  :=  EG,  and  the  hfupfof, 
angle  B  (?=E,  therefore  fhall  be  the  angle  EQH  c  hyf.  ; 
dz=zCe:=z  DOE.  /  Which  is  ahfurd.    After  the  d  4.  X. 
'   fame  manner  let  AC  be  equal  to  DQ^  d  then  will  e  %• 
the  angle  A  be  equal  to  EDG.  {9.  ax. 

2.  iRp.  Let  AB  be  equal  to  ED.   Then  I  fay 
'  BC—EG,andAC=:DG,and  the  angle  A^ EDG. 

For  if  EG  be  greater  than  BC,  make  El=:BC,  ^d 
Join  the  line  DI.  Now  becaufe  AB  ^!=:ED,  and  g  bf- 
BC  A  ^  EI,  and  the  angle  G^  =  E  ^  therefore  h  fuppof. 
will  be  the  angle  EID  fe-C  /rzEGD.  m  mich^  4-  »• 
isaifurd.     Therefore  is  BCzrEG,  and  fo  as  be-i  */?• 
fore  AC-DG,  andtheangle  AzrEDG.  Vhich^^  16.  i. 
was  to  he  demonftrated. 

PROP.    XXVII.  -t 


«f  ^  f^S^  ^'"^   ^^  falling  ^ 

n  two  T^l     "        '     ^'^ 


}ht  lines  ^A,  CD, 
nkike  the  alternate  angles 
JEFj  DFE,  equal  the  one 
to  the  other y  then  are  the  right  lines  ABy  CD  paraUeU 
If  AB,  CD  be  faid  not  to  be  parallel, produce 
them  till  they  meet  in  O.  which  being  fuppofed, 
the  outward  angle  AEF  will  be  a  greater  than  a  i5.  ^J 
the  inward  angle  DFE,  to  which  it  was  equal 
by  Jlypothefis.  Which  is  repugnant, 
•  PROP.    XXVIII. 

J  If  a  right    line  E  Pf^^^^S 

ILjaVpontwo  right  lines y  ABy  JCu 

make  the  outward  angle  AGE 

'"D  of  the  one  line  equal  to  C  HG 

the.  inward  and  oppofife    angle 

B  4  of 


'•- — •— J —  f  I 


H 


r 


%.  ^ 


a  1^  i« 


ft  t;.  t. 


b  i;.«i« 
e  I  J.  J^. 

dx5«  I* 


a  zp.  T. 
b  J.  appt 
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of  the  other  on  the  fame  fide^  or  ptake  the  inwMri  sn- 
gles  on  the  fame  fide  JGM,  CHG  equal  to  two  right 
angles  J  then  are  the  right  lines  JB^  CD  paraUeL 

Hyp.  I ,  Becaufc  by  Hypothefis  the  angle  AGE 
=  CHG,  a  therefprc  are  BGH,  CHG  alternate 
angles  and  equal :  And  h  therefore  are  AB  and 
CD  parallel. 

Ifyp.  z.  Becaufc  by  HypotbeJls  the  angle  AGH 
•4-  CHG  TT  to  two  right,  a  rr  AGH  h-  BGH, 
h  thence  is  CHG  r:r  BGH ;  and  r  therefore  AB, 
CD  are  paiallel.    Which  was  to  he  demonfirated. 

PROP.    3CXIX. 

Jf  a  right  line  EFfatt upon  two , 
:^paraUeIs^jB,  CD,  it  wtU  hotb 
make  the  alternate  angles  DHG^ 
3>  JGH  equal  each  to  other,  ani 
the  outward  angle  BGE  equal  to 
the  inward  am  oppofite  angle  o^ 
ihe  fame  fide  DHE^  as  alfo  the  inward  angles  on  tht 
fame  fide  JGHy  CHG  equal  to  two  rjgl/t  angles. 
.  It  is  evident  that  AGti  i  CHG  ^  i  right  an- 
'gles^  a  othei  wife  AB,CD  would  not  be  parallel, 
which  is  contrary  to  th^iyp.  But  moreover 
the  angle  DHG^'CHG  1fU^  right,  therefore  is 
DHG*AHG  rfzzBGL.  Which  was  to  he  dem. 

Corolla 

^     Hence   it    follows 
^  that    ivery    paralle- 
logram A  C  having 
one   angle  right  A, 
the    reft     are  ^  alfo 
D  right. 

For  A  -f  B  Or'^r  z  right  angles.  Therefore 
whereas  A  is  right,  h  muft  B  be  alfo  right.  By. 
|;}^  (ame  ar^umeuc  up  C  ^ikjl  D  righj;  angles. 

?ROP, 
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PROP.    XXX. 

Right  lines  (JB^  CD)  paraUel 
^  to  one  and  the  fame  right  lin$, 
EF\  are  aifo  parallel  the  one  to\ 
*'  the  other. 

-J>     Let  GI  cut  the  three  right 
lines  given  any  wayi,   then 
becaufe  AB,  EF  are  parallel,  will  be  the  angle 
AGI  J  -r-EHI.  alfo  becaufe  CD  and  EF  are  pa-g  j^  j 
ralbl,  will  be  the  angle  EHI  a-DlG.  h  Thcve- 5  jf^^* 
fo»c  the  angle  AGI  -r^  DIG,  c  whence  AB  andc  17,  u 
CD  are  parallel,    Wlmh  was  to  he  dem.  - 

P  RO-P.    XXXI. 
A  From  a  point  given  Ji  to  Br  aw  a 

E         /  "  T^  right  line  AE  parallel  to  a  right 
/  line  given  BC.  ^     , 

jg  —  f         Q    From  the  point  A  draw  a  right 
^  line  AD  to  any  poinl  of  the  given 

Tight  line  ;  with   which  at  the  point  thereof 
a  A  make  an  angk  DAE  -  ADCithen  will  AE  a  ij.  t. 
and  BC  be  parallel.  WTfich  was  to  be  done.  b  z;.  t. 

R  R  O  P    XXXIL 

Of  any  triangle  JBC  one  fide 
Jj       BCi  heirig  drawn  out^  the  out- 
ward angle  ACDfiaU  he  equal 
to  the  two  inward  oppofue  an-* 
gles  Jy  -B,  and  the  thee  inward 
O       1)  angles  of  the  triangle^  J,  B^ 
JCBy  Jball  he  equal  to  two  right  angles. 

From  C  a  draw  CE  parallel  to  BA.  Then  is  a  gi.  i. 
the  angle  A  ^=r  ACE,  and  the  angle  B  h  ECD.  b  19.  r. 
Theiefeore  A  \  B  c  A  C  E  |  E  C  D  <i  =  ACD.  c  i.  ax. 
Which  was  to  he  demonft rated.       ^  ^  ^9*  ^x. 

I  affirm  ACD  1  ACB  e  rr  two  right  andes  5  e  15.  1. 
/therefore A-tB-^ACB  =  z  right  angles.  Which f  i.  ax. 
poftole  demovjlraied. 

Coroll. 
% .  The  ilirec  iwigles  of  aoy  triaflgk  taken  togc- 
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ther  ate  equal  to  three  angles  of  any  otfaei  trian- 
gle taken  together.    From  whence  it  fellows, 

2.  That  if  in  one  triangle,  two  angles  (taken 
feverally,  or  together)  be  equal  to  two  angiesof 
another  triangle  (taken  feverally,  at  together) 
'  then  is  the  lemaining  angle  of  the  one  equal  to 
the  remaining  angle  of  the  other.    In  like  man- 
ner, if  two  triangles  have  one  angle  of  the   one 
qualto  one  of  the  other,  then  is  ihefumofthe 
:maining  angles  of  the  one  triangle  equal  to  the 
im  of  the  remaining  angles  of  the  oihei. 
\.  If  one  angle   in  a  triangle  be  right,   the 
ther  two  are  equal  to  aright.  Like  wife,  that 
ngle  in  a  triangle  which  is  equal  to  the  othei 
vo,  is  U  felf  a  right  angle. 

4.  When  in  an  Ilofceles  ihe  angle  made  by  the 
qaat  Cdes  is  right,  the  other  two  upon  the  bale 
re  each  of  «hem  half  a  right  angle. 

;.  An  angle  of  an  equilateral  triangle  makes 
wo  third  parts  of  a  tight  angle.  For  j  of  two 
ighl  angles  is  equal  to  !  of  one. 
ScM. 
By  the  help'of  this  P[opp&tion  you  may  know 
low  man^  ^'ght  angles  the  inward  and  outwtrd 
ingles  ot  a  tight-lined  figure  makej  asnuy  ap- 
lear  by  thefc  two  following  Theorems. 

THEOREM  I. 


JU  tJit  angles  of  a  r\ghi-li«ed  figure  do  together 
makt  twice  as  many  tight  anilei,  hating  four,  at 
there  are  fides  oftUfigure. 

From  any  point  within  the  figuie,  kt  right 
lines 
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.lines  be  drawn  all  thro'  the  angles  of  the  figure, 
which  Ihall  refolve  the  figure  into  as  many  tri.  ' 
angles  as  there  are  fides  of  the  figure.  Where- 
fore,  whereas  every  triangle  affords  two  right 
angles,  all  the  triangles  taken  together  will 
make  up  twice  as  many  right  angles  as  there 
•  arc  fides.  But  the  anghs  about  the  faid  point 
within  the  figure  make  up.  four  right  j  there-  ., 
fore,  if  from  thd  angles  of  all  the  trian^es  you 
take  away  all  the  angles  which  are,  about  th« 
faid  point,  the  remaining  angles,  which  make 
up  the  angles  of  the  figure,  will  make  twice  as 
many  right  angles,  bating  four,  as  there  are  fides 
.of  the  ngure.    WT)kh  was  to  he  dent. 

CofoU.       '     •  * 

Hence,   All  right-lined  figures  of  •the  fame 
fpecies  have  the  turns  of  their  angles  equal.         « 

THEOREM   II.  •    .■ 

Jll  the  dutward  avgles  of  any  right-lined  figure ^ 
taken  togetlm^  make  up  four  right  angles. 

For  all  the  feveral  inward  angles  of  a  figure 
witH  the  feveral  outward  angles  of  the  fame  make 
two  right  angles  ^  therefore  all  the  in wai  d  angles, 
^gether  with  the  outward,  make  twice  as  many 
Tight  angles  as  there  are  fides  of  the  figure^  but« 
(as  it  was  now  ihewn)  all  the  inward  angles  with 
four  right,  make  twice  as  many  right  as  there  are 
iides  of  the  figure  ;  therefore  the  outward  angles 
areequal  to  four  right  angles.  JThicb  was  to  he  dem. 

CorolL 
AU  right-lined  figures  of  whatfoever   fpecies 
have  the  Turns  of  their  outward  angles  equal. 

PROP.    XXXIII. 
A  |.  J3     If  two  equal  and  parallel  lines 

^^  >^     ^^'  CD   he  joined  together  with 


\y^  \  two 


other  right  lines  aC^  BD^  then 

C  ^ ^r  are  thofe  lines  alfo  equal  and  par  alleL 

^  Draw  a  line  from  C  to  B.  Now  becaufe  AB  and 
CD.are  paiallel,  and  the  angle  ABC  a  :=  BCD  5  a  29.  r. 
and  4lfo  by  Hypothefi«ABz::CD,ipd  the  fide  CB 

com- 
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b  4.  T.    eommoU,  therefore  is  AC  h  -=:BD,  and  the  «»- 
c  27.  i;   gle  ACB  t  =  BD  .    c  whence   alfo  AC,  BD 
are  parallel. 

.  PROP,  yxxiv. 

2      In  paraUelcgramSf  4s   ABCD^ 

the  oppnfiti  pdes  AB^CD^   and 

^C,  SD^^are  equal  each  to  other  t 

'^and  the  oppofite  angles  A^  D,  ani 

^  4BD^dCD  are  alfo  equal  ^  aiU  the  diameter  BC  bu 

^ /e^s  the  Jain^.  ^ 

a  hyf*  Becaule  A  B,  CD  a  are  parallel,  h  therefore  k 

the  angle  ABC  r  BCD.    Alfo  bccaufe  AC,  BD 

b  19. 1,     are  a  parallel,  h  theretbie  is  the  angle  ACB  =z 

c  2.  ax*    CBD ;  c  therelpre  the  whole  ai^le  ACD  rr  ABD. 

Atiet  the  fame  manner  i^  A  ■  D.   Moreover  be- 

cauie  thd  ai^^ies  ABC,  ACB  lie  at  eacn  end  of  the 

^  fide  CB,  and  are  equal  to  BCD,CBD*  ^i  therefore 

d  a6.  I,    is  ACt-BD,  and  AB  d  -CD,  and  fotheiriao- 

gle  ABCr:  CBD.    Winch  was  to  be  detn. 

SchoL 
EveVy  four-fided figure  JBDC  havif^  the  opfofite 
fides  eqU'il^  is  a  parallelogram* 
z  17. 1.        For  by  8.  i.  the  angle  ABC -^ BCD  ;  a  where, 
fore  AB,  CD  aie  pdraliel.    In  like  manner  is  the* 
5g5.<^e£  angleBCArCBD;   /i  wherefore  AC,  BD  are 
I,         ^  alio  paraliel.  h  Therefore  ABCD  is  a  parallelo- 
graen.    Winch  v^asto  be  demonftrated. 

j«  \  From     hence 

A.— -1 : —      ■  )p  B    may    be   learned 

^  '  \  I  how    to  draw  a 

parallel  CD  to  a 
right  line  given 
.  AB,  thro'  the  point  afligned  C* 

Take  in  the  line  AB  any  point,  as  E.  From 
the  centers  E  and  C  at  any  difbance  draw  two 
equal  circles  EF,  CD.  From  the  center  F  by  the 
fpace  of  EC  di  aw  a  circle  FD, which  Ihall  cut  the 
'  former  circle  CD  in  the  point  D.  Then  Ihall 
the  line  drawn  CD  be  pafallel  to  AB.  for  as  it  was 
before  demonftrated,  C£FD  is  a  parallelogram. 

PROP. 


> 
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»y 


ParaUelogramT^  BCDJ^ 
BCEF^  which  Jiand  ufon 
the  fame  hafe  BC,  and 
between  the  fame*  faraU 
leh  JF^  BCy  are  e^ual 
one  to  the  other.  * 

S  C  For  AD  tfr- EC  J— a  24.1. 

EF,  add  DE  common  to  both,  h  then  is  AE  —  ^  i.  aee. 
DF.  But  alfo  AB  d  rr  DC,  and  the  angle  A^cr  c  zp.  i.' 
CDF.  i  Therefore  is  the  triangle  ABE-  DCF.  d  4.  i. 
take  away  DGE  common  to  both  triangles^  <e  5.  ax. 
then  is  the  Trapezium  ABGD  =  EGCF.  Add 
BGC  common  to  both,  /  then  is  the  p^arallelo-  f  x,  ax* 
gram  ABCD  -  EBCF.  Winch  was  to  he  dem. 

The  demonftration  of  any  other  cafes  is  not  • 
iDilike,  but  much  more  plain  and  eafy. 

SfhoL 
If  the  fide  AB  of  a  right- 
angled  parallelogram  ABCD  b^ 
conceived  to  be  carried  along 
perpendicularly  thro'  the  whole 
line  Be,  or  BC  €hro'  the  whole  ♦ 

line  AB,  the  Area  or  content  of  * 
the  Redangle  ABCD  ih^W^be 
produc'd  by  that  motion.  Hence 
a  rectangle  is  faid  to  be  made 
by  the  drawing  or  multiplication  of  two  conti-  ^ 
guous  fides.  For  example's  lake ;  let  AB  be 
iuppofed  four  foot,  and  BC  be  three  :  draw  $ 
into  4,  there  iKrill  be  produced  iz  fquare  feet 
for  the  Aiea  of  the  Rcdangle. 

This  being  luppofed,  the  dimenfion  of  any  pa- 
rallelogram (*EBCF)  is  found  out  by  this  Theo»  *  ^ee  the 
rem.  For  the  Area  thereof  is  produced  from  the  figure     of 
altitude  B A  drawn  into  the  bafe  BC.    So  the  Area  Prop.  }  5* 
of  the  parallelogram  AC  =:  £BCF,  13  made  by 
the  drawijig  of  BA  into  BC,  therefore,  gf  r* 

P  ill  O  B. 


v 
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PROP-    XXXVI. 
E        -rf         Parallelogram s^    BC-*' 
DJ,  GHFE^fiand^ 
ing  upon  "equal  bafes 
MC.GH^  arid  hetwixt 


^^ 


B  C!  Q  H  the  fame  faraUeU  JF^ 
B  H^  ^re  equal  to  the  other. 
a  hyp.  .  Draw  BE  and  CE.  Becaufe  BC  a  =  GH  ^  = 
b  U.  I.  EF,  c  therefore  is  BCEF  a  parallelogram-Whcncc 
c  53.1/  the  parallelogram  BCDA^-BCFE^nGHFE. 
d  }5. 1.     Vhich  was  to  he  dem, 

PROP.    XXXVII. 
^       ^         Triangles^    BCJ^ 
■"       ^      BCDy  ftaiidingufon 
the  fame  ha fe  nC^  arid 
hetween  the  fame  paral-- 

leis  £€y  Ety  are  €fual 

B  C  one  to  the  other. 

a  51.  !•  «  Diaw  BE  parallel  to  CA,  a  and  CF  parallel 
b  u-  I-  ^o  BD.  Then  is  the  triangle  BCA  ^  :=t  ^  of  the 
c  5 S.I. ^"^parallelogram  BCAE  t  =  i.  BDFC  *  =  BCD. 
T.ax*        Winch  was  to  ie  dem. 

,^  PROP.    XXXVIII. 

\T      A  Mj    J^fgtjipon  equal  ha  fesBCyEFf 

and  between  the  fame  p0^ 
raUels  GHy  BF,  are  equal 
the  one  to  the  other. 
Draw  BG  parallel  to 
B      C     B      P     CA  and  FH  parallel  to 

ED.    Then  is  the  trian- 
a  54. 1,     gle  BCA  a  =  i.  Pgr.  BCAG  b^s.  EDHF  c 
b  ip.i.and  EFD.   Wljich  was  to  be  dem. 
7.  ax.  ^         SchoL 

c  54. 1.  If  the  bafe  BC  be  greater  than  EF,  then  is 
the  tri^ngl^  BAC  zr  EDF,  and  fo  on  the  con- 
trary. 

PROP. 


^ 
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i^ 


PROP.    XXXIX. 

fp  Efual  triangUs  BCJ, 
BCD,  ftanding  on  the 
fame  haje  £  C,  and  on 
the  fame  Jide^  they  at€ 
alfo  hetween  the  fame 
faralleU  AD,  BC. 
Ifyou4eny  it,  let  another  line  AF  be  parallel 
to  BC  ;  and  let  CF  be  drawn.  Then  is  the  trian- 
gle CBF  a^CBA  h—CBD.  c  Which  is  ahfurd.     a  f;.  u 

hhyp. 

PROP.    XL.  c  9.  flar. 

Equal     triangles 

BCJy  EFDyfiandwg 
upon  equal  hafes  BC^ 
£F,  and  on  the  fame 
fide,  they  are  heiwistt    . 
the  fame  parallels. 
If  you  deny  it,  let 
another  line  AH  be  parallel  to  BF,  and  let  FH 
be  drawn.    Then  is  th«  triangle  EFH  fl=BCA  a  ;8. 1. 
i=EFD.    c  Vhicb  is  ahfurd.  bl^. 

G  9.axk 

PROP.    XLI. 
p       JB     If  a  Pgr.  ABCD  have,  the    . 
fame  bafe  BC  with  the  triangle 
"  IE,  and  he  hetwusn  the  fSne  "• ' 
rallels  JE,  BC  then  is  the 
^  ^^r.  JBCD  double  to  the 

®         triangle  BCE. 
Let  the,  line  AC  be  drawn.  Then  is  the  triangle 
BCA  a  =  BCE.  therefore  is  the  Pgr.  ABCD.   h  a  jj.  i, 
=  i  BCA  t  =  i  BCE.    WlAch  was  to  he  dem.       b  jf  ..f . 

SchoL  c  ' 

From  hence  may  the  Area  of  any  triangle  BCE 
be  found,  for-whereas  the  Area  of  the  Pgr.ABCD 
is  produced  by  the  altitude  drawn  into  the  bafe, 
therefore  fhalitheArea  of  a  triangle  be  produced 
by  halfthc  altitude  drawn  into  the  bafe,  grhalf 

the 


i 


6.  ax. 


% 


i* 


b  z^.i* 

f  10.  I* 

d  ;t.  I. 

€  41.  I* 


Tie  firfi  Btfok  of 

the  bafe  dravm  into  the  ajtitude,  as  if  fo  be  the^ 
bafe  BC  be  8,  and  the  altitude  7,  then  is  the^ 
Area  of  the  triangle  BCE)  %%. 


Ta  mc^  a  Vgr.  ECGF  ejual  to  a  triangU  groen 
JSC  inaii  aiigu:  equal  to  a  nght-Untd  angle  given  J. 

Throttg)i  A  a  drstw  AG  parallel  to  bC^  make 
the  angle  ZCQ:=^  B.  c  bileft  the  bafe  BC  in  E, 
and  draw  £f  paiallel  to  CQ.  then  is  the  pro* 
blent  refolved. 

For  A£  being  drawn,  the  angle  ECG  is  equal 
to  D  by  conl6-uttioij»  and  the  triangle  BAC  4 
=  i  AEC  e  r=i  Pgr.  ECGF.  Wlkh  was  to  Ire  done. 

PROP,    ILIII. 


In  every  Pgr.  JBCV^ 

the  complements  DGf  G3 

ofthofe   Pgrs  HE^  F I^ 

which  ft  am  about  the  dia^ 

meter f  are  equal  one  to  the 

other. 

For  the  triangle  ACD 

a  ;4»  t i    a-=r  ACB,  and  the  triangle  AG H  a     AG£,and 

b  J,  ax:  ^he  triangle  GCF  a      GCI.    h  Theietbre  the 

Pgr.  DG  z^  BG.    tnich  was  to  be  dem. . 


PROP* 


n 


t^fi. aright  Im given  J^  to  ^eXe'liTatd^U^ 
gram  fLat  a  right-tiiud  at^k  given  C^  e^a^  to  A 
triat^kgiv^nlS.    /    '  /  '■ 

a  Make  ^  Pgn  FP  ==  to  jkhe  ipriangte .  Bj  fo  a  42;  i* 
that  the  angle  CiF£  inagr  be  cqtiat  to  Ca    Prb- 
duce  GF  tilr JPH  iBe  equal  to  ffle  life-  given  A. 
thro'  H  I  dra#  IL  pixj^l  to  EI',  whioh  let  b  }t.  U 
D  £   produced  meet*  in  tb^  ^oint  I.   let  DG  v 

4rav)^  forth  meet  with^  rig^  UAP»dcUfiCSi.&>m 
I^othepbintK^  J^WiCI'draw  KL  par^lel 
toGl^,  with  whiclii^et '£F  drawn  out  jmeet 
atM,  andtgati;  Then  fliaU  FL  be  the^Pgr. 
Required*  '  ♦  ^  ^> 

I'or  the  Pgr*  ft  c^  Fp  =  B,  iiand  the  ingle  C  4Ji  ii 
MFH:i:OFl=C.    IpJicVwm  to  h  dm.    *        dY5/« 


<  <  i  I 


"« •  ^»  • 


*     -    "-W 


ttfqjf  a  r^ht  line  gwin  JPa  to  makeiaFp^iJk 
$fual  to  a  right-lined  fiffire  given  'gjtCS^  ai^ 
r^bt^ineig^gkgmnM 


Q 


14  The  ftffi  B0$k  if 

Rdblve  the  rifiiit-lined  fisure  given  into  tri** 
«  44*  I.   angles  BAD,  BC3).  then^tf  &ke  a  Pgr.  FH  -=: 

BAD,  fo  that  the  angle  F  may  be  eaual  to  E. 

FI  beujffgrocUieea,  a  iitoke  on  ^I  the  Pgr.  IL= 
b  19. 0X4  BCD^'^nen  I's  the  Pgr,  FL  i  =  FH  -i-  It  *  = 

^        i     Sthd.. 


Hencie  is  eafily  found  the  excefs,HE,  wherebjr 
any  right-lined  ^le,  A.  exceeds  a  hfs  right- 
lined  ligurejBj  nameIy,ift6fonie  right  Hne,eD, 
Iwtbhc  af  j^lied,  Pgr,  DF=:iA,  and  DHrrB. 

'     tROP.    XLVL 


^ 

I* 


[    ^fa  itft)  t0  dtfctih  a 

a  It.  }•        i  I       ^  Erefttwojperp^ndi* 

.    ,        ^J     ,  I     culafs  AB,  DC,^  ea^ 

k3.  !•     ^^  I  I     to  the  line  giVfen  AD  ; 

I     then  join  B  C,  and  the 
■  I       ■  (0  thing  required  is  done, 
c  wifir.        For,  whereas  the  angle  A  -4-  D  c  =  a  fight,  d 
d  18.  !•    therefore  are  AB,  DC  parallel.  But  they  are  alfo 
t€(n^.    f  eaual  ^/therefore  A jp,BC  are  bo4^  parallel 
f .3^  I.     and  equal;   therefore  the  figure  AC  is  a  Pgr. 
g/rAa9.T<andequi]atera|L    Moreover  the  angles  ate  all 
K  ^9^  4fr/.  right,  g  bfcaitfe  one.  A,  isjrieht^  h  therefora 
AC  is  a  tp^i]^-  Inich  ^ai  id  ft  done. 
^  After  thie  fame  manner  you  may  eafily  d<e- 
,**fcribe  a .Kefiaifgle  coixtained  under  rWti  rlg^t 
iinesgrreife        »  ^ 


«t  4 


i 
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IROP.  xtvii. 


in    ryfU 


rigbf    an* 

lei      ftii 

A  C,  tit  fqUXri 

£Ey^^  which  umide 

^'of  the  fide  B€  tUi 

\fttbttnds  the  right 

flfi^e    M  AC    it 

^qi^al  to  both  ihe 

ffuafes  t  Of  Citi 

which    Aft    mjkld 

\bf  the  fides.  M'Si 

\AC  comtaimng  tM 

fight  anglei    \ 

Join  A£,  aiid 


rJ' 


{oil        -,        , 


AM  parallel  b  CE.  ,  ^^ 

Becaufe  tHc  angle  0BC  a  s=:  FBA,  stdd  th*a u,  axi 
anele  ABC  common  to  them4K>lhj  then  is  the       / 
angle  ABD  ==  FBC.  Moreover  AB  *irFBj  ana 

\D  >rr:BC  i'C  therpfott  Is  the  triangle  ABD  =^  b  %9^.  ief; 

?BC.    But  the  Per-  BM  ilcr  z  AHD,  and  thcc  4.  i. 

*gR<iBCJ  :=  A  FBC  rfofOAC  isone  AghtlU»d4i, f* 
by  Hjrp;  ?ind  14.  i.)  « therefore'is  tnc  Pgn^88l=  e  Ltuci 
BG.    By  the  tame  way  of  argument  is  the  Pfer. 
CMi  =  CH.    Therefore  is  tfie-whole  BEsrJpl 
H^fM.:'»^ehwaft6he-im*       ' 


fhis  ihoft  qK^eUent  anduGfui  i^t6itlBk  ^ 
deferred  the  title  of  P;^f%orW's  fhcbrto,  be- 
caufe he  was  the  Ifttenter  of  itt  By  the  help  of 
which  the  addition  and  fiibftraAion  of  fqli»res 
are  performed  ;  to  whieh  purpofe  fcrve  the  two 
CErQ^wing  PjTOPkms. 


/ 


^f 


taet. 


M-'- 


rt^ 


ft  47' ». 


The:  pfi  Btik  of    ' 

r  To  Milled  me  fguart  tfust 
ta  Mitj  mmitr  of  Jpuntt 
giyen.  /  t\ 

/  Let  thfeclquares  bei^ven 
jCVhereof  theilde^MeAE^Ct 
..  "GEvaMal[t(^wht4ngle 

/  '  cnite^  aiid  pa  thtm  itiansfer 
■^    BAasdBCi  iainiUCtfaol 
is  ACq  >'=  ABq  J*  BC^ 
Then  transfct  Au  fi'oni  & 


tt.   »  Theft  is  EXq':^ 
fAC^  <  i=  CEq -»■  ABq 


■f,  to  I,  andCE  the  third  6de 
from  B  to  E  i  join 
EBqItiEq)  -*BXq 
»-BCq.    Ifbieh»att9 


•B  7]rb  DMnEOf'  i^k  lint* 
pewgivtn  Jb,-  BI^  id  makt 
a/juare  tjual  to  ibg  Hft- 
ttvce  of  the  two'fmtartt  of  lit 
\pven  lintt,  JB,  3G 
,  -  —  .  From  the  center  B,  at  the 

Uftaace  of  BA,  deftiibe  a  circle  i  and  from  tbc 
point  C  ereft  a  peroendiculai  CE  meeting  with 
the  circunfereace  in  £ :  and  draw  BE.  a  Then 
isBEq(BAq)  =  BCq  +  CEq.  i  Therefore  BAo  - 


M^ 


/'V^ 


BCq- 


EVCUUE'f  Ekmentsl 

'  \     •-"■■ 

P^^OBLBM  III 

C     Jny  two  fides  of  a  rlglunTiglU 
^  mavgle  JB,C^  ifingKfu>w%  to 
jni  out  the  third. 

Lettbeii4«s  AB,  AC  |ih 
compafBiig  the  right  angle,  t>e» 
Q  the  one  d-  fcor,;  the  otfcet*  8. 
^  Thcreforf,  whereas  ACq-»-^Bq 
^  64  -h:«6?3F  loossfiCq, 
thence  is  BC  ss  V  ^oo  =  10^    47^  '• 
Otherwife,  let  the  fides  Afig 
^    EC  be  known,  the  one  fix  foot, 
^c^tfae  other  to,    fhcrefpt^  finflK 
ABq  iBz  iDO  —  36  =  (J4  ?=^ACq,  jthenoe  47^  '• 
=?:^^4^8.  WhMskmmtoUifmif  s 


tROP-   ?tYHt 


v.  .i 


./: 


BC  of  a  triangkyh  cfft4tl$o  $hi   ^ 
fmsaret  made  on  the  other  fides 
ffthfitridmle  AB^  JC,    then    ' 
the  angle  dAC  comprehended  un^ 
tder  tUfa  im  ^^h9f  J^^  ^:the 

Draw  to  the  point  A  in  AC  a  perpeOj^C^ 
line  DA— AB,  and  join  CD. 

Now  is  #,(3)f=i: ADq-lr 'iteq^ABq-+ACq a 47.  1; 
r=:BCq.  *  Therefore  is  CDrrBa  And  therefore  ^S-^e  ih$ 
the  triangles  CAB,  CAD  are  mutually  tmilz- foUomtu^ 
terah   Wherefore  the  angle  C  A B  ^  =  C  AD  cJ7^or. 
s=  a  right  angle.    VTnchwas  to  he  dem.  b  8.  x. 

Scholf  c  comfit*. 

*.  VTcaflUmed  in  the  dempnftration  of  the  laft 
l^opo&tion,  CD=:BC,  becaure  :CDc[  was  equal 
to  BCq  r  our  afliunption  we  prove  oy  the  fol- 
lowing theorem* 


Cj 


fHMa. 


i9 


Tie  fi'fi  Book-  iff,  ft;it.' 
THEORE  ME. 


* 

O    5 A. 

B  — -"-iSl 


LU 


Thefquares  JF^  CG  of$juah^^t  lin$s  JE^  CD 
Aft  eaual  on^  to  the  other :  And  thefidei  IKj  Lllfcf 
^juaJfquans  NJC^  PMy  are  ejual  one  to  the  other. 

1.  Hyp.  Draiisr  tche  diameters  Efi,  HD.  Then 
•  ?4»  I.  **  ^  evident  that  AF  is  a  equal  to  the  triangle 
h  jTt  /V  ^^^  p^ice  taken,  and  h  equal  to  the  triangle 
^  ir,  ^  HCD  twfcc  t?awn,  and  equal  to  a  QQ.   mich 

WOf  to  he  done^ 

2.  Jfyp.  If  it  may  be,  let  LM  be  greater  than 
.  ^  ,      IK.    iCake  LT  =  IK,  and  let  LS  be  a  edual 

J^M*    5*il^^-  ^J^'^  *•  ^>  "^  ^  =^^* 


f  J4»  !• 


hyj 


CbroZL 

After  die  fame  manner  aAy  re^langles  equilar 
teral  one  to  anof her,  ai^  demonftrated  Wo  to 
becqtiali 

tio  Muiof  tk  fifi  Book, 


» '    •»   . 


ti^ 


TH£  SECOND  BOOK 

O  F 

EUCLIDE'*    elements; 


Dfjimtknu 


Bf 


r 


X. 


t- 


Very  nght-angle4  ?aralleIogr$ia  AB^ 
CD  is   faid  to  be  contained  under 


two  right  lines  A^,  AD  coOipre- 
bending,  a  tight  angle, 

at  thefef^he-nSaiwle  under  BJ^  4^f  orforjbcurtnejft 
fake  tie rtSanpleSjD^  or  ^JxJD  (or  ZJj  for 
J7  X  jO  thetfSaifgle  mBar^Uthat  i^Uch  is  eontainei 
under  the  ri^ht  lines  BJ^  JD  fet  at  right  armies. 


A  1 

,  it  In  every  tgr.  FHIK,  aoy  pne  of  tho^  paia^- 
I^Jograms  v^mdiare  about  the  diameter,  together 
int^s  two  complements  is  c41«d  a  Gnomoti.  Jit 
'  '^gr.FB'^BI±QJ(EHA()  is  a  Gnomon  ^  and 
!/« ifc  fir^FB^BIr^M  (jSXJ)  it  a  Gnomon. 

C4  TROt^ 


5St 


«* 


\ 


4*  7U  fecimi  BoA  ef 

on  T  WtBP.    t 
*  'ight  Uittt  JF,  JB,  Ig 

lone  oftlem  JS  divi- 
many  partt  or  fegmttttt 
fti-ibc  reHtttgu  eam- 
utider  the    two    wMs 

^     _    ,  -a AB,AF,JbaU  It  equal 

19  aa  the  nlianglei  eontamei  under  tbe  wbole  tine 

4Fand  tbejeveral  fegmeTftt,  JD,  DE,  EB. 

» II.  I.        «  &t  AEJ^rpendiculirto AR Thro' F u draw 

an  infinite  hpe  FG  perpendicular  to  AF.  From 

the  points,  IX  E,  B  ereft  perpendiculars  DH.EI, 

UG.  Then  is^AQ  a  refla^Ie  comprehended  iin- 

b I9.ffa;.i. der  AF^AB, ind is  i  equalto the reftanglesAH, 

•  J4. 1.     DI,  EG,  ilfitls-(tecaull!  DH,-EI,AF  c  are  equal) 

toihe  reflangles  under  AF,  AD,  under  AFvDE. 

under  AF.EB.    mkhwattobe  dcm.         » 

"  Sehol.  ■:^      • 

^tmff  rfgh  hnerghtn  ie  hoth  ditidei  hitpthom 

mem  pint  foever^  the  produa  of  the  whole  ^mki- 

thitmo  itftlffiaU  h  the  JUmevith  that  of  the 

fartt  mukiibU  into  tbtmfthtt.  -        ^ 

For  let^  be  =  A -t-B^  C.  and  Y  =D^-E: 

■  tnwi,bccaufcDZa  =  DA-4.DB-fI)G,  ahd^Z 

i  l.».      f  =  EA-^  EB-+.EC,  arid  YZ<i!?DZ-f  EZ, 

bi-j*,    i*»"ZY  be=:DA-*-DB-tDC-t.EA-^EB-.Ea 

ir*«4  »<»  to  he  dm. 

From  Unce  u  vnitrfioodthe  manner  of  mvltifljing 
eom/rmnded  right  lints  into  compounded.  For  you 
KuS  take  flif  tie  Re&anglet  cf  tbejarli,  and  they 
WjUprefmyou  with  the  ReSangle  ^  t^  whits. 

But  wheBfoever  in  the.muitirlication  of  lines 
into  themfelves  you  njeet  witfauiefc  figas  —  in- 
termingled wi^  thefe  -4-,  yoii  muft  alfo  naVe  par- 
ticular  regard  to  the  figns.  For  of  -*■  multiplied 
^nto  —  arifeth  — ;  but  of '—'  into  —  mifeth-*-, 
_  **'*T.l«-KAbetobeniultipU(tdintoB-Cith<b 
beC4ure4-AiEnot  ajErflietfofaB  B,- but  dnlf  «f 
a  part  of  it,  whereby  it  sjtttcdsC,  therefore  AC 
Siuft  lonaiii  ^eokd  i  fo^at  the  prods A'mU 
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be  AB^  AC  Or  thus^;  heit^U  B  confiAs  6f  the 

p^ns  6  wid  B— C,  *  thence  ABtr  AC^  AmB*-C.  *  i,  j,    - 

rake  away  AC  from  fiitfaer,then  AB-r-ACirrAxB 

»-Cr  In  like  manner  if  •—  A  be  to  be  multiplied 

into  Br-C,  theafeein^bf  ietfdfa  dfthe  figure  -r 

that  A  i«  not  deniedat  all  B.  bybMlyefte  much 

as  it  exceeds  C,  thekfbi^  AG^uftreitiaio  affit- 

fiied.  whence  the  pibdu^Et'will  be  —  AB^^^  AC» 

Or  thus  (  becaufe  AB'tx  AC^AxB^C;  take 

airif.aiHthrgaghout,   and  theie  nvill  be  —  AB 

=r  AC  —  A  x  —  £ -4- C  ;  add  AC  to  either,  and      ^       " 

tbereiwiUbe  <^  AB  h^  AC  =  A  x  B  -^  C, 

This  being  fufficiently  underftood*  the  nine  , 
following  Propofition^,'  and  'iimumerable  othenF 
of  thit  Kind)  itrifing  'from  the  flompatiag  of 
lines  xnultipiied  into  themfdves  .^hicli  you 
may  find  done  to  your  hand  in  Vi^A  2ttid  other 
Analyi;ical  ^Vriters)  ate  d^monftrated  with  great 
ladlity^  by  reducing  the  matter  for  the  moft 
^art  to' atoioft  a  fimple  work. 

Furth^nnore,  ^it  ippedrs  that  the  pi'oduft  of «  fg^^ 
My  ttiag^ifude  multiplied  into  the  parts  of  amp  ^ 
nvmber,  is  equal  to  thiq  produft  of  the  fame  mat 
iiplied  itlto  the  whole  number :  As'$..A^  7  A 
rriaA,  and 4  h%%  A-^  4  Ai  7iA  =  .4Ax 
iz  A^^^Where&ire  wluit  Is  here  deliverMofth^ 
multiplying  of  right  lines  Jtiro  thcih&fves,  the 
fame  nMiy  be  tmderjhTQdof  the  ^taltipiyiftg  of 
numberl  into  themfelve^,  fo  that  whatfoe^ver  is 
tSimdd 'Concerning  lines  in  the:  nine  following 
Theorems,  holds  good  ^Ifo  in  numbers  \  feeing 
WSf  «ll. 'Immediately  de4)cnd  aiid  arc   derived 

from  this  firft. 

IP R01?,  ir. 

Jfa  i^ght  line  Zlc  S^ 
viM  any-wifh  info  /M 
fartSy  the  reSangks  conu 
*Mpended  under  iheipbdlc 
^ne  ^^aiid  each  of  the  famehis  J,  E^  m '  W^^l  '^ 

thfffiar§mc^of^]jip}mlplm'& 


t  »> 


J  . 


/ 


4>  7%e  fitMd  itak  *f 

I&y  that  ZA-»-Z&=:Zq.  FortakeBtsZ; 
•  I.  ft.     a  then  is  BArfBE— BZ,  tlmu(becauft  B=Z) 

ZA^ZE=^.  mkb  w^  to  it  km..     -     ■ 

PROP,  in. 

■1^^      IfarighlmtZiiihidti 

-iMTfc  ^W  i»i/g  info  fa»o  ^ffrft,  tic 

S        redfjttf/e  confra finMs^  viiifv 


tff'tb  rtSiTwIf  Tiuie  of  the  fegjnenti  J,  B,anith9 
Jijitare  itfetibti  on  thefaiifegment  B. 


<i^  maie  of  the  fegjnenti  J,  £,  i 
illd  on  the  faiifegment  B. 
1  far  if^-^AB  -4-  Eg.  «  Foi  EZ^EA-t-Eq. 


PROP.    IV. 

//  d  ri^ht  iineZU  evt 


-,i— Ml--  I     jh  enj-mfe  mto  two  pertr, 
A.    ..   A       Jquart  made  of  Iht  whole  mm 
*i't,      z  it  equsi  iotb  to  the  fquaret  made  of  the  fegmtwtt 


J^E-fivd  to  twke  areSangttnade  of  tie  tart  t  J,  S. 

1)2.1.  I  fay  that  Zq;pAq*Eq-*tAE.  ForZAasK 

%j:,  Of.     Aq^-AE,andZEa-^Eq-EA.Thereforftwfeeiea« 

^  VZEIi  =  Zq,  thBncejsZq^Aq-+i;q-* 

I  AE.    W^ch  vol  to  he  iem. 

D    Otheruife  thu^    VpM    the 

.  Tight  line  AB  make  tlw :  fquaie 

AI>^^  4raw  the  diameter  EBj 

through  C,   the  point  vhereiti 

Ithe  line  AB  is  divided,   diav 

the  peipendiculat  C  F  ;    and 

gthiQ'  the  point  G  diaw  H(  pa* 

t^«el  to  AB. 

».  ,.«      Becaufe  the  angle  Elia=Ai»  a  Tight  angl^ 

°4'""^-^**andAEB  is  Haifa  right,  ethetefore  ife  the  «-  ' 

'■  maining  angle  HGE  half  s  right  angle.  Thnc- 

l  f  ■  '-     fore  is  HE  f^HG  g^Z?g= AC  Jo  that  HF 

'  °-   '■      i  is  the  fqiiare  of  t^e  right  line  AC)  Aftw  the 

E  '+■  !*,  fame  manner  is  CI  proved  to  be  CBq.  Thereftjie 

Ji  i9,d«/.  AQ,  GD  arc  reftandes  under  AC,  GB.  whae- 

X  is.ax.1,  [on  the  whole  fquare  AD  it=ACq  -f  CBq  f  ^ 

^CB.   Whickwofttiedfrn  ^ 


EUQLIDE'i  ElemMsl  4| 

CoroU* 
^  r.  Hence  it  appears  that  tfie  Parallelograms 
which  are  about  the  diameter  of  a  fquare  are 
iilfo  fquares  themfelves.  ' 

.  a.  That  the  diameter  of  any  fquare  bifecls  its 
apgles. 

>  J.  That  if  A  ^  f  Z,  then  Zq  rr  ^  Aq,  and 
Aq  tr  ^  Zq.  As  on  the  contrary,  li  it  be  io 
that  Zq  =  4  Aqi  then  isAr=:f  Z» 

PROP.   V. 

Vr  T\  he    xut  into    equal 

^         *^  farts  AC,  CB,   atd 

into  UfUfuat  farts,  AD,  DBj  the  reSanHe  compn^ 
hended'under  the  vnejual  fatts  AD,  t>T>,  together 
^ith  the  fquare  that  u  made  of  the  intermediate 
fart  CD,  u  equal  to  the  fquare  that  u  made  of  the 
half  line  CB. 
I  fay  that  CBq  =  AD3 -<- CDq.  % 

i|L  CBq«      '      .     > 
Forthfffearejii  Cpq-4.CDB-i-DBq-^CDB.         M\^^ 
ail  equal.     I^CDq^hCBD  (c  ACxBD)  VCDB.  ^  [•  *• 
CCDq^dADB.  .  ,       ^M' 

This  Theorem  is  fomcwhat  differently  e*-^  *•  ^' 

Srefs'd,  and  ^ore  eafily  demonftrated  thus  ;   A 
\eSafigle  made  of  thefum  and  tie  difference  oftwa 
lines  Afi,  is  equal  to  toe  difference  of  their  fquares. 
For  if  A-+  E  be  multiplied  into  A-£t  there 
ariCeth  Aq--AE-^EA-~Eqt;:Aq-Eq..-iP5Mf 
»astoheism.  ..L 

SchoL 


I      '     JL  1 '  ^'  *  1    Wthe  line  AB  be  dir 

JL  9  £   B   BvMed.otherwire,.C«^'^.-) 


aeaier  to  tbe_pf»int  of  bife£tioii»  in  E  ^  Then  i^ 

AEBc-ADK  ^      ^„  , 

For  if  AIB4=CBq-CEcfc  and  ADBtf:=::CBq  a  5.  a.  df|^ 

— CDq.  Therefore,  whercaiCDQcrCEq,  jhenop  3.  ax, 

|sA£B(rADB^   Whcbwastohdem. 

J       :*  '      CorolL 


J|4  Thi  ficanJ  Book  of 

CoroU. 

I.  Hence  is  ADq -H  DBq  ir  AEq -^  EBq.  For 
^4,  Zf  ADq  -+  DBg -♦•  z  ADB  h  =  ABq  ^  =:  AEq  '\- 
EBq  -Y  t  AEB.  Therefore  becaujTc  x  AEB  zr  % 
ADB.  thience  is  ADq  'I-  DBq  tr  AEq  -j-  EB<1. 
IFiicb  was  to  he  icm, 
cj./rafc  i.  Hence  is  ADg-l- DBq- AEq -^  ff  +  EBq 
a^  *  AEB  -  ^  ADB. 

PROP.    VI. 

If  a  ijgSt  line  J  he  iu 


AT'^^    ,^   /  ^  tided  l^to  twoeaualfarts^ 


and  another  figot  line  E 
Bided  to  the  fame  dirtSly  in  one  right  line^  then  the 
weSdngk  eomfrthef^ed  under  the  whole  and  the  line 
aided^  (y\%.A^E)  and  the  line  added  E^  together 
with  the  fquare  which  if  made  of.^  tho  lim  A^  is 
t^ualto  thefjuare  of  ^  J-^E  tak$n  as  one  Ume^  . 

•  4*  &  h     I  %  ^^*^  ^  Aq  (tf  Q  f  A)  -»-  AE  ■+  Eq  :=:  Qj 
G^  4, 2.  4 A.^E.  4For, Q.^  A-+ E =i Ann. Eq-H AE. 

CoroU. 

H^nceitfoBows  thatif  g  right  lines  E^Eh-  |  A, 

S  -4-  A  be  in  Arithmetical  pToportion,  then  the 

Kedangle  conuined  binder  the  extreme  teiins  £» 

/  $  -►  A9  tdgether  with  the  fquare  of  the  difference 

V  A^  is  equal  to  the  fquare  <rf^  the  middle  term 

PROP.    VIL 

■\  If  a  right  linet  Zhe  divi" 
jied  any-wife  iittp  iwo  faitSt 
the  fquare  of  she  -whole  line 
^together  with  thefjuare  inade  of  one  of  the  feg- 
TininH  Bf  isfqualfoa  doiMc  itSafjgh  eomfeehen&d 
^iwter  tbe  whole  ihkZ  and  the  fmje^ent  Erto- 
f ether  bi^  the  J^aH  made  ofthotier  fegme^t  A^. 

44*  t.         I  fay  fthat  Z9  -j-  Eg  =  2  ZE>k  Aq.  For  Zq 
jt'at     » -=■  A\q-4.  Eq  -4.  a  AI.  and  * 5aB  ite  a  K|  -* 
.^A£«  Which im 49  hidem^      ■   al  . 

CoroJL 


EUCLIDEN  EUffunts.  4J. 

Goroff.  . 

Hence  it  follows  that  the  fquare  of  the  dttb* 
tence  of  any  two  lines  21,  £|  is  equal  to  the 
fouares  of  both  the  lines  lets  by  a  double  redao^ 
me  comprehended  under  the'  Taid  lines. 

tf  For  Zq  i- Eq  -  1  2ErrAq^a:  Z-E*    Jt7.2ltf«l 

t  RO  P.    VIIL  *-*^* 

^^^any-vife  into  tmo  farts,  lit  ">    . 

XX  ^       reSdttgle  cdMfrehenitd  unitir 

tie  phote  line  Z  and  cite  cf  the  foments  E  ftM 
times,  together  with  th  fyuare  of  the  Qtberf^enk 
J,  is  equal  to  the  fyuare  of  the  whole  line  Z  and 
the  figment  E  taken  as  oni  line  Z-^E. 

I  lay  that  4  ,ZE  -h  Aq  =<t-  Z  -kR  -fi>j 
i  ZEfl=  2^-»-Eq  -  Aq*  Thefetbfe4ZE  H-a7.t#tfii# 

Aq  =  Zq-^Eq  -♦•  t  ZE  ks^Qj  Z-V"  £•  WLkiy  «* 
wastohievL  ^  i    »4*»* 

PROiP.  IX.;      .     ,     . 

/flyf*  AC,CB,  and  into  iinequat  J;arts,  ID,  uB^ 
then  are  thefmares  of  the  unequal  parts  JD,  DB^ 
tegether,  double  to  the  fquare  of  the  half  line  AC^ 
and  to  the  fquare  of  the  difttence  CD.     / 

I  fay  that  ADqn^DBqt^::  ^  ACq^  4  CDq.  Fpt 
ADqH-DBq  a  rn  ACq  -^  CDq -4.  i  ACD+-DBa,a  4.  t* 
Alt  2  ACD  Ih  X  BCD)  -4.  DBq  <r=CBq  (ACq)  b  hjffi 
"*  CDq.  i2  Theiefore  ADq  -*-  DBq  =  a  ACq  -)-  c  7.  »^ 
%  CDq.    Fiitf*  iftf  J  to  he  dem.  .      A*.ate^ 

This  may  be  c^herwife  delivered  and  oiore  e^ 
&jieimf^ntdthxsiTheaggregaJU^fthe^quar$M  i 

made  ofthefum  and  the  diference  of  two  right  linet  ^ 

A,  E,  is  equal  to  the  dmleoftbe  fquaree  m^ 
fiim:thofe  limt, '  '  ^   ^ 

For  4-  A-f  E  tf:irAqH"Eq^  2  AE.  and  Q,:  A  ^^  ^j^  ^ 
•r-  E  >  =  Aq^Eq  -  2  AE.  Thcfe  added  toge-  j,  H,  y,  ai 
AeYAakt  2Aq4  2£q»  f1^i(/&ir4i^9^^^^*   ^  *   ^' 

FBAP/ 


/^  i . 


a6  the  fscmi  Bonk  of 

PROP.   I. 

-'-  If  arigSi  line  AU  iu 

■  E  ^vided  into  two  equal  fartsf 
and  anotb^  line  he  added 
in  a  right  line  with  thefame^  then  u  the  fquare  of 
theiihoU  littey  together  with  the  added  line^  (tfi  he^ 
ing  one  line^  together  mth  the  fquare  of  the  added 
rline  £,  douJfU  to  the  fquArc  of  ^  J  and  the  addeA 
Um  £,  taken  as  one  tine.  ^  *    ' 

^  4*  ^*  I  ^^y  that  Eq-4-Q,:  A-t-E,  7.  t^a  Agh;*  x  £q  ^m^ 

b  cor.  4.Z.  A£=  2  Q:  *  A  h- 2  Q^:  |  A-^E,  For  »  Q,:  4 
«  4.  2.      A  ^  ===  ^  Aq.  And  i Q^:  i.  A -hEc  =7  Aq  -♦»* 
2t  £q  H*  2  A£.    JTbieb  was  to  be  dem 

XI*  ' 

To  ait  a  nght  Ivne 
_iven  JM  in  joint  <xf 
'fd  that  if&e  feSavgi. 
comfrehended  under  tboi 
i»hoieii^e  A E^  and  one' 
of  the  fegments  BGJkaJl 
*jgife  efual  to  the  fquare 
that  ts  made  of  the  other 
'.'-,  ■■  figments  AQ*     ■  ..  1 

.  iJpori  AB  a  defcribe  the  fquare,  AC,  h  BiCet^ 
the  ude  AD  in  £,  and  draw  the  lineEB  ;  from  the 
Kne  EA  produced  take  IFr-EB.    On  AF  make 
,      A    the  fquare  ABL  Then  is  AH=:ABxBG.  :» 

*  '  For  HG  being.town  out  to  I^  thereftaa;.' 
c  6.  z.. :  s.  gle  DH-*-  EAq  c:=:EFq  d  t=EBq^TrBAq-*-EAq, 
d  tfo^f;  f.  Therefore  is  DH/.r=:  BAq===  to  the  fquare  ACt 
c  47. 1,  Take  away  Ai  connrnqn  to  both*  then  remains 
the  fquare  AH.=  GC,  that  is,  AGqarABxBa. 
Which  mas  to  he  ione^ 

This  Propofition  cannot  1  be  performed  bj^ 
ifumbei^  J  *  ftjt  there  is  no  number  that  can  ;be 
So  divided,  that  the  .procluar^of  the  'whole  into 
'  one  part  ihaU-kseqVa^l  t0.the  fquare  of  theoislieii 
fart* 

PROft 


I . 


1/ 

f  3*  096. 


roithcfeaic 
all  equal. 


EVGLLt>Vs  Bkmmfi. 

^  R  OP.   HL         ' 

^  In  obtuft-mnghd  tirisn^s^ABC^ 
.thefjuare  that  it  mtdi  ef  fie.  fi^ 
AC  luiiendi'hg  the  ohtufe  angU  JBC 
^  ,  ii  grtatertHn  the  ffuares  of  tliti^ 
"^^  fides  M!y  JB  that  contain  the  ohtupt 
cntrleJBC^  Ij  a  dolAlt  reSangle  contdinpd  uudlat 
tme  of  the  fides  BC,  which  are  about  the  obtufeai^h 
JBC^  im^hicb  fide  fi;odueed  the  fevfendicttiar  m 
falls]  and  under  the  Im  BD^  taken  mthout  th§ 
mamlefrtm  the  foinf  on  which  the  ftrftndieulof 
ji^aUi  to  th^  ohtufe  angle  JBC. 
I  fay  that  ACf;=:CBq^ABq  -^z  CB  k  Btt 
ACq.  '       '  . 

tftCDq*-H  ADqrf  a 

h  QPq  ^  2^  GBD-\rfiDq  -^  ADf.  b 
CBq  -*■  X  CBD  H.  c  ABq.  c 

{  ^  Scholium, 

ttiflieitithefidesofany  ohtufe  at^led  trwMjeJBC 
teirdknown,  theJegmntBD  intercepted  fefi^xt the 
fefSt^Mar  ^dD  (tnd  the  ohtufe  ar^JSQ^  at  alfo 
mptrpenJRcukr  itJtifJDjbaU  he  eaMMf^riA  ma. 
Tb«5.Let  AC  bft  i,o,  AB  7,  CB  5.  then  is  ACq 

I•o,AB^49,CB42^  And  ABq-.CBq=:74-  Take 
that  out  ef  100,  then  will  a6  renmnfor  z  CSD« 
Wherefore  CBD  (hall  be  1^5  divide  this  by  CB 
J,  th*fc  ivill  a  I  be&ittd  for  Bi).  WhelKM AD 
will  be  found  out  by  the  47.'  i. 

PROP-    XltL 

InucuU'angledJriarigksJlBCi 
the  fjudte  made  of  the  fide  JB 
fuhtending  the  acm^  angh,  JCB. , 
it  lefithan  the  fyuares  ma4c  of 
the'phsJC^  Cn  comftchending 
Qthe  acute.angUJCB  iyt-a  douhic 
_  redangle  eontained  under  one  of 

the  fides  tCj  which  are  ahout  th^  acute  angle  JCS 
en  wiich  the  ferfendidulaat  JD  falls f  imd  under  th$ . 
line  DC  taken  within  ihe  trianghfirm  lb$  ^cr^cndir 

MkitJff)  t9  ih  0^t^  ^ns^  ^^9-  J 


'# 


47.1* 
4.1.  • 
47.  fw 


4J> 


»  47*  t. 

D  J*Z. 
€  47.  li 


TZf  ficmJ  JO^i '  a/^ ;  Sec.     ^ 

t  fay  that  ACq  -«-  BQj«=s:  ABq  -f  i  BCl^ 


1  ACq  ^/SCq« 

0  «  ADq  -^rDC  . 
7*  ADq -♦•  BDg -•■  1  B( 


For  theft  are)  a  ADq  VDCq  -+  BCq^ 
equaL  ^^  ADu -4- BDq -1- 1 BCO^ 


CotoU.  :    • 

Hence,  The  JUes  ofdn-aeute^f^Iei  tnaijgU  ASC 

leingknvwn^yu  may  find  out  the  fes^enlDjCintar'^^ 

ttfted  hetwixt  tie  perpendicular  JB  and  4f)e  Oiute 


Mf\gU  JCBy  at  alfo  thefaftndteular  it /elf  AD. 

Let  ABbe  ij,  AC  1 5,  BC 14,  Take  AB^(i69) 
from  ACq  -1-  fiCq,  thati^  from  22$-(-ig^rr:4zi. 
l*hen  f emains  2$i  for  a  cCD.  ni^herefote  BCD 


Ivill  be  la^.  divide  this  by  6C  14,  then  will  9 
be  found  out  for  DC.  Froth  whence  it  follows 
AD  =  /;  aij  -^  81  3=  la*. 


>•■'>  t 


A 


PRQP.    XIV. 


toini  afrnmrt  ML  equalioa  right-lined  igwi 

grv€fi  A%       '  - 

ft  4$.  X.  a  Make  the  reftai^le  DB=A,  and  produce  the 
greater  fide  thereof  DC  to  ^,  fo  that  CF  =  CB^ 

b  loi  1%  p  bifed  DF  in  6,  about  which,  as  the  centet  at 
the  diftance  of  OF  defaibe  the  circle  EHD^and 
draw  out  CB  till  it  toudi  ^  circumference  in 

♦46.1.    H.  ThenftallbcCHq  =  *ML  =  A.    . 

^confif.       For  let  OH  be  drawn.    Tlien  is  A  tf  •==  DB  c 

d5.  2.ii»i=DCF<{  =  GFq  —  GCq«=flCq«==^MLl4--" 

}.  iix.      jniebwasiQti4bn€.  -      " 

%47.xuiiu} 


fi$Eni  rf  tie  pipni  Sp9k 
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Definitionst, 


t  * 


Oual  circles  (GABC,  MDIF)  ttt 
fuch  wbofe  aiameters  are  etjual ; 
pr,  ficotia  wbofe  centers  VigHtJines 
drawn  GA,  HD,  aye  equal. 


ILArightlineABisfaid 
to  touch  a  circle  *FED^  when 
touching  th«  fame;  l(nd  being 
produced,  it  cutteth  it  not* 

The  right  line  KS  ciits  the 
citckFm 


■  III.  Circles  £)AC»a6e  (and  alfotBG>ABE) 

D       /  ai« 


^ 


fo  the  third  Bi>ok  tf 

are  faid  to  touch  one  to  the  other,  which  touch, 

but  cut  not  one  the  other. 
The  circle  BFQ  cuts  thecircie  FCH 

IV,  In  a  circle  QABD, 
fight  lines  F£,KL  areTaid 
to  be  equally  diilaiit  from 
the  center ,  when  per-^ 
pendiculars  Q  H  ,  Q  N 
drawn  from  the  center  Q 
to ,  them  arc  ^qual.  And 
that  line  BC  is  laid  to  be 
fuirtheft  diftant;;fron)  it,  on 
whom  the  greater  perpen- 
dicular GI  talis. 

^.  V.  A  fegment  of  a  cir- 
p  de  (A&C)  is  a  fi|;ure  con- 
tained under  a  right  line 
AC,  and  a  portion  of  the 
circumference  of  a  circle 
ABC. 


.1 


>  •  liirffc,  t*. 


VI.  An  angle  of  a  fegment  CAB,  is  that  an- 
gle which  is  contained  under  a  right  line  CA 
and  an  arch  of  a  circle  AB. 

VII.  An  angle  ABC  isf^id  tabe  in  a  fegmfent 
ABC,  when  in  the  circumference  thefjeorfome 
point  B  is  taken,  and  from  it  right  lines  AB, 
CB,  drawn  to  the  ends  of  the  right  line  AC, 
which  is  the  bafe  of  the  fegmetit  y  t^en  the  an- 

?;le  ABC  contained  Under  the  adjoined  ^nes  AB, 
;B,  is  faid  to.  be  angle  in  a  fegmenr,    ' 

Vlil.  But  when  the  right  lines  AB*  ^C  com- 
prehending th^  augle*ABC,  do  receiyi;  any  peii- 
phery  of  thic  circle  ADC,  then  the  angle  ABC 
IS  faid  to  iland  upga  cfaat  periphery.  ^ 


;    IX. 


1 1 


Et/CLlDE'i  Elements: 

IX.  A  feSbr  pf  a  circle  (ADBJ 
is  when  ah  angle  ADB  is  fet  at 
the  center  D  of  mat  circle  ^  nadie^ 
]y,  that  figure  ADB,  comprehend- 
ed under  the  right  lines  AD,  BD 
CoBtiiining  the  angle,  and  the  part 
bf  the  circumference  recema  bf 
them  AB. 


X.  Like  fegments  of  acircle  (ABC*  t>£F)  airf 
tlioTe  which  include  equal  angles  (ABC,  DEF0 
br,  in  whom  the  angles  ABC,  Pf  F  are  equal* 

r 

P  R  O  Pi   t 

jfb  fini  the  center  F  of  i 
drek  given  JBC* 

Draw  a  right  line  AC 
anv-wife  in  the  circle,  which 
Sifeft  in;  £,  thro'  £  draw  a 
perpendicular  Vl^;  and  bi<- 
it&  the  fame  in  F,  the  point 
F  ihall  be  the  center; 

lijiM  deny  it,iet  Q  a  point 
withiout  the  line  I)B  be  the 
eentcf ,  (for  it  catnnot  be  in  thfe  line  BD,  ftnce 
that  cannot  be  diVided  equally  iii  any  point  but. 
F.  0  let  the  lines  GAf  QC  QE  drawn;   Now  if 
d  be  the  center^  4  then  is  GAr=:GC^  and  AE-rra  t  j,&/.t, 
JSC  by  conftrudioii^  ai)d  tbeiide  Ql  common,  ib  8.  i.  . 
Therefore  are  the  angles  G,£A,G£Ceqiia]^  and c  loJef.u 
r^  confequently  right,    d  Therefote  the  angle  d  iz.d«. 
WECspFEC^    e  Wl)ich  is  aifwi.  c  9. «- 


■N 


D2 


CatdL 


\ 


^Z^  Tie  third  Beck  of 

CoroU. 
H^ce,  if  a  right  WBD  bifeft^aifir  right 
line  AC  in  a  circle  at  right  angles^- the  ceBter 
.  ihall  be  in  the  line  £D  that  cuts  the  otbcr^ 


JndK  Tie  center  of  a  circle  is  tafily  found-oui  h  affUir^ 

Tacq.  the  top  of  af^an^o  the  circumference  tiereoKPot 
If  the  right  line  DE  that  joins  the  points  D,  E, 
in  which  the  fides  of  thefqUarc  QD,  QE  cut 
the  circumference,  be  bifeftcd  in  A,  the  point  A 
fliall  be  the  center.  The  demonO^ration  whereof 
depeads  upon  Prop*  j  i.  of  this  Book* 

PROP.    11. 

//  in  the  eircumfcfence  of  a  cH- 

cle  CAB  any  two  points  J^  B  tc 

taken^  the  right  line  JB  wKA 

'^  joins  thofe  two  points  Jb^U  fdU 

within  the  circle. 

Take  in  the  right  line.  AB 
any  point  t)  5  from  the  centcf 
%j$kdefx,C  draw  CA,  OD,  OR.-  Becaufe  CAa—CB^ 
h  5. 1.       therefore  is  the  angle'  A  *  '*=  B-  But  the  angje 
c  16,  r.     CDB  cc^Ay  iheretbre  is  GDB  tr  B,  therefore 
d  Iff,  r.     CB  dc  CD.  But  GB  t^ly  reaches  the  circumfe- 
rence, therefore  CD  comes-' not  fo  far  ;    where* 
fore  the  point  D  is  within  thecircle.  The  fame 
Ihay  be  proVed  of  any  other  poipt  in  the  Irne  AB. 
'  ^nd  therefore  the  whole  line  AB  falls  within 
"^     ' .  tte  circle*  •  W^cb  was  t^  hJem^ 


«     s. 


EUCLIDE'i  memmu.  yj 

Hence,  if  a  right  line  touch,  a  circle.  To  that 
h  cut  it  flot>  it  toucbcis  but  In  one  paint. 

PROP.    IIL 

» 

If  in  a  circle  EABC  a  tight  * 
line  £D  drawn  thro*  the  cenUr, 
bifeA  any-,  ether  line  JC  not 
drawn  through  the  center^  itjball 
alfor  cut  it  4^  right  ofigles  in  F: 
Ani,  if  it  cuts  .it  at  fight 
aTtglesy  it  JkaU  alfo  hJeS  th§ 
fa9ie. 

Fronii  the  center  Z  let  the 
lines  £  A»  £0-  be  drawn. 

t.Ifyp.  Becaufe  AF  a  =  FC,  and  EA  ^  =  a  hp. 
EC,  and  the  fide  EF  common ;  the  angles  EF'A",  5  1 5  ^f  j 
EFC  e  fcall be  equal,  and d confequently  right,^  JLi.    ' 
JTiich  was  to  he  denu  j  i^Jef.u 

Hyp.  z.  Becaufe  EFA  e  =  EFC,  and  the  angle  -.  ^^  ilJ 
EAF  /  =  ECF,  and  the  fide  EF  common  5  g  ii^ax!^ 
therefore  is  AFr:;FC,  Therefore  is  AC  cut  intof  I  jj 
tWo  equal  paitju    Which  was  to  he  dem*  ^  26,  r. 

Henoe,  ia  any  equilateral  or  Ifofceles  trian- 
gle, i^a  line  drawn  from  the  vertical  angle  bi- 
eft  the  bafe,  that  line  .  is  perpendicular  to  ir. 
And  on  the  contrary,  a  perpendicular  drawn 
from  the  vertical  angle  bifecls  t)ie  baCCf  •  : 


F« 


v 


PROP.    IV. 


Jf  in  a  circle  JCD  two  right 
lines  A  By  CD  cut  thrc^  one 
another^  yet  neither  of  them 
fofs  thro*  the  center  £,  then 
neither  of  tbofe  lines  are  divi* 
ded  into  eqval  parts. 

For  if  one  line  pafs  thro' 


s* 


7£f  ibffd  B^(ik  rf 

0it  center,  it  appears  that  it  cannot  be  bifeAed 
by  the  other ;  becaufe  by  Hypothefis,  the  other 
dpes'not  pafs  thfo*  the  center. 

If  neither  of  tjiem  pafs  thro-  the  center,  thea 
from  the  center  £  draw  £F  :  now  if  AB,  CD 
were  both  bifefted  in  F,  then  a  would  the  an* 

{(les  £Ffi,  £FD  be  both  right,  and  confequeot? 
y  equal,    h  Wlieb  is  ahfurd. 

PROP.    V. 


JjF  twp  eirclft  BJC^ 
BuC  cut' on€tU\ other ^ 
thcj  fiaU  not  tavi  the 
fame  center  E. 

For  otherwife  the  lines 
E  B,  BpA  drawn  from 
£  the  common  center  • 
would  DE  be/f  -  EB 
a  =  £A.  hVbkh  U 
dbfuri. 


PROP.    VI. 


J^twqchelesBjtC,  BDB^ 
inwardly  touch  one  the  other  (in 
B)  they  have  not  one  and  the 
fame  center  F.  I 

For  otherwife  the  right  lines 
FBy  FDA  drawn  from  tite  cen- 
ter F,  would  be  FD  /r  =  FB 
4:kFA.  h  Which  is  abfwi. 


PROP,. 


'    « 


EUCLIDE'/  Elements. 


ss 


PROP-    VN. 

^  in  J  B  tJje  diamefer 
pf  a  circle^  fome  point  Q  he 
iaken^  whkb  is  not  tJje  ctnter 
of  the  circle  J  and  firom  that 
.  point  certain  tight  lints  GC^ 
GD^  GE  fall  on  the  citr 
cUf  the  greateft  (ine  fiaU  ke 
that  (GJ)  in  pbicb  is  the 
center  F^  theUaft^  there^ 
mainder  ojthefamelini^  C^^  ^M 

And  of  aU  the  other  linesy  the  line  G  C  nedrift  to  •'^* 
that  yfhieh  was  drawn  thro*  fhe  center  is  always 
^greater  than  any  line  farther  removed  GD  \  and 
'fft/jr  two  \ines  are  equal  GE^  G/T,  which  faU  upon 
the  circle  from  the  fame  pointy  oh  each  fide  of  the 
leaft  G3  or  ^  the  greatejl  GJ. 

From  the  center  F  diaw  the  right  lines  PC, 
FD,  FE ;  and  /J  imkt  the  angle  BFH-=rBFE.     a  ^?.  t. 
!•  GE  I   ¥C  (ihat  is  QA)  ^  cr  GC    mich  a  zo.  i- 
was  tobedem,  "      *     ^ 

z.  The  fide  FG  is  ecuntnon,  and  FC^  -^  FD,b  t5.ir/.i, 
and  tlte  angle GFC  c  crGFI>^  d  wherefore  thee  9.  ax. 
hafeOCcrBD.  d  14.  i. 

.  ^  FB  <FE)  e-^QE  J-  GF.  /Therefore  FG,c  zo. 
which  is  comnfion»  being  tal^en  a^y  from  both,!'  5.  ax. 

4.  The  fide  FG  is  common^  and  F£=rFH,and 
the,anglc  BFii^  ^  BFE ;  h  Therefore  is  GErr  g  conBr 
DH.  But  that  ^i^  other  line  GD  tVonn  the  point  S  4v'f  • 
Q  can  be  equal  to  GE,  or  OH,  ia  already  pro-       * 
:^d.    Which  was  to  he  dem. 


*  J       «I4 


D4 


P  R  0  P. 


••'i."  '- 


.  f  (S-  '  The  third  Beok  of 

PRO  P/;  VIII. 

Jf  fome  point   J  it 
taker  wHbout  a  drelcf 
aiti  from  that  point  bo 
drawn  certam  right  Unit 
Jl,AH,AG,JFtotU 
circle,  and  of  ibofe  one     ' 
■  JI  he  drawn  through  ih* 
center  JC,  and  the  otlmt 
any-wifi ;    of  alt  thofe 
tintt  that  faU  on   toe 
concave  of  the  eircum* 
feteitce ,     that   ii    tit 
greatefi    Ai  which   it 
drawn  through  fhe  cen- 
ter ;    and  of  the  athert, 
that  which  it  neatefi  (Mf)  ta  the  line  thalptifu 
through  the  center  ii  greater  than  that  which  is  wiw« 
difiant  AG.    Sut  ofatithofe  lines  that /afl  M tSe 
I  convex  part  *f  the  cinle^    the  leajt  it    that  JB 

,  ,  which  it  dra»n  froia  the  point  A  to  the  Samettr 
IS  \  and  of  the  others,  that  {AC)  which  is  nearefi 
totbeleajl,  itleft  than  that  which  it  fart  her  dijiant 
,  JD.  And  from  that  Joint  therteaKie  only  two 
*  , .  fqual  right  linet  AC,  At  drawn,  whielrfiali  fall  on 
tlie  eircumftrcnce  on  t^eh  Jide  oftbf  leafi  line  AS  or 
ojthegreateft  AI. 

From  the  center  K  draw  the  right  lines  KHj 
KQ,  KF,  KG,  KD,  KS.   ii4  mRke  the  angle 
AKL^AKC. 
»  iq.t.         I.  AI  (AK  ',1-XH)  a  c  AH. 

z.  The  gde  AK  is  ocuumon,  and  KH  =  KO^ 
l>  14-  I-    and  the  angle  AKHc- AKG;   h  thcreibre  ' 

thebafeAHrr  AG. 
e*o.l.        J.  KA  c-3KC-t-CA.    From  hence  take 
av/ay  KC,  KB  that  an  equal ;  then  will  lemain 
ds.tf*     A^d-nAC 
tzi.u        4- AC-)-CK«-3AD-i-DK.    Fromthenw 

tak«awarCK,DK  that  an  equal  >  then  le-    . 
f  S-  a*i    uaius  AC  /-3  AD, 

J.  Thft 


EliCLIDF/   Elements.  57 

5.  The  fide  KA  m  common,  and  KL  =  KC, 
and  the  angle  AKhg^AKCi  b  thtxttottg  eanir^ 
LAttrtfCA.    But  that  no  other  line  could  b  4.  I^ 
be  drawn  equal-  Ux  thete,  was  proved  above« 
Therefore,  &c.  '     ■ 

PROP.    IX. 

t 
I  ^ 

•     I  •  ■ 

Jfina  eircle  BGK  a  point  A 
hg  tttketty  and  from  that  foint 
morii  than  two  equal  right  lines 
My  JCy  Jity  druwn  to  the  cir" 
cumferenciy  then  is  that  foint  A 
the  center  of  the  circle. 

For  a  from  no  point  with-  *  7-  h 
out  the  center  can  more  than 
j,»  two  right  lines  equal  be  drawn 

to  the  circumference.    Thertfere  A  is  the  cen- 
ter,   fpticb  was  to  he  denu  * 

PROP.    X. 

A  ciuh  I A  KB  L 
eannet  cut  anpth&r  cvt" 
cle  lEKFL  in  more 
than  tw€tpoiuth 

Let  one  ci^p^le,  if  it 
m^y  be,  cut  the  other 
in  thiee  poiats,!,  K,  L, 
and  IK,   KL  bcinp; 
iojn'd,  let  them  be  bi- 
fecaed  in  M   and  N. 
iiBoth    circles    have*^<^*^*3^ 
their  centers  in  their  perpendiculars  MC,  NH, 
and  in  the  interfeftioti  of  thofe  peipendiculars,^ , 
which  is  0,JTherefcie  the  cirdes  tfiw  cut  each  ^  v  ^ 
other^  have  the  fooic  centcir.    Which  is  falfe,     * 
byProp.  J,  3, 

P*OP, 


w 


%^ 


Tif  fiirJ  Biok  if 
PROF.    XL 


If  tmo  eireks  GdDE^ 
F ABC  taucb  one  th^ 
other  inwardly^  an4  tjf^ 
cefUers  he  taken  pf,  Ff 
4  rigU  line  FGjoiniiig 
their  unters^  and  pch 
Jucedj  Jball  cut  the  cxf" 
cumference  in  A  thf  point 
efeontaB  of  thee^cles. 

If  it  can  be,  let  th^ 

right  line  FQ  produ- 

ced  ciit  the  circles  in  fome  ot|\er  point  than  Ai 

fo  that  not  FQA,but  FQDB  ihall  be  a  right  lin^. 

a  !<?  detu  V^  ^^  ^^^  ^A  ^  drawiif  ])fow,  becauTe  GD  4 
b  7.  i!     !:;:GA,anaa|*-jGA  (finqc  the  right  line  FOB 
palTes  through  F  the  cienter  of  the  greater  circle) 
-  A  .•«      therefore  is  UB  -a  GD.   c  Wlicb  u  ahfurd. 

PJIOE,    pi. 


a  zo.  T« 


I 


If  /wo  eircJes  ACD^  SCE  touch  one  t^e  other  out-^ 
warily^  'the  right  line  AB  which  joins  their  center} 
A,  By  fififi^P  ib^o  thepoint  of  contaS  C         " 

If  it  xiid^  be,  let  AD£B  be  a  right  lioe  cut;^ 
ting  the  circles  not  iii  the  point  ox  cgm^Oi  C, 
but  in  the  points  DjE,  draw  AC,  CB..  then  is 
AD '^  £B  (AC  ^  CB)  a  vr  ApEB.  h  Wbub 
2s  ahjwd.  . . 

?ROP. 


1 
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PROP.   HB, 

C  A  ^  fanmi 
touch  a  eirck 
BAHin  W0rf 
f^inU  thMn'ontf 
At  wbitlfl^  ii 
he  inwardiy  cut 
autwardly. 

I.  Let  one 
circle(if  it  can 
be)  touch  aiuv 
iher    in    two 

;oiats  A,  H»4t  XI.  J, 
^henwill  the 
fight  line  CB 
that  joius  the     . 
centers,  if  produced,  fall  as  well  in  A*  as  H. 
Now  becaufc  CH  *:==:CA,  and  BH  cCH,  there- b  I5ufc/!i, 
Sort  is  B A  (c  BH)  cCA.d  tnicb  is  aififtd.       c  i  sMf.u 

z.  If  it  be  faid  to  louch  outwardly  m  the  points  d  9.  ath 
£  and  F,  then  draw  the  line  £F,  #  which  will  e  2.  }^ 
be  in  bpfh  circles^    Therefpre  thofe  circles  c^( 
pne  the  pther  5  Which  is  stgainft  the  Hyp.    ' 

PROP.    XIV. 

In  a  tircle  EABC  ff V^l 
right  lines  AC^  BD  are  e^ 
anally  diftant  ftom  the  center 
E:  and  rigif  lines  ACy  BD 
if^bich  are  eqnally  dfiant  from 
the  center^  are  equal  ampr^ 
th^mfelves, 
-f^-'f^  Fipm  the  center  Edraw 

V    -r   .       the  perpendicidars  EF,  lEu. 
4  which  Will  bifed  the  line;  AC3D-  join  EA^EB.  a  j.  ;: 
i»ffyf*  ACssBDt  therefore  AF^ix^.  fiutal*  &  7.  ojr, 

fb 
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fo  EA^EB-  tkerefore  EF^  d^^  EAq-AFq  = 
c  47.I.S^EBq-BGq  ^rrEQq.  d  Therefore  FE  ==  EQ. 
7.  ax.  zMyptS -  EG.Therefore  AFq  i?  =:EAq -EFq 

d/^i&,48.l,s=:EBq-EQqirBGq.  Therefore  AF  fc=QB,  and 
1 6,  ax.    t  confcqucntly  AC:=SD.  Which  was  to  ht  dan. 

PROP.    XV.  \ 

In  a  chtle  GJBC 
the  greatejt  line  is  AD 
the  diameter'^  and  of  all 
other  lineij  that  line  PE^ 
which  is  nearejl  to  the 
center  G  is  greater  than 
any  line  BC  firtber  diftant 
from  it* 

I.  Draw  GB  and  QC. 

The  diameter  AD  (a 

GBH-GC)^crBa 

'2.  Let  the  diftance  Gl  becGH.  TakeGNrs; 

on.  Thro^thtf_poiBt  N  drawKL  perpendicularly 

^oGI:  JainGIi,aL.  BecaufeOfc^GB,andGt 

==c  QC,  and  the  angle  KGL  c-BGC  5  c  theic- 

'hit  i^KL  (f  E)  c-  BC.   IFbich  was  to  he  dm. 

PROP.    IVI. 


a  I  $Jef.u 

h  Z0|  I. 


«. 


/  T 


C  24.  tv 


C  F 


^:    *.  J   hne  .  C  D 

— drawii  from  the 
extreme  'joint  of 
the  diameter  HA 
of  a  circle  BALHy 
ferpmdiculartQ  tH 
faid  diameter  J  fiat 
fall  without  "tie 
eircle  \  and  hetween 
the  fame  right  line 
ana  the  circumfe' 
fence  cannot  .  he 
'  drawn  anotherdine 
JL.  Jnd  thf  (ingh 


\ 


EVClIDE's  Elements:  6i 

oftJie  femicircle  BJI^  ? j  grtctter  than  any  rigShltnei 
itcute  angle  BJL'^  andihe  remaining  angle<mthout 
the  circumference  DAI  ie  kfs  than  anj  right4iwed 

Angle. 

1.  From  the  ctnttt  B  to  any  point  F  in  the 
riglitline  AC,  draw  the  right  line  BF,  The  fide 
BFfubtending  the  right  angle  BAF  is  a  greater  a  t^/l. 
than  the  fide  BA  which  is  oppofite  to  the  acute 
angle BF A.  Therefore  whereas BA (BO)  reaches 
tothecircumferencei  BFftailieach  further;  and 

fo  the  point  F.  and  for  the  fame  reafon  is  ariy  o- 
ther  point  of  the  lineACplacedwithout  the  circle* 

2.  Dtaw  B£  perpendicular  to  AL.    The  fide 

BA  oppofite  to  the  right  angle  BEA  is  h  greater  b  I9<  t* 
than  the  fide  fi£  which  fubtends  the  acute  angle 
BAE  \  therefore  the  point  £,  and  fo  the  whole 
line  EA  falls  within  the  circle. 

5.  Hence  it  follows  that  any  acute  angle,  to 
wit,  EAD,  is  greater  than  the  angle  of  contaA 
DALand  that  any  acute  angle  BAL  n  lefs  than  the 
angle  of  a  femicircle  BAL  Which  wai  to  he  dem. 

Coroll.  '  '   ' 

Hence,  A  right  line  drawn  from  the  eztro^ 
mity  of  the  diameter  of  a  circle,  and  at  righ( 
angles,  is  a  tangent  to  the  faid  circle. 

From  this  Propofition  are  gathered  many  Pa- 
radox and  wonderful  Gonfedaries,  which  you 
may  meet  with  in  the  Interpretefs*  ' 

PRO  ?•    XVII. 

From  a  foint  given  J  t^ 
draw  M  fight  HneiJC  whkb 
Jbai  touch  a  circle gijjen  DBG* 
From  D  the  center  of  the 
circle  given  lot  a  line  DA 
cutting  the  circtuatference  in 
B,  be  dra^vn  to,  the  point 
giTen  A  |  ftoin'  the  center  D 

defqribe  another  circle  thro^ 

the^lioint  A;  and  from  B  draw  a  perpendicular  '       ' 
to  a;D/ which  fta)L  meet  with  the'  circle  A£  iii     ' 
cj       •  ^       tb«^ 


6i 
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the  point  E  5  and  draw  ED,  meeting  with     _ 

ci(ple  BC  in  the  ppint  C    Then  the  line  draim 

ftom  A  to  C  ftall  touch  the  circle  pBC; 

ft  x^Jof.u  .  For  DB II  T=:  DC,  and  DE  tf  =  DA,  and  the 

b  4.  I*      angle  D  is  ^timmoh;  i  therefore  the  angle  ACD 

c  m.i6.l*  EED  and  right.  <?  Therefore  AC  touches  the  dr^ 

dc  in  C    WT^kh  wot  to  U  dont. 

it 6}^.  Xviit. 


t  Ifanf  nght  line  JB  touch 
a  ctrcU  FEDCy  t 


a  c%Ycu  tr»u\a^  arid  from  tht 
center  to  the  point  of  contaSt 
E  a  ri^bt  line  FE  he  drawn^ 
that  tinePEfiall  heperpendi-' 
tular  to  the  tangent  AS. 

if  you  deoy  it,  let  fome 
other  line  F  G  be  draivfi 
from  the  cehter.F  perpendi- 
cular to  the  tangent,  and 
ilx.&f.j,flCWtting  the  circle  in  D;  Therefore,  whereas 
^  16},  the  aftglc  FGg  \%  faid  to  be  right,  h  thence  is 
b  aw.17.1.  S^  angle*FEG  acute  \   c  fo  that  FE  (PD)  cr 


C  15^  li 


Which  U  ahfurd* 


PROP.    XDC.  ^   .     i 

tfany  right  line  JB  touch. 
'a  circle^  and  from  the  point  of 
contaStC  a  rishtiine  CE  he 
ereSted  at  right  angles  to  the 
tangent^  the  center  of  the 
circle fi> all  he  in  the  line  CE 
fo  ereffed. 

If  you  deny  it;  let  the 

center  be  without  the  line 

CE  in  the  point  F ;  and  from  F  to  the  point  of 

♦  48. ;(;     contaft  let  FC  be  drawn.    Therefore  the  angle 

^  ii.ax,  fFCB  is  right,and  a  cohfeqiiently. equal  ta  the 

b  9;  ax.    afigle  £CB,  which  was  right  by  Hyp.  I  tfhich 

isahfUrdi'    '  -       * 


EUCLIDE'i  Elements. 
PROP.    XX. 


6%. 


In  a  circle  DABC^  the  amgle  BDC  at  the  center  v 
douUeoftheanglcBJCdt  thk  tirciwiferencCfWhen 
the  fame  archoftbe  circle  EC  is  the  hafe  of  the  angles* 

Draw  the  diameter  AD£;  The  outward  angle  «^ 

SDE  tf  =  DAB  -r.  DBA  i  —  z  DAB,  LikewlCc  all.  i. 
e  angle  EDC  —  z  DAC.  Therefore  in  the  firft  b  5,  i. 
cafe  the  whole  angle    c  BDC  ==  z  BAG.  and  in  c  2.  ax^ 
the  third  cafe  the  d  remaining  a^gk  BDC  =  t  d  20«  att^ 
BAG.    JKhich  was  to  he  iem, 

PROP.    XXI.  " 


In  a  circle  ED  JCj  the  armies  t)JC  and  DSC 
which  are. in  the  fame  fegmntj  m^  equal  one  to  the 
other,  , 

I .  Cafei  If  the  {egnaent  DABC  be  greater  thina 
'feniicircle/rom  the  center  E  draw  El),  EC.  Then 
is  twice  the  angle  A  ^rrE^crzB.  P^.jr.tohedem.z  ao.  2. 
/  zXafe.  Vthc  fegment  be  lefs  thanafeinicircle, 
theh  lithe  fumof  the  angles  of  the  triangle  Al)F 
equalto  tiiefum  of  the  angksofihc  triangle  BC#. 
fcom  ^ch  let  AFD  be  taken  away  I  equal  to  b  ij,  r. 

BFC, 
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cBytheu  BFC,  and  ADB  ^=rACB  be  likewiTe  taken  away, 
eaff.         then  remains  DAC:=D£C.  JT.  W*  to  he  dem. 

PROP.   xxii.        ^ 

'The  atfgkf  JHiC^ 
JSC  of  a  qudifilafbfal 
figi^e  JBCD  defcrikd 
in  .a  circle^  which  i^e 
ctfppjite  one  to  the  others 
are  equal  totmo  tight 
anples^ 

l)raw   AC,    BD* 

The  angle  A  B  C  -^h 

BCA-^BACtf  =  i 

right.  ButBDA*:= 

BCA,  and  BDC  h  nn  BaC.  c  Therefcre  /vBC  ^ 

ADC  =:  z  right  angles,  Wlich.wof  to  he  denu 

CoroU.       ,,  \ 

*  See  the     »•  Hence,  If  one  fide^  AB  of  a  quadrilateral 

following  defcribed  in  a  circle  be  produced,  tne  external 

Viagr^   ft"^le  ESC  is  equal  to  the>  iwernal  angle  ADC, 

^         -wrhich  is  oppofite  to  that  ABC  which  \&  adjacent 

toEBG^  as  appears  by  r^  r,  and  3.  aae. 

2.  A  circle  cannotbe^efcribedabout  a  Rhom- 
,   bus ;  becaufe  its  oppofite  angles  are  greater  or 
lefs  than  two  right  aogles.  i 

SchoL    '  ' 

J^  in  ^  quadfUate^ 
tal  JSCD  the  angles 
A  and  C,  which  arc 
offojfee  \  he  equal  to 
two  rights  then  a  circle 
may  he  defcrihed  about 
that  qttadrilatefal 

For    a    circle    will 
pafs   thro'   any  three 
angles    (as  fhall  ap- 
pear by   54  4.)    I  uy 
that  IhaU  pafs  thio*  A  the  fourth  alfo  of  fuch 


Et7CLID£*i  EUmwu.  6% 

'%  quadrilateral :  For  if  you  deny  it,  let  the  df* 
cle  pafs  thro*  F*    Therefore  the  right  lines  BFt 
FD,  BD  being  drawn,  theangle  C  -i-  Ftf  =?  am  ii«3« 
tight  ^  =  C  -4-  A  wherefore,  A  cisequal to  F.  b  tfp. 
m  Which  is  dhfurd*  c  }•  4f«« 

pr6p.  XXIII. 

two  liki  and  unieualj^" 
menis  of  cirtlcs  JBCy  JvC 
cannot  h  fet  on,  the  famt 
right  line  JC,  and  the  Jam$ 

^      fide  thereof* 

\  For  if  tl«r  arc  faid  to  be  like,  draw  the  lihc 
CB  cutting^the  circumference  in  l)  and  B^ 
joiii  AB  and  AD.    Becaufe  the  feements  are  ^ 

luppofcd  like;  a  therefore  is  the  angle  ADC  =  *  tcjirfijf 
I  ABC.    hWlAchita%Iurd\  b  i&  U 

PROP,  xxm 

Li}tjt  fegmenti 
of  cirties  Jl  B  C^ 
VEF  itpon  ejpial 
w\ght  lines  aC^ 
T)Py  are  ejual  om 
la  the  other. 
The  bafe  AC 
■  .^  bcing^aid  on  th« 

-^  CJ^S CV  ,    bafe  D^  will  ai* 

jrcc  with  it,  becaufe  ACrrDF.    Therefore^' 

legment  ABC  Ihall  agree  with  the  fe{^ent  D£F 

(for  otherwife  it  fhalTfaU  eitrier  within  or  wit1i«« 

om,  and  if  fo  a  then  the  fegments  are  hot  like,^  t)«|4  \ 

which  is  contrary  to  the  Hypothefis,  and  at  leatt 

it&aUfall  partly  within  and  partly  without^ 

and  Cql  cut  in  three  points,  h  which  is  abfurdrb  aa  }« 

Therefore  this  fegments  ABC  ss  DBF.   Which  ^  8.m« 

tPiOi  to  he  den^  /* 


€$ 


a  tmi,  3. 


Tie  tiird  Bock  «/ 

IpROP.    XXV. 

J  figment  of  a  circle  MC 
leing  giveny  to  defcvibt  the 
wpoTe  circle  whereof  that  is  a 
fegment. 

Let  two  right  lines  be 
drawn  AB,  BC,  which  bi- 
feA  in  the  points  D  and  £^ 
TrottiD  and  E  draw  the  perpendiculars  DF»  EF 
meeting  in  the  point  F.  I  (ay  this  point  fball 
be  the  center  or  the  circle. 

For  the  center  fhall  be  as  well  in  a  DF  as ; 
F£,  therefore  it  muft  be  in  the  comnx)n  point 
ti    Which  was  to  he  done^ 

P  R  O  R    XIVL 


tn  equal  circles  GJfiC,  HDEFj  :equal  amies 

Jland  u^on  eyual  fatts  of  the  cWcumferencej  ACf 

i>P  \  Hfheiher  thcf^  armes  be  made  at  the  center s^ 

i&fl£^dr  atthe  cncun^ererueSySy  E, 

Becaufe  ^e  drdes  tre  egtial,  thejfefore  is  GA 

.    =HD,  andGK)  =  H^5   alfo  by  Hypothofis 

i  4.  t;      the   angle  G  rs H  j  «  thete&te  AC  =  Df^ 

b  xo.  J.    Moreover  the  angle  B  *  =  i  QV  rr:  4  H  ^  =  B* 

cijff.  .    li  ITherefore  the  legments  ABCi  ©EF  are  Kke, 

d  io4ef*i4  aWl  e  confequemly  equals  /  wh«hoe  the^emain^ 

e  24.  j«     ing  fbgments  aUb  AC,  DF  aie  eqttal^    Which 

S J« «w»    'was tope  dem, 

^  CbrtflL 


EtJCLIDE'f  Elements, 


^ 


.    » 


In  a  drcle  ABCD  let  an  ardh ' 
iP  AB-b^  equal  to  iDC ;  then  fhaB 
Ad  be  parallel  toBC.  For  the 
right  line  AC  being  drawn,  the 
angle  ACB  ^  —  CAD ;  where-  a  **•  ?- 
fore  by  27.  i.  the  faid  fides  are 
J)araUeU 

P.ROP.    XXVIt 


In  eptttl  tirdts 
GJiC,  ffDEFy  tU 
angles  fianding  upon 
equal  tarts  of  tb€ 
eircumference  J  C, 
^  D  F,  Are ,  equal  he*- 
iwecn  themfelves  , 
vhetUr  they  he  made  at  the  centers  0,  /f,  or  at  tU 
chcuTiiferencesy  B,  E* 

F'orifit  be  poffible,  let  one  ofthfe  angles  AQC 
Ms  cr  DHF,and  make  AGIr=DHF.  th<ince  is  the 
arch  Alazz^DFbzi:  AC.   Which  it  ahfurd.        a  i6.  j* 

Schol.  ^9*  ^^* 

A  right  line  JBjP,  wlich 
being  drawn  from  A.  the 
middle  foira  of  any  fcfi^ 
ph&ry  £  C,  toHcheth  the 
circlcj  is  taraUel  to  the 
right  linefiC  fuhtending 
the  faid  ferifhery.  „( 

From  the  center  D 
draw  a  right  line  DA  to 
the  point  of  contaft  A, 

and  join  DB,  DC, 

The  fide'DG  i$  Cbttimbn,  and  DB==DC,  and 
tbe  anek  BDAiis:CDA|becaufe  the  arches  BA»  a  17.  j^ 

•   :•  ^  >  I  1  CA    ^ 


\ 
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b  Jjyf.  C A  are  h  equal)  thefefore  the  angles  at  the  bafe 
c  4.  r.  DGB,  IXjC  are  e  equal,  and  d  ooofequently 
d  loJefjwriftht  \  But  the  inward  anfi^s  GA£»  QAF  are 
e  i&yp.  dlio  e  right,  /therefore  BCj  £F  are  parallel. 
f  28.  I*    jn}i€h  was  to  he  dem. 

proWexviil       .    / 

tn    equal   einki 

GJBC,   HDEJ':, 

equal  right  lines  JC^ 

DF  cut  off  equal  parts 

f^of  the  cireumfereneef 

'^the  greateft  ABC  e- 

qual  to   the  gteatejk 

DEF^  and  the  leafi  JIC  to  tie  leafi  DKF. 

From  thecentersGjH  draw  G  A  aC,&!!D,HF 

a  Ijyf.  Becaufe  GA=HD,  and  GCtr^HF,  and  AC  a 

1)  8.  r.      ==:  DF,  J* therefore  is  the  angle  G  :^  H  5  <r  whence 

c  x6.  5.    the  arch  AtC  —  DKF  ;  rfandfo  the  remaining 

d .  J .  ax.    arch  ABC  —  DBF.    Which  was  to  he  dem. 

But  if  the  fubtended  line  AC  be  c  or  -:3  than 
DF,  then  in  like  manner  will  the  arch  AC  be 
KT  or  -p  than  DF. 

PROP.    XXIX. 

In     equal    circleA 
GJBC,  HDEF,  equal 
right  lines  AC,   DF 
fuktend  equal  periphe- 
ries ABCrDEF. 
Draw    the    lines 
G A,  GC,  and  HJ),  HF.   Becaufe  G A  :=  HD, 
and  GC  rr  HF,  and  (becaufe  the  arches  AC,  DF 
a  hyp.       are  a  equal)  the  angle  G  ^  ::=^  H.  c  therefore  is 
^  2,7.  ^     the  bafe  AC  =  DF.    VTnch  was  to  he  dem. 
c  4- 1.  This  and  the  three  precedent  Propofitionsmaf 

be  undeiftood  alfo  of  the  fame  ciide. 

moK 
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PROP-   XXX. 

To  mi  a  periphery  given  ABC 
into  two  equal  farts^ 

Draw  tne  right  line  AC,  and 
t>i(e£lit  in  D  \  from  D  draw  a 

_    perpendicular    D  B     meeting 

with  the  arch  inB,  it  flial}  bifeft  the  fame. 

For  join  AB»  and  CB.    The  fide  DB  is  com- 
mon,  and  AD  ar=DC,  and  the  angle  ADB  hrszz  eonftr. 
CDB.  c  therefore  AB = BC^  d  whence  the  arch  b  1 1.  ax. 
AB  =:$€.   Which  wat  to  he  done.  c  4.  i. 

dx8.}. 
PROP,    XXXL 

In  a  circle^  the  aiigle 
ABCy  which  is  in  theferni" 
circle^  U  a  right  avgle  ; 
hut  the  angle^  which  u  in 
4bf  Mater  fe^ent  BJC 
is  lys  than  a  right  avgk  j 
and  the  angle  which  is  in 
the  lejfer  fegment  BFC  is 
greater  than  a  right  angle. 
Moreover f  the  a^gle  of  thegreater  fegment  is  greater 
than  a  righjt  angles  and  the  angle  0/  the  lejer  feg'- 
ment  is  kfs  than  a  right  angle.  * 

From  the  center  D  draw  DB,  becaufe  DB  r=: 
DA,  therefore  is  the  angle  A  4r:DBA»  and  the  a  ^.  t. 
angle  DCB  arrDBC,  h  therefore  the  angle  ADC  b  2,  ax. 
=  A  -^  ACB  c  =  EBC,  dtq  that  ABC  and  EEC  c  ji.  i. 
are  right  angles,    W,  W.  to  he  dem,.  e  Therefore  d  io,<?^.t. 
BAC  IS  an  acute  angle.  //ST,  JT.  to  hcdenk    Ande  cor.jy.u 
flirt  her,  whereas  BAC/-*-  BFC  =r:  z  right,there'  f  iz.  j. 
fore  BFC  is  an  obtufe  angle*   Laftl^,  the  angle 
contained  under  the  iJAht  line  C3»  and  xh^  arch 
BAC  is  greater  tban  the  right  angle  ABC ;  but 
the  angle  made  by  the  right  linqCB  and  the  peri- 
phery of  the  lelTer  fegment  BFC  g  is  Jefs  than  g  9*  M 
the  right  angle  A^Q*  -  V^^h  wcis  to  he  dem. 


TO 


a  z6.  5. 
b  ip. ;. 
cjr.  5. 
d  ;z.  I. 
c  conjir. 
i  J.  ax* 

fi?.  I. 

k  J.  4?r. 


•»■*-««■•.•*»■■.  «^ 


SchoL 
In  a  nght-anghd  triavgle  A^-^ »/  ^*«  Hypothec 
vufe  (prjubtaidedlme)  JC  H  IfifcBed  in  Ar  a  cip. 
cle  drawn  from,  the  center  D  thro'  the  £<^  -*  a-" 
alfopafs  thro"  the  point  B  :    M  .you  ytq/ei 
THOnJtiaU  trovi  this  Prop^  and  21*1. ' 
'  PROP.    XXXII. 

E  .  if  ^   rigU    line    A^. 

touch  a  arcUy    anifyyfm 
the   f^int  of  4:onta3   he.\ 
A      4^awn  m  right  Jine  CB. 
^•k     CMtij'^lg  the  sircle^  the  any 
'^^glesECB,   EC  A  which  U 
via^fi  with    the   tangent 
line  are  equal  to.thofe  an- 
•  ^les  EDC,  EEC  which 
are  made  in  the  dlternaPe 
foments  of  the  circle. 
Le,t  CD|  the  fide  of  *^lie  angle  EDC,  be  per- 
pendicular to  AB  (tf  fqr  It's  to  the  famepuFpofe)* 
l  therefore  CD  is  the  diameter,    c  therefore  the 
ar\gl«  CEP  ia  a  femicircle  is  a  right  Single,  i  and 
therefore  the  angle  D  -+  DCE  rr  to  a  right  an- 
gle Q  -=1  gCB  -4.I)CE..  /Tlierefbre  the  aj^le  » 
z=:  ECB.    Which  was  to  l^  den. 

Now  whereas  the  smile  ECB  -*-  EGA  g -=:  Z( 
right  A:^  D  I  F,  from  bath  of  thefe  take  away 
ECB  ap4  D,  which  are  equal,    k  thep  lemainf* 
EGA  ::;;=:  F,    Which  was  to  he  denu 


z  aj.  I, 


PROP. 


XXXIII. 

iJfqn  a  right  lint . 
AB    to  defer ihp    a 
fegment  of  4  firck 
AIEU   which  fiaU' 
contain     ^n     angle 
A I B   equal   to  4  ^ 
right     linti    angk. 

a  Make  the  anele 


£ 


ngie 


n 


WT 


EUCLIDE'i  EUments. 

|UII>  ir  C  Tfaso'  the  peii^t  A  draw  the  ]in^4i{ 
perpendicular  to  HD..  At  one  ,eod  qI  dae  li^e 
gitmi  AB  Mke  an  a«gl^  ABE  :=:  £AF;  9^  itde 
vrhereof  let  it  cut  the  Hue  A£  in  f  i  £roin  th? 
CBiit^  F  tfafo'  the  point  A,   deT^pribe  a  circle 
which  Aall  paf$  thro'  B  (becaure  the  angles  FB A  I       « 
i  =  FAB.    and  e  therefote  FB  m  fJl  )  AJB  *>  ^W'* 
is  the  fegment  fought.    For  becaufc  HD  is  pctr  c  &  V 
pendicuiar  to  the  diameter  AE,   it  therefore  ydcprac.j* 
Houchss  the  circle  HD   which  AB  cuts.    An'de  iz.x. 
aiere&ie  the  angle  AIB  €==BAD /=  C.  IThk^  f  V^^^  s 
wof  to  he  d(me^ 

.     PHQP.    XXXIV. 

.  F^om '  a    ehcU    give^  ; 

,  JtC  to  €Ut  of  a  fegwent 
ABC  contaiiiivg  an  angle 
£   equal  to  a  right-linei  . 
^^gl^  given  D.  ... 

.    a  Draw  |i  right   line  a  17*  ;• 
£F  which  iliall  touch  the  b  i;.  i^ 
circle  given  in  A9   h  let  c  )2»i. 
AC  be  dtawa  alfo  making  an  angle  FAC:nD.  ^  conftr* 
Ihii  line  ftall  cut  off  ABC  containing  an  angje 
B  ^  =  CAF  <i  =  D.    V^jich  was  to  he  doff?. 

P  ROB.    XXXV.  , 

If  in  4 
ehcle  FB 
CA  two 
right  lines 
M,DCcut 
eaciotifTf 
4kt  riBan^ 
glecompre^ 
jiendedwn* 
4er  tbefeg^ 
mints  JS^' 
iB  of  th 

fe  efualto 


fS  the  thir4  Book  tf 

Ai  fiSawlt  eomfrehendei  umUr  tU  fegmtnts  CE9 

£D  cf  tjk  other. 
I.  Cdft.  If  the  right  lines  cut  oae  the  other 
I       in  the  center,  the  thing  is  evident. 

z.  Cafe.  If  one  line  AB  pafs  thio9  the  center 
F,  and  bikSt  the  other  line  CD,  then  dirawFD. 
?  ^\*  «  Now  the  rcftangle  AEB^-FEq  a  FBq  hsBDq  t 
l>M4».i»±:EDq-HFEq/^CED-i.FEq.  e  Thereftiie  tht 
C4r-I.  reftangle  AEBnCED.  VbkbwMtohedm. 
^  W*  J .  Qafe.  If  one  of  the  lines  AB  be  t  he  dianieta^ 

e  3.  Oic    jind  cut  the  other  line  CD  unequally,  bifdft  CD 
by  FQ  a  peipendicular  from  the  center., 
r  The  rcdanglc  AEB  -•-  FEq. 
tut*  Thefe  YFBq  (FDoA  ?■  /* 

1 47*  «•        are  e-  <^  FGq  -»-  GDq.  _ 

6  5»  >•      ^  cual;     JEGq  -♦•  *  QEq  -4-  Hcdipc.  CED. 
k  47.1.  Ci&FEq  -4.  CED. 

I  !♦  ft9c.         I  Therefore  the  Reaanglel  AEB  ~  CED« 

4.  Cttfe.  If  neither  of  the  fight  lines  AB,  CD 
pais  thro'  the  center,  then  thro*  the  point  of  in* 
terfeftion  E,  draw  the  diameter  QH.  By  that 
tvhich  hath  been  already  d^monftrated,  it  ap- 
pears that  the  reftanglc  AEB  :=:^  GEH  s:  OEP, 
Which  T^as  to  be  d^m. 

More  eafily,  and  gene* 

rally,  thus;  join  ACanj 

^  ,^  _         ^  ^    BD,  then  becaufe  the  an* 

kH'  V      f        -  \  %^^  ^  ^^  A»  I^EB,  and 

'^"'^*  '    /    .  1  ?  alfo  C,  B  (upon  the  fame 

^  ^iw  ^«  .  <W  "       /  ^^^^^  AD)  arc «?4ual,  thence   ^ 


^^_^^^^^^    are  the  triangles  C5A  BED 
A  \  jt       •A'V  E'^V.  ^^^  ^  equiangulaf;  i  Wfaereft^e 

I  ti^  ^^*--^      C^»  ^  •  •  EB,  ED.  and  9 

^'^^  ■*'       confequentlyCExEDss 

Ji^af  to  he  iem. 
The  citations  out  of  theiixth  Book^  both 
li*re  and  in  the  Allowing:  Prop,  have  no  de- 
pendance  upon  the  tw^  i  Tq  that  it  was  free 
to  ufe  thcdi,         ^ 

FROP. 


n 


tfamfomt  D  te  taken  wHtouta  circle  E  BC. 
mdfrim,  that  fomt  two  right  Itncs  DA  DM 
fall  upon  the  cireU,  whereof  one  D  J  cu^the  erf- 
xh,  the  other  DB  touches  it^  the  rtBangle  com^ 
frehended  under  the  wbok  line  D  J  that  cuts  the  % 
^rcle^  and  under  D  C  that  f^rt  v^hch  is  taken 
Jhm  the  pint  given  D  to  the  convex  of  the 
terifiery,  fiaU  he  eptal  to  the  fyuare  made  of  ihe 

Urgent  line.  _     ^    .     •    t. 

I.  Cafe.  If  the  fccant  AD  p?6  jW  jhe  ccn- 
f cr,  then  join  EB,  this  a  wiU  mafce  a  right  an- 1 18^  !• 
;lc  with  the  line  DB,  wherefore  DBq -4-  <?  EBq  h  47.  «• 

!Cq)  h  ==  EDq tf  —  AD*  DC  -••  ECq.  There-  c  6. 2. 

re  ADxDC^rDScL    Which  woe  to  hedem.       d  j.  ax. 

^  Cafi.  But  if  Aj)  pafs  nat  thro*  the  center 
then  draw  EC,  EB,  ED,  and  EF  perpAidicular 
to  AD,  ii  wherefore  AC  is  bifeded  in  F.  J?.?* 

Becaufe  BDq  -*■  E3q  >  :=^  DEq  f  ^  EFa  t  •>  47-  ^ 
FDq  e  =  EFq  -^  ADC  ^  FCq  i^  ADC  ^c6.z. 
CEq  (EBq.)  « IBwartfo^e  is  BDq=rAE)P.   »^i^i  d  4^  i. 
p^tohi^dem*  ^l*^*^ 


Mo|i 


-  f 


/ 


•  3».j. 


74  7&  tiird  BotJiof 

More  eafily,  and  gene- 
r:jfly,  tjjus;  Draw  AB  and 
B  C.  .  Then  becaufe  the 
^ngle^  A,  and  D^  a  aie 
equal,  and  the  an&le  D 
common  to  both,  tnenee 
are  the  triangles  BDC, 
A  D  B  h  equiangular, 
c  Wherefore  AD.  DB  : : 
DB.CD.  and  <2confequent- 
ly  AD  X  DC  =  DBq, 

Which  was  to  he  derii. 

Cow//.  -   ^ 

1.  HenG»,  If  from  any  poirtt 
A  taken  witlmut  a  circkv  th^rc 
be  feveral  lines  A3,  AG  drawn 
which  cut  the  cirelc,  ri^  leftafh 
gles  comprehended  under  tMe 
whole  lines  AB,  AC,  and  the 
outward  parts  AE,  AF  are  e- 
fqual  between  therofelves. 

Yox  if  The  tangent  AD  ftc 
^^  drawn,  then  is  CAJF  =  ADq  a 
0  d^BAE 

2.  It  appears  aHb  from 
hence,  that  if  two  liney  A  BJ, 
A  G  drawn  from  the  faale 
point  do  touch  a  circle,  thefp 
two  lines  are  equal  one  to  the 
other. 

Fof  if  AE  be  drawn  cutthig 
the  circle,  then  is  ABq  «  2=i 
EAF*  =  ACq. 
;•  It  is  aUb  evident  that  from 
2  point  A  taken  without  a  circle,  there  can  be 
drawn  but  two  lines  AB,  AC  that  ihall  touch 
the  circle. 

For  if  a  thiid  line  AD  be  faid  to  touchthe  cir« 
G  %.  etHr.  €le,theiiceisADf  =  A£c7::;:ACJWiifhisahfur4. 
d8.  }•     ^  4.A»4 


af&3» 


EUCLIDE'f  Elements.  jf 

4i  And  on  the  contiaiy^   it  is  plsii).    that  if 

'  two^tfiwi  lig|lt  lines  AB,    AC  Fall  frooi  any^ 

point  A  upon  the  convex  peripheiy  of  a  citcle, 

and  that  it  one  of  theft  VAul   lines  AB  touch 

the  circle,  then  the  other  AC  touches  thecitele 

,    For  if  poilible,  let  not  AC,  but  another  !ine 

ad;  touch  the  circle  ;  thertfore  is  ADesAC  e  i-Wt 

/AB.   gmtchiioihad.  thf' 

yROP.  xixvni.  8»•^ 

1 1  (ircit  SSP  aty 
akn,a«d  pom  that 
■ht  anet  VJ,  DB 
riytJe,  ubtieof  ont 
!  lit  circlt  tlie  oibtr. 
m  it:,    and  ifalfo  '  , 

amtfteht  tiHei  unarr 
It  that  cuts  the  eir- 
er  that  fan  of  it 
:  taktn  htmxt  tbt 
fomtP  aitd  thi  can-iiex  fet'tpbe~ 

H)  it  tpuil  to  that  ffuart  lehjch  U  tnaJt  of  tie 

bne  hS  faltine  on  the  circle,  I  fay  that  the  timt  US 

fo  faliiTig  fialltaucb  the  tircU  given, 

ciwa  that  point  D  n  let  a  tangent    DF  be«  17.  ;.     . 

drawn,  and  from  the  center  £  draw  ED,£B,£F. 

Now  becaufc  DBq  b  =  ADC  e  =  DFq,  there-  b  hyp. 

fore  is  DB  J=DF:  But  EB?=:  EF,  ijid  the  fide  c  36.  j. 

£1) common  jtihajrefore  the  angle  £BD=£FD.  d  tJUt,& 

but  £FD  is  4  light  a^le,  aitd'?the[«feie£BD/c&.^.i* 

ia  right  alto,  and  g  thcref«Te  DB  touches  the  e  8.  i. 

Cii'cle.    Witch  xaiioifJm.  aeor.i6'tt 

CWoit.  £  8. 1. 

From  hence  it  loUows  that  the  b  angle  EDB 

=  £DF.  ■    ^  . 

THE 
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Ri|iit*lined4gure  is  faid  tf  be  iiK 
fcnbed  i^  a  right-lined  figure, 
yfihtn  tver^  one  of  the  ang^ei^  of 
the  infcribed  figure  touch  eVery 
one  of  the  fides  of  the  fijgUre 
il'herein  it  is  infcribed.  .  t       .^ 

So  the  tfiangh  pEP  is  infcirihii 
in  the  triangle  jttf^.  J 

IL  In  like  manner  a  fig^rjp'ls 
faid  to  be  defcribed  al^ut  a  figure^ 
■^    x;  when  every  one  of  the  fides  6>  thet 
•  _       figure  drcumfcribcd  touch  every 
c'cuSb^r  ^'^''^  figureaboyt  whichit  is 

UDEP  ^'''*^^*-*^^  "  iefcritei  about  the  tridn- 


IS     K    F 


IIL  A  right-lined  figui^e  isiaKi  to.be  infcri- 
bed  in  a  circle,  when  ail  the  angles  of  that  fi- 
gure which  is  infcribed  do  touch  the  circumfft- 
rence  of  the  circle. 

jy.  ^nrfitJin^  figure  isXaid  to  be  ^fcribed 
w*n*  a  ciiac^  when  all  the  fides  of  the  figures 

which 


^ 


77 


N. 


EUCUDFi  Ekfkems: 

wfaicfa  i^  prcuin&ribed  touch  t be  periphery  of 
the  chcle* 

V.  After  the  like  pumner  »  circle  is  Taid  ta 
be  infcribed  in  a  right-lined  igiuey  yrhtn  the 
periphery  of  the  circle  touches  all  the  fides  of 
the  figure  in  which  it  is  infcribed. 

VI.  A  circle  is  faid  to  t^  defcribed  about  a 
figure^when  the  periphery  of  the  circle  touches  aU 
the  angles  of  the  figure,  vrhich  it  circum- 
icribes. 

VlL    A    right    line    i^ 
faid  to  be.  co-apted  or  ap- 
plied in  a  circle  when  the 
extremes  thereof  fsill  upon  the 
P    -  jr      circumference;  sf  tit  fig^t 

PROP.  L    FrM.t. 


In  achchgiven  JBC 
to  afpfy  a  ri^t  line  JM 
tqual  to  a  right  Hnegitm  > 

\D,  which  doth  not  ex-: 
i^eid  AC  the  diametir  of 
the  circle. 

From  the  center  A 
1)y  the  foace  AE  =  D 
a  defcribe  a  circle  meeting  with  the  circle  giren  a  X^oB.^ 
in  B,.  draw  AB.    Then  is  AB  i  =  AE  c  =  D.  j.  i. 
W%ichwai  to  he  done*  ht$JefAi 

Ccot^r. 
PROP.  41.    ProkLz, 

l£      In  a  circle  £iven 

JBC  to  defiriie  d 

triangk      JBC, 

equiangular    to    a 

C  triangle  given    Ok 

M  jP. 

JUt  rtbe   fi$hl 

line 


/ 


<^$  The  fiurfk  B§Jk  of 

a  tj.  i*    Une  GH  a  i^^h  the  cfrck  given  in  A ;  *  mklbe 
b  22.  I.    thei  angle  HAG  rr  E,  i  and  the  angl«  GAB  tr 

F.  then  ioin  BC  i  aikl  the  thing  is  done. 
c  U. ;.       ^^  ^^  ^»J^«  ^  ^  ^  HAG  /^  ^  E,  ftttd  the 
d  co»/fr.    i«igl«  C  €  =s  GAB  rf  rs:  F  $  e  Whence   alfo  the 
e  51. 1,     ang^®  BAG  nr  D.   Therefore  the  triangle  BAG 

toivribtd  in  the  circle  is  equiangular  to  DEF. 


> 


Jhout  a  circk  given  tjSCeo  ikfaiht  a  triangle 

LNM  €p,iaimdar  to  a  trigngk  given  DEF. 

Produce  the  fide  EF  on  both  fides ;  a\  the 

ft  ^5  f      certter  I  a  make  an  angk  AIB  iis  DEG,  and  an 

^*   •     angle  BIG  —  DFH.  Then  in  the  poiiKts  A^,C 

^  J-  \     let  three  right  lines  LN,  LM,  NM  A  touch 

'*  ^*   the/clrclft,  aitd  the  thing  is  done. 

For  it's  evident  that  the  right  lines  LNJ-M, 
^xx  i  MN  will  meet  and  make  a  triirigJe,  o  bccauft 
d  II  ?V  ^^  angles  LAI,  LBI  a^  right  5  fo  that  the  d 
*  ^*  right  line  AB  produced  M^fll  make  the  angles 
LAB,  LBA,  lefs  than  two  right  angles. 
-I  f/A  9»  T  Since,  therefore  the '  angle  AiB  -+  L  e  =:  2 
a/tf*-jz.i.  angles/  =  DEG  -^X^EF,  atid  AIB^  ^ 

i  Jii   »K3  i  A  therefore  is  the  angle  L  -  DEF.    fiy 
g  ^.  i^     the  like  way  of  argunicht  the  ai»;le  M^=^  DEFi 
k  «•  I  *    *  therefore  ilfo  the  aiigk  N  =  D.    And  theie^ 
^      *    fore  the  triangle  LNM  defcribed  about  the  cir- 
cle ii  equiatiguiar  ta  EDF  the  triingie  give^. 
jrbicbwai  to  be  done. 


n'» 
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In- a  ifiatigle  givtn 
ABC,  to  ^fcribe  a 
circle  EFO* 

a  Biitil  the  angles  .  ^ 
B  and   C  with  the  *  9-  «- 
right  line^  BD,  CD 
meeting  In  the  point 
D,   h  and  draw  the , 
perpendiculars  DE,*"*^*  . 
DF.DG.  A  circle  de. 
fcribed  from  the  center  D  thio*  E,  will  pafs    . 
thro'  G  aiid  t*,  and  touch  the  three  fides  of  the 
triangle.  '  , 

For  the  angle  BDEr  :=  DBF  ;  and  the  angle  c  ctmjhr^ 
DEB  d  rr  Df  B  ;  and  the  fide  DB  commpn.  e  d  ii*  tf*. 
therefore  DE  r:^  DF.    By  the  like  argument  t^6•u 
DO  =r  DF«  The  circle  tfaerefofe  deTcribed  from 
the  center  D  paffes  thro*  the  three  points  E,  F^ 
Q.  and  wbereds  the  angles  at  £,  F,  G  are  fight, 
tlierefore  it  tourhes  all  the  fides  of  the  triangle. 
WJjich  was  to  h  done. 

SchoL  ' 

Hence,  thtfiiis  of&  triangkiemg  ^^^^^^^  RtMa^t* 
figmnts  which  art  made  hv  the  touchrngs  of  tlie  cvh  ^* 

(k  infiri^ed  JkaU  i$  founiy  thus  ; 
'■  Let  AB  be  ii,  AC  18,  BC  id,  then  is  iAB  -4. 
»C  =  28*  Out  of  which  fabduft  18  =  AC  zr 
AE  -4.  PC,  then  remains  10  =  BE  -+  BF.  There* 
fore  BE,  on  BF  !=:^  5  ;  and  confeqiichtly  FC,  or 
Ca>  =  11.  Wherefoie  QA,  or  AE,  =  ^ 


\ 


PAOP.     ' 


8» 


Tie  fumfh  Mtak  vf 


PROPk  V. 

A  A 


I     • 


\ 


^  Jihm  a  tnanf^  gmn  ABC  to  iefiriie  a  cittU 
FJBC. 
a  !••  gni    a  Bifeft  any.t^vo  fides  BA,  CA  with  tperpen^ 
II.  !•        aicuLar  DF,  aF  meetidg  in  the  pdnt  F.  I  by 
this  iha^ll  be  the  center  of  th^  circUe; 
For,  let  the  right  lines  FA,  FB,  FC  be  drawn. 
b  cemfn   Now  becaufe  At)  h^D^  and  the  fide  DF  coin* 
tcciitfh.&mon^  and  the  angles  FDA  irrrFDB,  therefore  is 
XI.  ax.     FB  d  T=i  FA.   After  the  fame  manner  is  FC  =:3 
dl  4*  t.     Fa.  Thereibre  a  circle  defcribed  from  the  cen- 
ter F  Ihall  pafs  thro*  the  angles  of  the  triangte 
given  {viz.)  B,  A,  C  WTficb  was  tojkcianti 
^  CoroU. 

?  jx-  }•  *  Hence,  if  a  triangle  be  aeUte*^ng]ed»>thec^ 
tei  fhall  fall  within  the  triangle ;  if  right-angled, 
in  the  fide  oppofite  to  the  right  angle,  and  if 
obtufe-angled,  withbut  the  triangle. 

&M  ' 

By  the  fame  Method  may  a  drde  bb'^delcri^ 
bed,  t)[iat  fhall  jpafs  thro^  three  points  giveli,  not 
being  in  tht  fame  ftitit  line* 


«t 


EJBCD  io  inferijt  H 

a  Dniw  the  diaMtetei  iti  t« 
A€i  BD  cutting  etch 
other  at  right  tnglea  in 
the  center  £.  Tojh  the 
cxtteines  of  theU  dUaie* 
ters  with  the  right  lines 
AB,  BG,  CD,  1%.  Jnd'- 

.  Now  becaufe  the  fotir  angles  at  £  are  iiight»tht 
*  arches aiid  e  ftibtendcd  lines  AB,  BC,  COiUA  h  ai  I* 
are  equal ;  therefore  is  the  figure  ABCD  equi-  c  la  L 
Mtenil,  arta  all  the  angle*  in  fenaicircles,  and  fo  d  u*  t. 
*"ght.    #  Therefore  ABGD  is  a  fquart  infcri- «  xtt,,W. 
Winafefarclegivertw   tmcbw0it  toheitm.      t/***^^* 

PR  OR  vir* 


^BJBCD 


a    tireh   gmn 
to    deferih    a 
fjuar^  FHIO. 
^    Oraiv^   the    diameters 
*^AC,  BD  ctittilig   one 
the  other   at  right  an* 
gles  \  thro*  the  extremes 
If  of    thefe    diameters    a  a  t^k  %^ 
^  *draiv   tangents    meeting 

in  F,  H,  I,  Q,  then  I  fajr  it's  done. 

For  becauTe  h  the  angiles  A  and  C  are  right,  c  D  j%i  }« 
Ihere&re  is  FQ  parallel  to  HL    After  the*  fame  c  |8.  i^ 
numnerifFH  parallel  to OL  andtbereforeFHIQ 
is  4  fp,  tnd  alfo  right-angled.  It  is  equilateral 
becaufeFarf  =  HI?^DBe- CAiI  ^^FHil=4t4*t* 
61*  Wherefore  FHIQ  is  a  /  fquate  defcfribede  lUef^U 
about  the  circle  given.   WHqH  wmtQ  U  iong.   t  zfMfai 


H 


a  7*  ax. 

hbyp. 

C35.1. 

dj.ax. 
e  ^4. 1. 


7h  faptb  Bffk  of    . 

.  A  ffluare  ABCD  defended  about 
a  circle  i^^  double  of  the  tquai«  ][£  Jf 
GH  iufcnjj^  in  thfe  faineciidc^  , 
For    the'  Wft&ng^    H  B  jrtr  i 


^jfCD  to  inJcriU  a  circle 

H,  £,  F,  (?»  ciM:m;  one 
the  p%r  ifl  1.,  A  d'- 

center  I  through  H  ihall 
be  infcribed  in  ffie  (qw^* 

For  becaufe  AH  and  dF  are  a  equal  and  t  pa* 
rallei,  c  therjcfbri?  ii  AB  paullel  to  HF  2^^"*^ 
to  DC.  /After  the  la^^  inlnifer  is  Ay  Oaral^l 
to  £G»  parallel  to  oC  ;  therefore  I  A,  ID,""^ 
IC  are  par^llclpgrams.  Therefore  AH  dz=: 
e  =3:  Jil  =  EI  z=z.  fl  -te  IQ.  '^^*c  wcfc  Aerei 
fere  ^efcrib^d  from  t|^  <;fpter  I  tbrof  H  iUf  1; 
pa£5  thro'  H»  l^y  F,  p,  and  twitch  tbffidef  ^f 
the  fquare,  being  thf  a{\gle»  H«  C^^C^afe- 
tif^X.   Wlmh  vas  to  he  iom^^k 


9XQ% 


EUCLIDE^  telemifitf: 


f  R  O  F»   IX* 

JBCD  to  iefmii  a 
tMi  EABCD- 

Draw  the  diamsteti 
AC,  BD  cunt  Be  cot 
the  other  in  £•  fnm 
the  centet  E  tfaiO*  A 
defcribe  a  eirde,  thttt 
I  fay  that  eifcte  is 
defcribed  ab6uc  tht 
fi^uare.  u- 

Pot  the  ingles  ABD  atid  BAC  Ae  ^  hllf  W*>  v* 
tteht  angles,  *  therefore  EA  -  EB.    After  th««-t* 
fs&ie  maWr  is  EA  -  Et)  rr  EC.    the  clrclub  6*  4^ 
therefore  dfcfGiibed  frotti  tl^e  center  E  paiSea 
thto'  A,  B,  Cj  D  the  aogfos  of  the  f^^iwd  gi'iren* 
WTnsh  was  to  bt  donti 

« 

PROP,  il^ 

j^o/ceUt  tria^gk 
J,B  D  J  having 
each  ofigle  at  tM 
hafrBanAADH 
jdouhU  .  to  the 
rtmdinifig    dngle 

Take  any  right 
line  AB,  and  di- 
vide it  ih C,  aiot  1 1*  1j 
that  A  B  X  B  C 
D  may.  be  equal  to 

ACoi   From  the  center  A  thro*  B,  defcrllie  the 
circle  ABD  ;  and  ill  this  circle  Fairly  BD-^b  1*4. 
AC,  artdjoin  Al>i  I  lay  ABD  is  the  triangle 

required/  ^ 

E  >  For 


84  7^  fmnb  Bwk  of  \ 

For,  draw  DC,  and  thro'the  points  C,  D,  A. 
c  ^  4«  i  draw  a  circle.  Now  becatfe  ASxBC=ACq,i 
d  37*  g*  it  is  evident  that  FD  touches  the  circle  ACD 
e  ^  z, } .  which  CD  cUtteth  ;  t  therefore  is  the  ang{e  BDC 
f  a.  ax.  z:t  A,  and  theiefofe  theangle  BDC  -4*  CuA  f=r 
g  jz.  I.  At  CDA^  t=  BCD.  But  BDC  -f-  CDA  =:  BDA 
h  5. 1.  h-=  CBD.  k  therefore  the  angle  BCD  rr  CBD, 
k  t.  ax.  and  therefore  DC  /  :=  DB  r=  w  AC,  11  wherefbns 
1 6.  u  the  angle  GDA  z=zA^  BDC.  therefor^  A  DB . 
Ri  eanfir.  rr  a  A  tr  ABD.  V^bUb  was  to  he  done. 
n  s*  !•  Tills  conftruftion  is  Analyticallv  found  out 
thus  ;  take  the  thing  for  done,  aud  let  ri|e  right 
line  DC  bifea  the  anjgie  BDA ;  a  rhereibfb  DA, 
a  ^  ($»  DB : :  C A,  CB.  alfo  heaufe  the  angle  CDA  b:=z 
b  *wifr.  I  ADBi?  m  A,  ^  therefoit  CA  tt.  DC.  and  be- 
c  hp.  caufc  the  angle  DCB  k  =:A  \  CDA:=:  tAc^ 
d  6. 1.  B,  i{  thence  will  be  DB  r=:  DC.  /  from  whence 
c  }  I.  I.  alfo  DBsrCA.  and  fo  DA(BA.)C! A  ::  C A.CB.  g 
f  a.  ax*  whence  BA  x  CB  =:  (?Aa . 
g  17*  <•  Coroll 

Whereas  all  the  angles  A,  B,  D  h  make  up 
h  31.  t«    two  right  angles,  it's  evident  that  A  is  -f  of  tw# 
light  angles. 


In  a  circle  given  JMCDB  to  defcrihe  a  Pentag^u 
fgure  JSCuE  equilateral  and  $quuingidar* 
a  to.  4.         ^  Defcribe  an  Ifofceles  triangle  FGH,  having 
1^  2. 4;      ^^^  ^8^®  *^  ^^^  ^^^^  double  to  the  other  j  *  in- 


\ 


ElJCLIDf/ '  Elmmis.  %$ 

fcribe  a  triangle  CAD  equiangular  to  the  faid 
triangle  FQH«  c  Bifed  the  angles  at  the  bafe  c  9.  i. 
ACD  and  ADC  with  the  right  lines  DB,  C£ 
meeting  with  the  circumference  in  B  and  £• 
join  the  right  line  CB^BA,  A£,  ED.  Then  J 
fay  it  is  done* 

For  it  is  evident  by  conftrudion  that  the  an- 
gles CAD,  CDB^  BDA,  DC£,  EC  A,  are  equal ; 
wherefore^  d  a£Aes  aid  ^fi4)tended  lines  DC,  d  '26.  ^» 
CBfBAy  AE,  DB  are  «aual.  Therefore  the  Pen^  e  19.  {. 
tagone  is  equilateral,  and  equiangular  /  becaufe  f  27*  j. 
the  angles  of  it  BA£,  A£D»  &e.'  ftand  on  equal 
j-atches  BCDE,  ABCD,  &c.  gi.ax. 

A  noore  eafy  PraAice  of  this  Problem  ihall  be 
deliver'dat  10,  ij. 

..Hence,  each  angle  of  ap  equilateral  and  equi-  c  . 

angular  Pentagone  is  equal  to  |  of  two  right 
angles,  or  i  of  one  right  angle. 

SchoL 
Generally  att  figures  of  odd  mimhr  of  fiks  anP^tMiif^ 
infmhfd  in  circtts  hy  the  help  of  Ijfbfceks  niavgles^ 
mfofc  avglejf  at  the  hafi  are  multifles  of  ibofe  at 
the' top:  andfiguresof  even  numher  of  fides  are  in. 
fcrihei  in  a  circle  hy  the  help  of  Jfofceles  triangle^ 
whofe  av^es  at  tie  bafe  are  multiples  fefjuialter  of 
thoje  at  the  top. 

f^  As  in  the  Ifofceles  triangle 

^  CAB,  if  the  angle  A  -  j  C= 

B,  then  will  A^  be  the  fide  of 
a  Heptaeone.  If  A  :=^  4  C,  then 
is  AB  tne  fide  of  Enneagone. 
But  if  A  rr:  ^  C,  then  is  AB 
the  fide  of  a  (quare.  And  if 
A:=::  2  !  C  CAB  will  fubtcnd 
the  fixth  ptrt  of  a  circumfeience :  and  likewife 
if  A  =^  3  f ,  tbtii  will  AB  be  the  fide  of  Oaa< 
(one. 

F  J.  PROP. 


$6        "  7iefiwtiB69l^ 


Mout  a  eirch  given  fJSCDE^o  dtfctil^sn^fi^. 

faiei^l  ani  an  e^uia^gmkr  fgnti^one  HIKLQ^ 

B  lit  4f        ^  Infcxma  pema^oc  ABuPE  ii)  the  circlf 

givtn ;  and  irom  the  center  draw  the  right  lines 

FA,  F3,  FC,  FD,  F£ ;  i|nd  to  thoTe  line^  draw  To 

many  peipcndiculat&C3AH,HBI,ICK,KDL^Ea 

fkt^mL  in  x^  points  H.IyX^L.Q;  then  I  lay  i% 

is  doDe;  Fpi  becaufe  QA^  Q£  from   the  fame 

kMf.  T^.  Point  O  A  touch  tW  circle,  c  therefore  is  QA  rs 

J,    •        GE,  is44  tl?Mpr4^  the  apgle  OFA  -  GFJ, 

i:^.^,5g^therefi)re  the  angle  AFE  -^  x  OFA.  After  tbf 

i^  *faaip  manner  is  tb«  anglf  AFH  tr  ^HB,  an^^ 

8,  I  CoiVrequcntly  the  angle  AJ?B  =  i  AFH*  *  But 
•  27  2  theangleAFETrAffiJ5'^bei«foretheangleGFA 
-    ^'^'     -hm.    But  alfo  tfe  angle  UAH  #  ? 


I  :;  ;i;  -  Am  But  alfo  the  angle  UAH  #  -  FAO, 
ft  il  if^  ^^^  ^^  ^4^  FA  is  oomnsion,  h  thereiore<HA  ==: 
I  x6  7'  AQ  GE  -|l-»  ^  fe^li^efpre  HJ5,QL,LK, 
llj  ^  KI4H  the  firtes  of  the  pemagoiie  are-*  cqu^H,  thf 
^  * •  ^'  angles  alfo  are,  becaufe  ckH^e  of  jfce  ^ual  an? 
gles  Ai$F,  AilF,  tbeieforc,  ^u  * .  ^._. ,,.    : 

^  Coro//. 

After  the  faipe  maHM^r,  if  any  eqvitoHntl  aod 

e^iai^gled  figure  beidefcribed  in  a  circle,  and  at 
the  extreme  points  of  ihe  fenai-4iameters  diawn 
f^qm  the  center  to  the  angles,  be  drawn  perpen«> 
AicuUri  lines  to  the  fai^  dianf  ters^I  (ay  th^t  thefo 

pef«» 


pcrpendiculaTs  Dull  make  anottw  figure  of  u 
mtajr  equftl  fides  an3  eq^l  angles,  dcfciibcA 
«boutt)K  circle. 

«  »ni  iquiangutar  ptTtta- 

'"-gontghim  JBCDS, 

ta    nfcribi    a     tiftli 

M  BifeA  two  anglet  1 9>  '• 
of  the  pJntagoDe  A 
and  B  v^ith  toe  light 
lines  AF,  BF  meeting 
"in  thepoint  F.  From 
F  draw  the  ptrpendlculars  FG,  FH.FI.FK,  FL. 
Then  a  circle  deTcribed  from  the  center  F  thro"  - 
G  will  touch  ^1  the  fijltrtif  the  pentagune. 

Draw  FC,  FD,  FE.  Becaufc  BA  h  =.  BC,  and  b  ftj?. 
the  fide  BF  common,  andihcangleFBAc=:FBC,c  confiy. 
.iithereforeisALF75FCaiidtheanHleFAB=FCB,d  4.  i. 
.       .,        .^.-3.       _    -_^.gcD.  ■nierc-fcl/p. 
).  After  the  fame 
aC^D.Ebifefled. 
f  =FHS,andthef  i>.  ax. 
le  FB  ii  common^  g  a£.  I. 
iilaiif)d''are  allihe 
equu.  Tlierefcrtf '  ' '     ' 
erFiftfo'GMffes 
Slouches  the  fides  htw-ii^f 
ie  angles  at  thofe 
to  it  Jovi. , 
CoroU. 
Hence,  If  any  two  neareft  angles  of  an  equila- 
teial  and  equiangular  figure  be  biTeded.andftoiD 
that  point  in  which  the  Jines  mectttni  bil'eft 
the  angles  be  dtawii   right  lines  to  theremain- 
ing  angles  ot  the  figure,  all  the  angles  of  the 
figure  £aU  he  bileaed. 

I  F4  *W. 


^ 


Bf  tBe  fiune  method  ftill  a  drdc  be  itfqribc^ 
in  wy  eg^ilateialof  e^^gulat  fi|;yfe» 


A    .w' 


1 


jf iou^  tf  pintdgone  grvpi  ASCPB  tjuilMHval  afl$ 
fftiaiypiiar  to  dcfcrihe  a  circle  FJBCuB. 

Bifed  any  tiwo  angles  of  the  pentagone  n^ith  the 
Tiglit  lines  AF>  pi*  nneecing  in  the  point  F  ; 
thp  circle  deicribeil  fto^  th^  center  f  thro*  A 
ihall  be  defcrib^d  about  the  pentagone. 
.4^  iFor  let  FC,  F  D,  FE  be  drawn*  a  Then  the  an- 
gles C,  D,  £  are  bifeaed  i  h  and  therefore  FA, 
FB,  FC,  FD,  FE  are  equal ;  therefore  the  cir« 
tie  defcribed  froQi  the  center  F  pafles  thro'  A, 
B,  C,  D,  ^  all  the  angles  of  the  pentagone« 
Jthici  ji^as  to  vt  4m- 

■''■''         ♦      ScM 

By  the  fanic  art  is  a.citcic  defprihcd  about  any 
Igurc  which  is  equilateral  a;p4  eguiangulsir. 


I 


FROF. 


.  fHQ^f.   XV, 


«l 


In  a  eirek  giwtn  QJtCJD'^ 
£jF  to  infcrih  an  He^sagtmg 
(or fite-^td fig»H)  fqu.iatergl 
and  eqmMuiar  JBC  hEF. 

Draw  tbe  diameter  AD  I 
from  tbe  center  D  through 
tbe  center  Q  defcribe  a  cir- 
cle cutting  the  cifcle  given 
in  the  points  C  and  E. 
Draw  the  diameters  OF. 
££;  andioinAB,BC,CD, 
DE,EP,  FA,    IhtH  I  fctf 


CD,  DE,EF  are  equal    therefore  the  Ht^l^i^l' 

Ene  is  equilateral,  but  it  is  cquianelcd  alfo,  fc  *?  r 
:aufc  all  the  angles  pf  it  l^nd  upgQ  eqUU         *' 


arcbes. 


CoroU. 


I.  H^nce,  Th6  fidjB  of  an  Hcjogone  infijribcd 
in  a  circle  is  equal  to  the  femidiameter. 

^.  Hereby  an  equilateral .  triangle  ACE  may 
yttj  eafily  b^  defcribed  in  a  circle  given. 


SeioL 


r?  make  a  im  Hexajnm  upon  a  tigit  linfi 
given  CD. 

a  Make  an  equilateral  trimtgle  tOD  i$onthe  Jndr. 
line  given  CD  5  from  the  center  Q  thrp'  C  and  Taef^ 
X^  defcribe  a  drcle.  That  drcleihallcontain  the  a  i.  !• 
Mcxagonc  mgde  upon  the  given  line  CD. 

PROP, 


\. 


#1  -ThfimikBoiiift  iMk 


\ 
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In  a  elrelegiven  JtiCi6infevtbe$  fuindee^gonc 

J IX-  4f        a  Infcribe  A  cquilatcWl  dcntagonc  AE TOH 

*  3*4*      ia  the  circlij  giv^,  /»nd^  lUo  ah  eqUilktbrartrl* 

angle  ABC.  thien  tttftt  is  the  fide  of  t^e 

^     quindccagonc  itqpixti. 

part  BF  is  rr  of  the  periphery  ;  and  thercfofb 
the  quindecagone,  whole  fide  is  fiF,  is  equU^eistl ; 
f  17«  3  *  but  it  is  equiangular  alfb,  i  becaufe  all  the  angles 
infifl  on  equal  arches  of  a  circle,  where  every.one 
ff  oftlkwhoKcircumftriitace.  Theidfota,&^« 

StUl  ; 

AeircleT  \^p(^C^jiji6\&.c.^6^^  HoAq;  1. 
wetrioaHy  &•'    Vj,  0, 1 2,l&'r.  by  f  j,  4',  and*^,  i • 
vided  into        '35,io,zo,£^^«by ii^^^andpfi. 
parts.  Ci5f|^><9o,3'r;byi6,4,andp,i.. 

Any  other  way  of  dividing  the  circumference 
Slito  any  parts  p^m^  iafas^et  iAil6ioWtt,  whfere- 
fore  in  the  conftruftioQ  of  ordinate  figures,  we 
ar^^fbrdeS'tb  h«vtf  f^eouife' tb'^Mchk^ickartifi- 
<)^,'<ioncertlkrt^  mMi^  ybti  may  €t>q£plt  the 
.  Wmi«*<tfJp«aiea|(3co<naiy. 
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Htxtp  h  t  magnitude  of  a  magnV- 
tude,  a  Ief&  ota  greater,  when  tliB 
leTs  meafures  the  greater. 

II«  Multiple  is  a  greater  mag^i* 
tude  in  refpect  of  a   leffer,    wtioi 
^e  lejSer  meafui  es  the  greater. 

IIL  Ratio  (or  rate)  i^  the  muti^l  habitude  or 
ftfpe£l  of  two  magnitude.^  of  the  fame  kind  each 
^  IP  other»  according  to  ijuantiiy.    * 

In  eifery  ratio^  ttkt  quantity  wbicb  isrefentd  to 
another  quantity  u  catedthe  antecedent  of  the  rati9^ 
0nd^tbat  to  which  the  oijfevis  refernd  u  called  the 
confequent  of  the  rattOf  as  in  the  ratio  of  6  ^o  4, 6  tr 
the  antecedent^  and  ^  the  confeqt^nt. 

Note,  The  fuatfttty  of  any  ratio  is  known  hy  divi^ 
^7{g  the  antecedent  b^  the  ewrfequtnt'^  Oj  the  ratio  afiz 
to  i  is  expe§^  by  \^(fir  the^antitf  afthe  ratio  of  A 

taV^if  g* «  Wbirefatf^iofttnfor  brevity  fake  jwe  denote 

A  C 

tte  quantitierofrations  tbmi  g  c?%  ot^=>  oT  -:3  g, 

idiat-is^  tberati»(djtafi  itfpretU^:,equ$l\orM^than 
ibe  ratio  of  Cto&n  Jni  ihs  vote^  niufi  be  duigentlp 
offerved  in  the  unde^fiani^ing  of  the  foUamivgoook. 

Concerning  the  divers  ffecies  of  ratio's^  you  ntap 
^eafe  to  coitfult  Interfreters. 

TV.  Proportion  is  a  Umilitude  of  ratio's. 

That  whcb  is  bett  termed  Proportion,  is  more 

rightly  caflfi  PioportiooaUiy  or  Analogjr  S  /^ 

fr(y 


t  ,•« 


fa  fie  fifth  Book  ef 

betwixt  two  m^gmtui^. 

V.  Thore  nuoibers  ire  faid  to  bate  a  ratio  be- 
MtptttheiQ,  yrbl^  bc^iig  spHlfipliod  may  qeecfbi 
one  t{ie  other. 

£,ia{A,  ^  B,&|G,a4*  ^'«  Magnitudes  are 
tfJo}jCfioJ)asMfio.   (aid  to  be  in  the  fame 

ratio,  the  firft  A  to  the 
lecond  C,  and  the  third  C  to  the  fourth  D,  whep 
th»  equimultiples  E  and  F  df  tfae  firft  A  •  and  the 
third  C  compared  ^th  the  eauimultiples  O,  H 
of  the  feoond  B  and  the  fourtQ  P,  according  to 
-mny  multiplication  wbatfoever.  either  both  to* 
*gether  £,  F  are  lefs  than  Q,  H  both  togeth^r,or 
equal  taken  together,  or  exceed  one  the  other 
together,  if  thofe  ht  taken  £,  G  and  F»  H, 
which  amijir^r  one  to  the  other. 

TUvf>t$Jkrtof\s\i ;  at  J.B::  C.D.Tbatis^afJ 
htoB/jbTsCto  D. which^fes  that  JtoB^  andC 
U  Dart  in  the  fameratio.  P'ejontctimtt  ihut  cxfreji 

*5g  =  g  that  is  J.M::  C  ZX 

VII.  Magnitudes  that  have  the  fame,  ratio 

g.B::  C*V.  are  called  proportional. 
5oiA,tf,  B,4.(G,^8.       VIII.  iWhcn  of  eaui- 
*  F,6q4C,  12.  D,9.|H,  6^    multiples,  £  the  multi- 

. .  pie  pr  the  firft  magni* 
*^ta4e  A  exceeds  Q  the  multiple  of  the  fe> 
cond  B,  but  f  the  muld^le  of  the  thiixi  C  e«. 
tteds  notH  the  multiple  of  the  fourth  D,  then 
the  firft  A  to  the  fiecood  B  has  a  greater  ratio 
than  the  third  C  to  the  fbuhb  D. 

AC 

ijf •«  C-  j5 ,  i/  ii  wo/  necepaj  from  t^s  definition 

that  EJhcmli  always  eatcetd^  G>  whtn  F  it  left  tbatt 
Kyhut  it  it  granted  that  thit  vmj  he.  • 

iX.  Proportionality  confifh  in  three  terip^  at 
]eaft»  It^tofthefecoiidfuifliestheflaeeoftwo.    ' 

I.  When  I  magpitudi^  A»  B,  C  are  ptoportio- 

mi 


1 


«il,t|ie  firft  A  iiallhave  a  duplictte  fatfo  tt>t1r 
third  C  of  that  it  trnj^thefecand  B:  But  when 

4ft nmnltudesAiByCJD  are pioponiqnal,.  the  firft  . 
AihillhaTe  a  triplicate  ratio  to  the  fourth  D  o£ 
what  it  had  to  the  feoondB  j  and  fo  always  in  oi* 
der  one  aore^  the  proportbn  fhall  be  extended. 

DttflkaterMioisthuseaifreffki^  :s:*^tmic€ftiat 

b I  tkf  ratio  €fj  to  C  is  ioubh  oftho  mtio  rfjio  M. 

Triple  ratio  is  tbuiei^eff€d^t^z:i^tbrice.  That  is  • 

the  ratio  of  A  to  D  is  trifle  of  the  ratio  of  A  to  B^ 
'  4?  denotes eontinual  frofOrtionaU ;  as  A»B,C,D  ; 
or  Z^  691696^9  are  ^. 

XL  Magnitudes  of  a  like  ratiO)  are  ^mtecedents^ 
to  antecedents,  and  confequents  to  confequents  ^  * 
Jls  if  AJi ::  C.Z>.  A  and  C  y  and  B  aniD  an  homo*  * 
((Ufovs  or  magnitudes  of  alike  ratio. 

JtIL  Alternate  proportion  is  the  comparing  of 
antecedent  to   antecedent,  and  oonfequent  ta' 
confequent.  Astf  A,  B::C.D^  therefore  altemMefy^ 
•r hfermutatibn^  A£v.B. D.  hyth$t^.of%. 

in  this  definitionj  and  the  sfpflf^^i  names  art ' 
jffven  to  tie  fix  ways  ofarjfttif^  which  are  often  ufei' 
lij  Mathematicians  :  thence  of  whieb  inferences  de^  * 
fends  on  the  Propofiiions  of  this  Booki  witch  ate  »a-^ . 
tniA  m  their  Exflications.  '    ' 

XIII.  Inverle  ratio  is  wlien  the  tfonreqilent  & 
taken  as  the  antecedent,  knd  f^'compared  to  |h^ 
antecedent  as  the  confequent J' if r  ^i#.  i?  :.:  C.  D. 
therefore  ^eneraUy  B.  A  ::  D.  C.  hy  ^6t^  4.  $. 

-SIV.  Compounded  ratio  is  wlKti  the  antecedent ' 
afnd  confequent  taken  hothasone  are  compated* 
to  tne  confequimt  it  fetf.  As  A.B  ::  C.  D.  there--' 
forehycontf(^tmA  -^B.BiiC^  D:  b  fy  18. 5.  ■  ^ 

XV.  Dirided  ratio  is  when  thee!tcers  wherein^ 
the  antecedent  e^cceeds  the  coriCbc^uent,  is  com- 
pared to  the  confequent.  As  A,  Bfik^D.  therefore  ^y. 
divifion  A^B.  B  11  C— D.  O.hyiy.s* 

XVI. 


94  'fc  J^*  SwI  ^ 

1CV1*  Converfe  ratio  is  wheft  the  tntecedetititf  > 
compared  to  the  excefs  wherein  the  antecedent 
exceeds  the  confeqilent^    JsJ,B::  C.  D«  theft'^  - 
/(?»«  ijf  converfe  ratio  A.  A    B  ::  C.C    D*  hf 
$be  coroU*  of  the  f^i.  fl/f/j>f  y. 

XVli.  Proponion  of  equality  is  Where  xhkte 
ate  taken  more  nkagnitudes  than  two  in  one  Of-* 
der,  and  alfo  as  many  magnitudes  in  another  ot*> 
4er^  comparing  two  to  two  being  in  the  laoMikiaF* 
lio  ;  it  comes  to  pafs  that  as  in  the  firft  oiderof 
magnitudes,  the  firft  is  to  the  laft,  fo  in  the  fe* 
cond  order  of  magnitudes  is  the  fiift  to  the  iaft^ 
Or  otherwife ;  it  is  a  companfon  of  the  extremeil 
together,the  mean  magnitudes  being  taken  away« 

XVIIL  Ordinate  pioportiona^ity  is,  when  as 
the  antecedent  is  to  the  confequent,  fo  is  the  an-» 
tecedent  to  the  confequenti,  and  as  the  confe* 
qiient  is  to  any  otlier,  fo  is  the  confeqUent  to 
smy  other.  As  A  J  ::  D.  E.  alfo  BJC ::  EJF.  itJkaB 
Bejrue  alfo  A^Ci:  D*  F.  by  t%g  zz*  of  the  $.  * 

aIX*  Inordinate  propoition  is,  when  three 
{magnitudes  beingput,  and  oth|eJrs  alfo,  which  are 
^uai  to  theie  iJ)^naultitude,  as  in  the  firft  mag- 
nitudes the  antecedent  is  to  the  conf«queut,lbia^ 
i£e  fecond  mftgaitude  is  the  antecedent  to  the 
Confequent  i  and  ^  in  the  firft  magnitudes  the 
confequent  is  to  any  other,  foiatlie  fecond  mao^ 
luti^des  any  other  thing  to  the  antecedent.  As 
Mi^iiF.  G.  c0  B.  C ::  jB-F*  itJbaUbe  true  in  inor*, 
ijnatt  proportion^  A.Cii  E.G.  fy  th  »;•  cfthi^  %, 

XX*  Any  oumDer  of  maimiuides  Deing  put  i 
iM  pioportipp  of  the  firft  to  the  laft  is  con- 
Ipuoded  out  of  tl^e  piop^stJioiis  of  tlie  frrft  to. 
the  fecQod,  tli^  fecoid  to  the  ithird.  and  the 
thrd  to  the^fourtJut^dfo fi>iw<ar4&tifl tlieftoii' 
^irion  arife» 

Let  there  be  any  number  efmagnitudesAVB^C^: 

»  by  thU&i»itk»^=:|4-^'i-§ 

Axtotnei 


\ 


_"%l)lg(liw^<)p  equimij^fcs  t9't^'fVli?  miiUi- 
^re,xitalU)  equimultiplu  bctwiffc  th(nfe}iivf.  ^ 


(?  r  y  y^JL. 


lam  man  fo- 

'lean*  magnt' 

the  quantitf 
IX,KDthe 
F-.  The  num. 
I^ow  whEfcag 

'-^'-  -* 

mmpni  t  to 

tbtfirjt   a  ^    . 

£.  CdQ)  ht  e^tmtiltifle  to  the  feemi 

C,  « i£e  f^i'J  etmfmniei  wttb  tie 
fixth  (pH)  it  to  the  fmrtb  F. 
^  ^    ^  ^        TIk  number  of  parts  in  AB  e- 
AO  PE    *!"'*  '"^^  *o  C  is  put  equal  to  the 
number  of  pans  in  DE.   whereof 
Jcxdi'Mlltis  equal  to  F.  Likewife  the  number  of  ' 

Cmln  EG  is  ecgual  to   the  number  of  pans 
EH.    Tberefoie  the  number  sf  parts  in  AB 
|»A9  k«fusl  t9  tbc  aaabet  of  jparts  in  0£  -t- 


Hi 


9^  Jfc  j^*  JB»»ife  ♦/ 

a  ». «*.    FB. « Thttis,  riw  whole  line  AOIs  M eojA^ 
multiple  oFC.  as  the  tvliole  liile  vH.  is  of  F^ 

PRO  If.   1ft.. 


♦.  **  ' 


bsof. 


/  • 


auimultiple  of 
ittetf^r^  EQ  h 
cond  B,  as  FK  - 
the  Qulie  way  of 
multiple  of  B» 


,  tfthe.firjt-j  he  e^umdthh 
of  the  hcanlB^  atti  the  thiri  C 
of  tbefourtb  D,  arid  then  h  ra*^ 
ken  EI,  FM  eqUiiAuUipks  ef  tie 


fiffi  and  tbird.  ihenmU  each  df  ' 
the  mdguituies  taken  h  alike 
equmvSiple  of  bothy  the  one  Et 
to  the  feeond  2,  the  other  FM  t0 
the  fourth  D. 

Let  EG,  GH,  Ht  the  pam 

of  the  muitiple  £1  be  equal  to 

A,  alfo  let  FK,  XL,  LM  the 

parts  of  the  itultiple  FM  be 

equal  to  F,  a  the  numbet  •f 

tfiete  is  equal  to  the  liuoibef 

of  thofew    Moreover  A  (that 

is)  £G  or  GH,  or  HI  is  put  as 

B,asC,br  FK,eff-ofD.  * 

-  6H  is  touimultiple  of  the  fe- 

¥  KL  is  of  the  fourth  D^   e  By 

argument  is  £1  (EH  -|  HI)  as 

as  FM  (FL  -4*  LM)  is  of  V* 


'  i 


•  >  .  '. 


f-ROK 


-^  ♦ 


•  r 

I 


:  I 
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SUCUDE'i  Ekiims\ 


Ifjhe.fir/t  J  have  the  [ami  rdth 
tothefec^iMi  as'tVn^iVn"^ 

fourth  D'h    '*^«  ^^/?  «£-^^  F  n>« 
equmidtipUs  ofihcfirft  Jkand  the 

third  Cy  fiaU  have  the  /ante  rati9  to 
Q  and  H  ,the  equimultiples  of  the 
feceird  Band  the  fourth  i),  accordirig 
tQ  091^  tnjultiflica^ion^iffo  taken-  m 
tJjey.anfwer  each  to  other.  (E.  G :: 
F.H,)  . 

Take  I  ;ind  K  the  cailimulti- 
ples  pf  £  and  F  ^  and  ^llo  L  and 
M  tbe  ei^uimuUiples  of  Cj  and  H. 
a  Then  15  I  as  multiple  of  A^  ^s  a  ^»  54 
k  of  C  ;  a  and  alfo  L.  is  as  ii^ul- 
tiple  of  B,   as  M  ot  t>.    t'hei(B-5  *ju^/ 
fore  whereas  it  is  A.  B  ::  CD;       '^ 
according  to  the  fixth  definition^ 
if  I  be  cr,  =:,  "d  hy   then  confe- 
quently  after  the  fi^me  miSiiiner  iis 
K  cr,  :=::,  -3,  M.  Therefore  wlifen 
I  and  K  are  taken  as  multiples  of 
E  ai?d  Fj  as  L  and  Mof  G,  and 

Mi  then  .>vlll  it  be,  by  the  feventh  definition  £• 

G  :;  Fi  H.     Which  was  to  he  dem. 

....  .     CoroU.  \ 

:  .1  .  .  ,  -     I 

From  hence  is  wont  to  he  dembt^rate^  ifje  prdpf 
ef  invetfe  ratio,  t 

'    For  be caufe  A.  B  ::  C.  D,  therefor*  if  E  c!*, 
c=,  -D O,  then  is  c  Ukewife  F   cr^^i^U^c  ZideK 
therefore  it  is  evident  that  If  G  cr,  =,  -3  E,       . 
then  i&;H. cr,  rr,  -3  F ,  ^  therefore  B.  A ::  D.  C.  d  6.  def.  {4 
Whkh  was  to  he  dem. 


^ 


•■"  ».    i 


.10  a  I 


fRdp. 


ft 
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e  }•  ax. 


ri^lMgi 


ir 


#-Tri 


%hp  sf  mwt^  of: a 
magnitude !  (3),  as  ia 
part  taken  from  the  qlie 


JE  of  a  fart  taken  from  the  other  CF]  the  tefidke 
of  the  onefiaU  It  as  muUifle  of  the  rMue  of  me 
other  FD  as  the  whole  JB  is  of  the  whilejCD.  ,^  ! 

Take  anr  other  G A,  whidi  ihall  b«  as  m\k- 
liple  i6  FD  the  tefidue,  as  AB  is  ortlie.  wiic|e 
Cb,  or  as  the  part  taken  away  A£  i4  c^the  pan 
taken  away  CF.  a  The/efoie  the  wMp  uA;  -f- 
AE  is  as  multiple  of  the  whole  CF  '^  FD,  ag 
the  one  A£  is  of  the  one  CF>  that 'is  as  Aft 
is  oi  CD.  therefore  GE  *  =  AB ;  and  c  (o  A£ 
that  was  common  being  taken  away^  '^herei  i^ 
mains  GA=EB.  ^  j      11 

PROP.   VI.       i  *  4 

If  two  magmtuiesABfD  heeq^ 
mtittiples  of  two  magnitudes  £,  /f ; 
and  jome  magnitudes  JOand CH^» 
ouimultipliss  of  the  fame  fe,  F,  he  A- 
ien  away ;  then  the  refidues  GB^  Mb 
are  eitJjer  e^val  io  thofe  magnititdoe 
£*,  f  ,  or  elfe  equimultiples  of  them. 

For  becaufe  the  number  of  parts 

in  AB«  whereof  each  is  equal  to  Ef 

is  .put  equal  to  the  number  of  parts 

1*1  Cl>,  wheietrf  each  is  eqtiat  to 

F,  and  alfo  the  number  of  parts  in 

^     AG  equal  to  the  number  of  pirtf 

^  If  from  one  you  take  AG,  acdfrom  tht 

a  J.  ast^i^  other  Cp,  ^  thfen  remains  the  number  of  paitt 

*  ^    in  the  remainder  GB  equal  to  tte  number  of 

parts  in  HD.  theretore.if  GBbc  oncfe  E,  then  k 

HD  once  F.  if  GB  be  anany  times  F,  then  is  HD 

lb  of  p.    U'hich  was  to  he  ^em. 

^  tJlOP^ 


1» 


« 


ihCH 


WCUam'i  MUmmtti  ^ 

PRO?.   VU, 

iuJii  4  and  S 
kavt  to  the  fant 
magiutude  C  thk 
fane  froMrtion  or  ratio,  dxi  m  and  the  [aM» 
magtimdiChas  tbtftmerdtio  to tqual vi'agiaittiei 
davdB. 

Take  D  aiiH  E  equimultiples  of  die  equal 
'  magnitudes  A  and  B,  and  F  xnjr-wiTe  irhlltiple 
ofCj  then  iaDa  -E.  Whtjefore  if  D  cr,=:,«<Si  *« 
-a  F,  then  alfo  E  \rm  be  :r ,  =,  ra  F.  i  tbcre- b  &  A/,  j. 
fore  A.  C ::  B. C.  and c  bjr  iiiTeifion  G.  A  ::  cCccat.^t^ 
B.   .WT^ifwMta  it  dm, 
ScM. 
If  tnAead  of  the  muldple  P,  two  equidniiribles 
be  taken,  it  ifaall  be  ttu  f^me  my  prov'd  that 
equal  magnitudes  have  the  fame  ratio  to  other 
iiiu;iti|ii(us  that  are  eqlul  between  tbi^mrelves. 

'  •■ '  t  R  o  P.  Via. 

magmtuiet  Ji,  AC,  tht 
V  a  greater  rdt)o  to  th» 
D,  than  the  U£er  AC  \  and 
ItMDhath  a  greater  ratio 
C,  ti*t  (•  tie  greater  At. 
EQ  equimultiples  of  the 
,{a  that  EH  beiog  multi- 
freater  than  EG,  but  leffer 
licH  vriil  ea£ly  ha^ ptn,  if 
'  QF  be  taken  greater  tlian 

milgft  from  i.def,  {.  that 

■  nfhedait. 


too 


a  8.  $• 


b&$. 


a  7.  5. 
b8.5. 


C7.  J. 
d  8.<i. 


PiltfP.   «* 

,  ilf/tiif  have4h^fam€  ra$io^  are  eqUHMhe  die 

^0^'  1^^  tf/i&er,   ^»4  .i/  ^.  m&gmude  bam  ihe 

fame  ratio  to  other  majgnitudesytbofe  magni* 

tudes  are  eftial  one  )to  tJje  other.    ■ 

ABC    I*  Hyp.  If  A,C::RCi  Ifay  that  At=:B| 

For  let  A  be  greater  or  lefs  than  C^a  then  is 

A  K  *^ 

.  7j  cr  Of  ":3  •p;,    Which  is  contrary  to  the 

Hypothefis.  -   -'     ^  . 
z.  ffyf  If  G.  B  ::  C.  A.  I  fay  that  A=R  For 

let  A  be  tr  B,  i  then  -6  cr  '^.,  Wlkb  is  againfl 

tic  ffyfatbsfis. 


J  •  ^ 


^K 


PROi?.  xi 


AB  C 


I  Of  magnitudes  hiving  ratio  to  the  fanle 
magnituie^  thatwiifhl)^s  the  greater  ra* 
tio^  is  the  grvater  magnitude  j  and  that  mag- 
nitude  to  which  the  fame  carries  a,^^aHP 
ratio  is  the  lejfer  vndgnitude*  ' 


I.  Hyf.  If  §;tr,§ 


fay»hat4tr]B 


For  if  it  be  faid  thi^t  A:s=B,  Athcn  A.|c]:  PJC. 
JHiich  is  cpnuary  to  thS^  Hyf,    If  A-3Bii  iherf is  ' 

^^  -^  ^     Which  isalfo  againfl  the  Hyf.  X    t 
.     2.  Hyp..  If  B*  CT  -Tj  I  fty  that  6*7 A-  fi>r  if  J&u 

.     '    13      A  *  i 

TayB—^,  it's  againft  the  Hypothecs,  for  itvfiU 
IT  follow;  that  C.  B;;.C.'A.  If  you  fay  B  irA,4 

then  i.';  r  c"  w,  Wlneh  is  al/o  againjl  the  Hyf^ 


PROP. 


EUCUDEV  nkfutnts. 

P  R  O  P.    XL 

O     I'    — ■»- H  '     1'  I '  I       I— ■ 

Br"  J  .  '  ■  •       D— — "N-        F 

fy    -  '■  li       ■  » I    ■ «  — •  L  • '  I  »       ^1'    •••        111 ' 


Proportions  wl^cb  are  one  and  the  fame  to.  any 
tbirdf  are  alfo  the  fame  one  to  another. 

Let  A.  B ::  E.  Fj  and  6.  JO  .•?  E.  F.    I  fay  that 
A.B  ::  CD.  Take  G,  H,  I  the  equimultiples  of 
A,  C,  £ ;  and  K,  L,  M  the  equimultiples  of  B, 
D,  F.  ff ow  a  becaufe  A.  B ::  E.  F,  if O  cr,  =i ^  ;^ 
■raK,   ^then   stfter  the  fame  manner  I  c",  '==^Y,7^i^t^ 
--2  MrAnd  likewife  a  becaufe  E.  F  .-:  C.  D.   if  °^-  ^^*^' 
I C",  ^^,  ":3  M,  h  then  is  H  likewifecr,  tr,  ra  L. 
c  wherefore  A.  B ::  C.  D.  TTbichwat  to^ie^km,    r  6.ief.  <• 

SeboL      ■       '      }  ^  \ 

Proportions  that  are  one  dnd  the  faine  to  the 
fa^o  proportions,  are  the  fame  betwixt  them- 
felves. 

-'  PROP.    XIL     ^ 

a  — ^, H^-^— .- — u-i. 

B    ■  I  D       '  »        .  *  F 


jy  qnjHJumlerofviagnitudes  J^B-^  ^,0;  EandF 
he froportionais ;  ^ i  one-ofthe  Jntecedents  Ji'ttaone'      ' . 
of  the  Corifeqitents  B  -^  fo  are  aU  the  Jntecedents  J^ 
C,  E  to  ai  the  Confequents  Bj  D,  F. 

Take  the  equimultiples  of  the  antecedents  G, 
H,  I,  and  of  the  confequents  K,  L,  M.  Becaufe 
that  as  nmltiple  as  oneGis  of  one  A,/i  fo  roulti-  a  i,  $. 
pies  ate^U  G,H,I,  of  all  A,C,E ;  and  likewife 
as  multiple  as  one  K  is  of  one  B,  To  multiples 
are  all  K,L,M,6f  all  B,D,F.  moreover  becaufe  A. 
B  y ::  C.  D  h ::  E.  F.  ifGbe  tr,  --,  6r-i»  K*  then  b  hyf. 
will  H  likewife  be.  CTt^^-^r^L,  and  1 C", — j'T^  M. 
and  fo  if  G  [r,r:,r>K.in  like  manner  will G-i-  I 

H-^I  be  cr,  — ,  -:3  K  -+  L-hM.  c  wherifore  A,  B ::  c  6.  def  j. 
A^fC^^f..  B  H-  D  -h  F.    Vhich  was  to  he  dem. 

G  },  Co- 

/ 


)fgm  thi  J^b  B^ok  ^ 


CoTtnh 


From  hence,  if  like  proportionals  be  added  ts 
like  proportio|ials,  |£e  wholes  ihall  be  pror 
poftipoarl 

.   •  r 

PROP.  xra. 


"   V  ■?-.  •  C       ■    ■   »'— ■    £■  ^    :**■ 

Ifthejlirfi4^avetbefamergfiQto  tht  feewit^ 

.     f*tf;  tAH  rtW  C  has,  to  the  fourth  D  ;  and  if  tbf 

third  C  have  a  greater  frefortion  to  the  fourth  b^ 

than  theffth  E  to  itefocth  F  %   thin  alfo  Jh^U  the 

pft  A  have  a  mater  ppfortiw^  to  tie  fecond  M^ 

thav  the  fifth  E  tathefixth  F. 

Tajte  p,  H,  I  eQUimykijpl^  of  A,  C,  E,  and 

^  ,^,  X,L,M*eftuimuluplesofB,D,F.  Nowbccaufe 

a«.rf€fj^thatA.B::QD,ifHirL.  4thenisQ  c-K, 

b  8.iff,5Tbut  bepaufe  -  cr  |,  |r  i?  may  be  that  H  cr 

.  A  *    ]^ 

c  g;  rfff.J.L,  and  yet  I  not  c  M.   «  Therefore  g*  IT  jr  • 

.    If^ich  was  to  ie  dfm. 

SchoL 

$y  t  if  £  -n  I,  then  alfp  is  4  "a  I,  Alto,  if 

,        _  *^-      r     ■  .     .        iJ        r 

t  «="  5  =^  I' *^«"  ^5  fj^l.       And    if 
*    ^£_,E     i,     •    A      E 

PljtJp. 


•    1  >. 


«n 


J  --—»*• 


.^/ 


jrjf ffe ji^Mteu  -.^ ,  - 

'*  fttwi  -Bf  i^i'tt/  nJfybinrC  httt  t(tthtf(Juttb 

.  |>  ;  Mii  ^thepfi  4  i^  greater  than  the 

Vihird  C  \  thnJM^  tUju<mdB  he  greater 

\  than  ihe  ,fm$bj>.  But  if  tbefrfi  A  he 

i  I  ^lalJ^thethiriC^thentbefeeoniBfiaU 

I  f  hgetmal  to  tbefimrthp.  httt  if  J  he  leffetf 

\  VAeuBalf^iiiller. 

M  ♦  '  Let  ArCrfthen  ^c*  £-^  butaa$. 
A  BCD  ^       »  b*ff. 

|.c:  ^.  rttcr?;ore gtr,  ig.  f  thcret  c  ij,  5. 

B  cD.  By  the  like  way  of  arcument,  if  A*dC, 
^  then  is  B  "O  D.   But  if  A  be  put  eq(ual  to  C,  d  lo.  ^ 
then  C.  B ::  e  A.  B/::  C.  D.  g  therefore  B  ni  D.  c  7.  5. 
|^>jc&  ir/i^  to  he  dm.  ■  f  ity/. 

*  A       C  o.  < 

By  in  ^fgumeat  i  /oyiwri,  if «  -3^,  and  A  5^  ^* 

ir  C.  then  is  B  cr  D.  tikewife  if  A  =  B,  then 
isB=;D.  andifAtr,  orrDB,  thcnalfoisC 

qr  or  *^  P- 

PROP-  /ly.  ' 

P^m  C  andKare  in  the  fame  fatio^whb 
their  like  multiflii  JB  and  DE,  if  taken 
corre^ondentj^.  >  (JB.  DJ£ ::  O.  ^0  ^        , 
H    Let  AG,  GB  parts  of  the  mi^ltiplc 
AB  be  equal  to  0,5  and  let  DH»  HE        .       - 
parts  of  the  muhiple  DE  be  cquil  to  F. 
<f  The  number  of  thcfe  patts  .is  equal  to^lyf. 
the  number  of  th^fe.  Therefore  whereas  by,  j. 

.2  Ah  AG,  C ::  I>H.  F,  and  Qfi,  C|:  HE.  F, c  ii,  $• 
'^^theieforeis.A0-GB(AB.)DH-HE        /     ^ 

rPE)  :.  C.  f.    jn^fi  n^stn  he  4^t. 


y 


Ipf 


•'J*?  )0i  J^mI  9f 
PROP.    XVL 


t 


I! 


+— 


■^T 


i^/b»r  magnHudes  Jf,  IT,  C,  2)  iefroforiioiuijl^i^ 

olfoJbaU  B/ alternately  poportionat  (A,  C  :.^B.  li) 

Take  £  apd  F  equimoltipios  of  A  and  B ;  take 

alfo  Q  and  }i  equimul'tipM  of  Cand  Ds   Theie*' 

jl  1 5-  s.    fore  E.  F^  i:  A,  B  *  ::  G.Da  ::  Q,  H.   Where. 

b  hyp.       fore  if  E  cr,  "^i  "^  G|  c  then  likewife  is  F  cr, 

C  U.S.®'  =,  -:r  H.  i  Therefore  A-  C ::  B,  D.  ^  JThieb  wae^ 

14-  5;-     ^0  tp  ^<fw.  '   , .      .  ' 

^6,def*$.  SchoL 

Alternate  ratio  has  place  only  then  when  the 
quantities  ap  of  the  fame  kind.  For  heteroge- 
neous quantities  are  not  pompared  tc^etl^er« 


PROP.  xyif. 


N 


O 


^^t  J- 


c  (5.  igT. 


ijf  magnitudes  compounded  he 
proportional  JB.  CB  ::  UE.  P$.) 
they^all  he  proportional  alfo  when 
divided  (JC.  CB ::  DF.  FE. 

TakeQH,HL,IK,KM,  in 

order  the  equimultiples  of  AC, 

I  CB,  DF,  FE  5    and  alfo  LN, 

M— .  MO,-  the  equimultiples  of  CB, 

/  I  FE.   The  whole  GL  is  a  as 

J  multiple  of  the  whole  AB,  as 

J  pjie  Gil  "of  one  AC,   h  that  is 

as  IK  of  DF,  cor  as  the  whole 

IM-  of  the  whole  DE.  •  Alfo 

m^  (HL-^  I.N;  is  as  d  inUltiple 

n  J.'  ' '  1C  -^ of'  ^B,  as KO  fKM -^MO)  is 

^  ^    ^-        ofFE.   Therefore,  whereas  by 

Hyp?.  AB.  BC ::  DE.EF.'  if  GJL 
be  cr,^,-^  HN,  then  likewife 
e  wiUlM  cr,r^,-^KO.  Take 
I  from  thefe  HL,  KM  th^it  are 
^  equal  i 


^HH 


.€f      f 


e^li^l  aiid  if  tfae vitiiiainder  OH  bee,  ==:,  rst 
LJN^i/tben  wiU  IK  c-,  -,  -?-  J4D,  £  whence? f  5.  «. 

PROP.    3tVHL.      5       '        ^     •     ^ 
^     1  F         If  m(^:»^i^s  ttwid^9  pcpof^wM^^ 
Gyj     ,    US.m:;D£'£F)  iii  fame  01/6, 

J.  2        Forif  itcaDh0,ktAB.CB.vDF^* 

FQ  -:3  P£-  a  thtti  by  divifion  will  a  17,  y. 
AB.BG  v  DG.  GF.^  that  is,  I)G,&  /hr/,  A^ 
OF v.DE.  EF.  and ' being  DGtriu  5.  •     • 
VEjC  therefore  is  GF.r'EF.  d  Wliich  c  t^%. 

is  dhfiird.    The  )|ke  abftttdity  will  fellow  if  it  ds^^M. 

|)c  faid  AB.  CB ::  DE.  GF  c  Ff .    - 


B 


AD 


•  .J 


P  JIOP.    XIX. 

A  -I -r— B,f :       to  tU  whole  DE  ds  tH   •*  *  ' 

F       \       E   |irfy/  taken  away  JfC  it 
JX  '!'  ^'    —'I''"  to  the  part  taken  away 

:  l)F^  then  JbaU  the  rep    . 

Ju^  Cf  &e  ^0  ^^^  re/^2/^  F£  ^  tbewhole  AB  is  tdi 
ihi  whole  DE.        •    . 

.  &caufe  a  AB.  P15  .•."  AC  DFf  *  therefore  by  a  itf. 
permutation  AB.'AC ;;  DE.  DF.  e  and  thence  b  la  j. 
fydiyiGon  AC.  CB  ;;  DF.  FE.   J  wherefore  c  17.  5* 
again  by  peiflautatlbn  AC.  DF ::  C?.  FE.  d  that  iht*& 
is,  AB-  DE  .vCB.  FE.    JTbicb  was  to  tedem.     "•  $• 
-        *     "  ■  ^    CoroU,     .    . .  ^ 

Hence,  If  like  proportionals  te  fubftrafted 
firpn)  like  proportionals,  the  refijiuei^  ihaQ  be 
prdportioimk  '    *  •'^ '    * 

i:  ffejice  is  coneerfe  ff^tio  demoMififf^^^, 
Let  AB.  CB  ;:  DE.  FE.  Tfay  that  AB.  AC  ;:      •?  - 
DE.  DF.  For  by.^  permutation  AB.  DE  :;  CB.  a  itf  ? 
FE.  h  theref.  AB.  DE ;:  AC  DF.  whence  againbuy.  J,  ' 
by  permutation  AB.  AC  ;;  DE.  DF.    Which  w^i^ 
tgfhedem. 

PROP. 


•? 


it<' 


•.•t^ 


rnmimty  wmh  heh%  JoSen .  i»a  tbkk 


It9^  in  $aeb  ffria  Aeiu  the  fame  va^ 


iBantbi  tBfiC^  thenfiaU  tl^fmtth 
,    .  Dhe^ifkaiefthafttUfix^bi^.  Mulif 

ABC  O  Tmbi^0J  he  eptal  ie  the  thiriC^hen 
c  V  *  '  " '  tie'fntrth  B  ish  to  thefxth  Fi  ani^ 

-  ArlifAleJ^tJnmC^fiJynktsthinP. 
Biff?        t.^.l^JLc<^Btcm{taSi.V::B.C.bfhin^ 
heenu.%*.  :  C     A  * 

8. 5«         FAD 

dfehelti. g  "^  g  o^  f ,  ^ thcieforcD-F.  Wi  V.to  leiem. 

5*»/v'  <         z*Hyf.  By  the  fame  way  of  argument,  if A-^C, 
fl%^-    itwilfappcVtlutD-:»F. 

'•^'  ^         ;rROP.  XXL 

ff there  he  thee  magnitudes  AfiyC^ 

etna  other t  alfo  JD^  £,  F  i;^!/^ /  la  i7;m 

in  numhir^  ipiich^  taken  two  and  two 

,,are  in  the  fame  ratio  ^  and  their  pfo-^ 

I  portion  inordinate  (  A,  B  ::  Jf.  F, 
and  B.  C ::  D.E.)  and  if  of  equality. 
I  I  \  the  firfi  A  he  greater  than  the  third 
M  }  C^thih  is  the  fourth  D  greater  thdn 
A  B  C  D  E  F  theRxth  P  :  hut  if  the  firfi  he  ejuat 
I  .        to  ioe  thifdf  <then  is  the  fourth  equal 

t^thejixthi  ifiefsy  fo  is  the  other  likewife. 
I-  Ifyf.  If  A  cr C 5  then  becapfc aD.E ::  B.  C, 


I 


b8.  $« 


C     A 

therefore  jBiterfdy  E»D  :i  CB.but  •s^'^s*  ^Jtliae-' 

E      A  E 

c/tfioti j.Ibic  g  "^  5»  that  isi|;,  <{  th^refpr^  P  cr  F.     ^ 


tVCLXDWs  Mkmati 


SflflU' 


I 

i 

1 

I 


I 


%.  BfP.  By  tl)iD  XSKt  9tgmtmt  if  A-nC|t|ieti 
is  0"*^  F»  •  \  ^ 

}.  Hrf'  If  A  =  C  ;  thtn  bccatfc  jj,©  ::  f  C,c  7.  5, 
Er:  e  A*  B  .V  /  E.  F,  g  therefore  is  I)  =  F.  f  Z^^, 
"^TbUh  iMs  to  U  im.  8  9*  S* 

PROP,   XXII. 

\  f  If  there  he  any  namm 

I  I  .     her  of  magnitudes  JJi^ 

I  I  C,  /iffi  others  ejual  tof 

them  in  number  t>^^P, 

which  taken  two  and 

-    ^     .    ^,  ^  ^    .    ^  two  are  in  the  fame  ra^ 

^^  9  ^Pr^  Ir^tio(J.B::l5.E.ani      } 

OIL         H  K  M      B.C::  E.F)  thejtbaU 

he  in  the  fame  ratio  aU 
fo  hy  quality ^  (A.  Ct: 
D.P. 

Take  G.  H  equi- 
multiples  rof  A,  D  5 
andl^KofB,  £;aod  '  i  ' 
alfoL^ofCF. 

BcctuTe  4  A.^::%hff. 
p.  £,  h  therefore  G.  b  4«  <• 
I  .V  HX  and  in  like    '  -^      * 
manner  L  L  .v  K.  M^  ^  * '    '' 
therefore,  if  Q  c,:i:i,       •?     ■ 
"^y  L,.4?  then  is  Hc%  rr,*^  M.  d  therefom  A^c  xo. ^ 
C .-.'  £)•  F.  By  the  &me  way  of  demonftratjbn  if  d  &ief.S* 
farther  C.  N  v:  F*  O,  then  by  e^i^lity  A.  N  .v 
D.  O.    inich  was  to  he  dm,  ^ 


I 


PROP. 


IPS 


.V 


•; 

^^    « 

r 

1 

iPR 

t  J 

^ 

r,   0 

^ 

t  • 

L 

« • 

.    \    « 

■ 

* 

^ri 

I 

. 

7*e  ^6  Bwl  iif ' 

PROP.    XMIL  :^    - 

If  there  he  three  magnitudes 
Jjfi^  flni  others  D,  %  F,>?- 
qual  tothemm7iuniber,r»l}ic1p 
taken  twQ  and  two  OM-nn  the 
fame  ratio^  and  their  fropor^ 

A  *B  C  D   E  .F  tionalHy  ikordinate  (A:B ::  E. 

G  H  K  I    h  UF.and  B£::  D.  E.)  theyjhalt 

he  in  the  fame  ratio  alfo  hy 
equality. 
?  Take  G,  H,  I  cquimiltii 

$les  of  A3>D)And  aifo  K,L9 
t  equimultiples  of  C,E,F, 
,  Then  G.H ::  a  A-B  ;;  h^  E.F 
at5.  ?•  ill  ^••L4lW.  Moreover ^cAufe 

hhyf.  *  f        i*  B.C::D.E,  thence  is  (?H. 

c  4*  S-  1  K :;  LL ;  therefore  G,H,K> 

j  ,  and  I,L,]Vt  are  according  to 

I  •  I       XI. 5,  Wherefore  if  G  be  cr, 

2=r,  ra  K»  then  is  likewife  Icr,  :=^,  ":3  M.  and 
'  ^  .^  fo  i  confequcntly  A.€  ::  D.  F.  Vbicb  was  to  be 
•  6.  ^•S^dcmonjlrated. 

ff  there  Ve  rmwe  magnitudes^  than  three j  ihn  way 
"  :•  '  of  aemonjbation  holds  good  in  them  alfo.  * 
.^  ...  »...*.'.  CoroUm  * 

*zz.&z%.     From   hcnoe  *  it  follows  that  ratio's  conir 
5.|i«^i0.jiounded  of  the  fame  ratio's  are  among  tl^em- 
•^i-  !•       {elves  the  fame  5  as  alfo  the  fame  parts  of  the 
:  ;  fame  ranio^s,  are  aoiong  themfelves  the  Sime, 
.-   ;.  PR  OP.    XXIV. 

A  '"■'■■■  «^— -S^: —  G    If  the  firfi  viagnituie  At 

hitve  the  f amp  ratio  to  thc'fe* 

l^^^Hcond  C,  which  the  third  D  E 

has  to  the  fourth  F  9    and  if 

the  fifth  BG  have  the  fame 

ratio  to  thefecond  C,  which  the  fixth  EH  has  te  the 

fourth  F,  tien  fiaU  the  fitjl  compounded  with  the 

Mffh  (jft^  have  the  fame  ratio  to  the  fecond  C, 

vUch  the  third  compounded  with  the  ^th  (J>H)  has 


C 

D 
F. 


to  the  fourth  f. 


For 


EVCUDEs  EUnrnti.  ^^ 

JFor  bccanfe  a  AB,C ;;  DE.  F,  and  by  the  Ifap.  a  fc*. 
ana  hiverfK^  C.  BG ;;  F-  EH ;  therefore  by7e-  b  m.  u 
quality  AB.bg  .vDE.  EH.  whence  by  com- 
pounding  AG.  BG  ;.•  DH.  EH.   Alfo  c  BG.  C  .•:  c  hp. 
EH.  F,  Therefore  again  by  h  equality  AG.  C  .v 
DH.  F.    Which  was  to.  ie  dem. 

PROP.    XXV. 
If  four  magmtud€s  heproportumalUi. 
O)  •••^.i')  the  grtattjt^  anitbe^ajt 
'F-J^aU  he-peahr  than  ^ht  rtjt  CD^  and  £. 
Make  AG=E,  and  CHrzF.  Becaufe 
AB.  CD :;  a  E.  F ;;  h  AG.CH.  c  thence  *  bf- 
IS  AB.  CD  :;  GB.HD.  d  bnt  ABcrCD.  •>  7-  J- 
e  therefore  QB  cr  HD.  But  AG  -i.Fz:=  c  ig.  $• 
E  -*.  CH,  therefore  AG  -+  F  ^-  GB  C"  ^  %• 
a; CE&^  -1^^  *^  HD,that  is,  AB  -^  Ftrt,  ^fiboLt^f 
H.  CD.    Which  WAS  to  he  dem.  $• 

JAc/e  Fvofofitiofis  which  foUow  are  not  Euclide*!, 
hut  taken  out  of  other  Authors^  and  here  fuhjoim^ 
-:hecaufe  of  their  ftequ&nt  uje.  "        ' 

■  PROP.    XXVI.  ...  ,       _ 

A*  "  C.rrr-~ '       Ifthefifi  have  a     ^i  •      \ 

B"  ■        D— ~»    •  ^W^'  froforthm  t0    ' 

£-  .  ^/^^  fecondf  than  the 

third  to  the  fourth^ 
-        ,  <*««  (^Antrariwipe^  h§ 

converfio%  the  fieond^  J^aU have^'Ufi poportiom it 
the  firfi^  than  the  fourth  to  the  third. 
ft  A      C  '  "  B      D 

•  "*  "S  «^  K.  I  fay  that.T  "^  ?.  F««taai»B 

B      B      '    'S  '        •  '»*0' J* 

T^T^.^-rrT'.mtwi  to  t^facgni,  ikon  tie    "  •;  '; 

ffjiortttn  to  the  thiri^ltan  tkefimin  thfimh^ 


^X#  <ne  fifth  BM  cf 

•AC  A      B 

let  "g  c- g.  thctt  I  f»y  ^  c^  g.  For  ceiceitr* 

i       C  A     E 

a  lo.  <•    5"  ^5'  tftheiefore  AcE,iand  thei^te  ^^^ 

b  !•  f»  B 

P  R  O  P.     XXVIIL  ^; ; 

A>— *— ^  ji     SI  J    t  : 

Ifthefif^  Hvfi  ^  greater frofoftion  to  thepcpnd 
than  the  t1j»i  to  the  fourth^  then  thefirft  co^f&Uf^'i 
^    ,  ,  .  ed  with  the  foeondJb^U  have  a  greater  propprhor^  to^ 
r  tiefecondy  than  tbti  third  comfdunM  with  the  fotktb 
to  the  fourth* 

Let  g§c- 1|.  I  f»y  th«t  ^  cr  ^1  For  con. 

GR     DE 
a  10.  $ .    ceivc  ^^  =^  a  therrfore  is  ABcrOB.  add  BC. 

c  &  <. '    to  each  part,  then  »  wUl  AC  c  GQ.  ^  therefore 

PROP.    IXIX. 
A>^p.,..J|||^      C 

If  the  firfi  fprnpoundci  with  the  feeoi^  have  a, 

t^mimr  piftortknto  thel^ofU^  than  the  tlMeowt^ 

founded  with  the  fourth  oas  to  the  fourth  \  thenhp 

4ix!ifion  thejMfi^kfi^  ajpreat^^jtrpfoi^vm  to  m 

fecondj  than  tie  third  M  thi  fourth. 

...      _    AC     DF     ,      ,  .    A3    DE  tjL^,^ 

•  «••  5-    cdve  tt  n  ~F~*.  ^  tb^;ACc-a<3^  Tike  aMmy 

c  8.  4.    ^BO,  that  is  conjiMoii  5  then  K  remain*  ABtrGR  c 
dt7  <      *  AB     GB  ;     DE     «^., 


B  If  iU^  firjl  em.     .^ 

I--!?-r— --C  fgunMwitb  lb  /is,. 


%  trojunrtion  t9  the  f^ 

eoiutif  than  the  third  camfounaed  with  the  fourth  has 
ti)  the  fourth^  then  h  conoerfe  ratio  Jbai  thefA     ''^ 
cfm^ounded  with  thejfeco9id  have  a  kfer  ratio  to  tm 
frjtj  than  the  third  comptmdtd  with  the  fourth  fit  A 
have  to  the  third. 
^      AC  /   DF   _       r  r      1.    AC     DF 
^^  fC  ^  E  F-  Th^"  ^  f^y  ^^^'J^B^  D& 

AC        DF 
Fot  becaufc  that  gg  «  C-  g^,  J  therefore  bjdirzljf, 

'         AB       DE  ^  ^  **  »^  $- 

fiC        EF  ^*8.5« 

AB"^  ©E  ^'^  ^  therefore    by   coajipgfitiai 
AC       DF 
AB  "^  Bl*   '^^^^  wdsto  he  dem. 

.   PROP.    XXXI. 

A- D-— ^ /jfjfJtefc  &^  tbreemi{g^ 

B"  '"  ■'■■  '  £*■    "^  «■■    nitudis  jf,  JP,  C, ^m^^ 

C' -; —        F  — —       then  cAfo  D,  £,  F^^cutf 

G— .*.,*; ^bYAiemm«fi«^^4«i 

if—- —  if  there  he  s  gi^uitm 

jrof  onion  of  the  firjl  of  tie  former  to  ^  JedmL 
than  time  is  ofthefirft  of  the  laft  to  tbtir  f^mi 

(  B"^  tO  ^^^^^^^^  ^V^  tf^rea^erfrqf^^n^m^ 

thjecqnd^thefrfi  n^agnituinio'thekhirdythan  then 
is  oftUhconiof  the  laft  wipiituds  to  their  third 

iSF  ¥•}  ^"  iy  *f»*4fi^  a^ofia!kVj€  fstao 4 
ihepfi^th^  foervi^r  ^mnit^det  to  the  tliri  he 
jpaater  than  tie  ratio  9f^eJr|^  efi^^^t^  m^- 

Tiitfdet'io  the  third  \Q^^*f.jl     •■'■'''  -•    * 

Cm- 


a  Ta$. 


IK  ;vjttip  fifthBdok  if   '■ 

Conceive  -g  2c^^ii|her€fci^isEcrG,and» 

b8.$:         ^     A     A    ;  .  H  --  D 

c  ig,  5.    tfieiefore  g  cr  "g*    Agaih  conceive  g  —  ^. 

^i^-^  H     A  i  \.         H     A 

«  8.  5.      c  therefore ^*3  •§,  therefore  Auchmore  g  "^  ^* 
t  !*•  $•  AH 

i  wherefore  A  cr  H>  r  and  confequeutly  ^  cr  g 

^     D  ■        .  ^■. 

PR  0  P.    XXXII. 

g  £ niVtt^^x  ^,  ByC^  avith 

r^  F  — •      ^^'^■^  ^'  ^»  ^»  ^^^^  ^ 

.  ^  Car'-    '  ■   '    '^       -  /^^ye  If^  a  greater  Prd» 

'  '■  "   JJ .^  poy/io«  oftlefirfi  oft^f 

fermtr  mAgnituies  to  zhefecond,  than  there  is  of  the 

fecond  of  the  latter  to  the  tJnrd  (g  ^  Ty  ^^  ^'^^ 
the  ratio  of  the  fieoni  of  the  former  to  the  third  he 
greater  than  the  ratio  of  tljefirfi  of  the  latter  to  the 

feaoni  (  S-c-  ^  •  )  then  hy  equality  alfoJhuU  the 

poportion  of  the  firjl  of  the  former  to  the  third^  he 
greater  than  that  of  the  M  ^U^^  ^'^^»*  '^  ^^^  ^^^ 

VC  ^EV 

The  dcmonftration  of  this  Fropofitian  is  alto- 
gether like  that  6f  the  precedent*  j 

*  PRO  P-    XXXIII.        /      , 

E.  ifthepoportioTtpfthewheleJS 

Ji ,  I B    tp  the  whole  CD  he  greater  than 

C— -  T— 0  '     the  prdf  onion  of  tU  parijaken  a* 

F  vf^  ^E  to,  the  part  taken  away 

^  CF'^  thnJbdU  alfothe  ratio  ofjhe 

remaindesEB  to  the  remainder  FD  he  greata' than 

fhat  of  the  whole  At  td  th^^4^  CD:.  .    ^ 


£UCLID£'x  Ekmt»ts. 

Bedtufethjct^ac^p.  i  thetefofe  bypetmU' 

**''*''a1^CT'  ^*^'^^*''  by  converTe  rttio 

AB    CD       ..  .   AB     EB 

jg-rafg,  ami  by  petmutation  agaui  ^j  ^fffi. 


PROP.  xxnv. 


A 
B 
C 
G 


D 


l-: 


If  there  he  anf 
'number  of  magnt' 
tudes^  and  others  dU 
fo  equal  to  them  in 
number'^  and  th§ 
ftcfortion  of  tie  firfi  of  the  former  ta  the  fitjl  of  tb§ 
latter^  he  greater  than  that  of  the  feeond  to  the  /e« 
€cmd;  and  that  greater  than  the  irofortion  ^  thL 
third  to  the  thirdy  and  fa  forward:  all  the  former 
Magtntudes  together fiaH  have. a  greater  ratio  to  ak 
the  latter  together^  than  all  the  former^  ieavir^  out 
thefirjlyfiau  have  to  all  the  latter,  leaving  out  tbe^. 
fiifi  \  hit  lefs  than  thaP  of  the  firfi  ofthjormer  tm 
tie  fitft  of  tie  latter  \  and  laftly  greater  than  that 
of  the.tajt  qf  the  former  to  the  la  ft  of  the  tatter. 

¥ott  may  pleaie  to  coniult  Interpreters  for  the 
demooft ration  hereof^  \ve  having,  for  brevky 
&ke  omitted  it»  aird  becaufe  'us  of  no  ufe  in 
thefe  Elements. 

The  End  of  the  ffth  Hook. , 


"f 


THK 


life    :■':> 

'■'"5". - 


■^ 
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Mr«*>fu»-JU«OTpii><* 


•^« 


Ike  right4ii»d  figi:utt&rABC,DC:^ 
aire  fiich  nvhofe  teveral  angleat  ate 
equal  one  to  the  other,  and  atfo 
their  fides  about  the  ec^l  anglts, 

proportiotiaL  . 

tie  an^B^rnlbCS,  aki  M.BC ::  JOC.  CfU 
MU»tieai^jhzJ>,andBJ.JC::CD.DE.  Uf^ 

tbt  angU  ACB:^  E^  and  BC.  CJ ::  CB.  JJI). 

,  •        •  _    '■  ' 

tt.  Aeclpfoad  figtttea  «•* 
{]^BD^  BF)  when  in  eitlier  fi<« 

gure  are  the  terais  antec^ 
G^  dents  and  confequents  of  ra» 
tio'3,thalsa,  AB.BQ::£B. 
BC.) 


JT 


•k.     «        lb 


III.  A  right  line  AB  Is 
(aid  to  be  cut  according  to 
O  B^ean  and  extreme  propot- 
tioii,  when  as  the  whole  AB 
is  to  the  greater  fegment  AC,  fo  is  the  greater 
fe|meiit  AC  to  the  lefs  CB  (AB.  AC  ::  AC 
CB*/  


EUCUDE'i  EUmatt. 


Ik 


IV.  The  altitude  of  any  fi- 
gure .  ABC,  ii  a  perpendiculai 
line  Ad  dia  vn  from  the  tw  A 
CO  the  baTe  BC. 


V.  A  ratio  is  faid  to  be  compounded  of  two  ijt- 
tio's,  .when  the  quantities  of  the  ratio's  being  . 
multiplied  the  one  into  the  othei,[lo  produce  Cof 
ratio.  Jttheratio  of  J  to  C  it  compoundta  of  the  ratio**        ' 

*  .     ,        ,    «         A      B        A__AB       « loAf.jn 

PROP.    L 

Triay^Us  JBC,  JCt), 
and  fitaUthgraint  BC- 
jk,  CDFJ  w/jiefi  hav* 
tht  fame  htight,  ate  in 
propoition    one    to   tht 
Other,  a*  their  haftiBCt 
CD  are. 
aT»keismawasyoupleafe,BG,aH,«q^l     ,  , 
to  BC,  and  alfo  DI  =  CD.  and  join  AG,  AH,  ■  *•  '' 
AL 

*  The  triangles  ACB,  ABG,  AGH  are  equal,  b  j&  i. 
and  ialft.  the  triangle  ACD=ADI.    Theie- 
fbre  the  triangle  ACti  is  as  multiple  u  the 
triangle  ACF,  as  the  bafc  HC  is  of  the  bafe 
BC  i  and  the  ttiiingk  ACI  as  ^lUltiple  of  the 
triangle  ACD,  as  me  bafe  CI  is   of  CD.    But 
if  HC  C-,  — ,  n  CI,  cthen  is  likewife  the  tti-c/rt.l&r. 
•ogle  AHC C-,  =;:, -^  ACI i    and  d  therefore  do. AM- 
BC  CD  ::  the  triangle  ABC  AGO  .v  #  Pgt-  C£-«  4'«-  OT 
CF.   tnkbmattotidm,  'S'J- 


»» 


tt6 


The  Jixth   iook  of 


A. 


a  i.  I. 
c  1.6. 


Hence^  trmjgks  JBC^  DEPy  and  Pgrs,  AGSCj 
i)EFHj  vfbofe  hafesBC^  EPate  equals  ari  infuch 
froporiioH  as  their  altitudes^  Jly  DK  are^ 

a  Xake  IL  =  CB,  a«d  KM  -^  EF  ;  and  jolti 
LA,  LG,  AID,  MH.  tlien  is  it  evident  that  the 
^  triangles  ABC.DEF ;;  ^  ALI.DKM :;  c  ALDK  :.- 
d  ^i.r.Qfd  pgrs.  AGBC.  DEFH.    inicb  was  to  U  dem. 

PROP.  'IL 

If  to  one  fide  SCofa  triangle 
JBC  le  drawn  a  famUel  r^ht  hne 
DEj  the  fame  JIjuiII  cut  the  Jfd^s  of 
the  tnavglt  propm'tianahjtid^'  jH) 
::  JE,  EC.)  Jtnd  if  tlje  fidet'  of  the 
iS^iriavgle  he  propoytionaHy  cut\ADm 

.. ^i  £D  ::  JiE.  EC)    then  a  right  lint 

TH^^ -^D£  j^oined  jt  the  feBiom  D,  EyfiaU 

it  parallel  to  the  reinainutg  fide  of  the  tYietngU  BC* 
Draw  Cl>  and  BE.  .      :  ; 

1.  Hyp.  Becaufe  the  triangle  DEB  rt  =»  DEQ 
I  therefore  fhall  be  the  triangle  ADE.  DBE  :« 
ADE;  ECD.  But  the  triangle  ADg.  DBE ;;  r 
AD.  DB,' :^nd  tkc  triangle  ADE..DEC.%-.AEi 
XC,  d  therefore  AD;  DB ;:  AE.  EC .      • 

2.  /%.  Bectfttft:  AiD.DB  ;:  AE.  EQ  #that  fe 
the  triangle  ADE  DB.E  ;:  ADE.  ECD  5  jf  there- 
fore  is  the  triangle  DBE  r=:  ECD  5  4nd^  there- 
fore DE,BC  are  parallels.  WJiich  woi  to  he  dem. 

Scholium. 
If  there  be  drawn  iHaliy  parallels  to  one  iSde 
of  any  triangle,  then  all  the  regmeutsgf  the  fides 


a  17.1. 

by.  5. 

du.  5» 

€  !•  (5, 

K  59-  i. 
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ihali  be  proportional  ^  as  is  eafily   dedu^iblf 
from  the  precedent. 

PROP.  m. 

If  an  avgh  RAC  of  a  triatiit 
gk  BAC he  hifiBed^   and   the. 
right  live  ADj  that  hifeBs  the        ;  . 
ungle^  att  the  baje  aljo  ;   then 
fiall  thefegmenis  of  the  hafi      .    . 
iave  the  favif  ratio  that  the 
other  fides  of  the  triangle  have 
(BD.  DC::  AB.  Ac-)    And  if  the  fegments  of  lU 
hafe  have  the  fame  ratioy  that  the  other  fides  of  the 
tryi^gle  have  (BD.DC::  AB,  AC.)  then  a  riphi 
line  M>  dyawn  from  the  top  A  to  the  feBion  ]?,  Jffail 
h^eSt  that'atigle  BAC  of  the  triangle. 

Produce  BA,  and  make  AE  :=:  AC,  and  join 

VyJu.  1 

I.  /TK/^.'Becaufe  AE  rr  AC,  ihciefore  i$  the 
aBgie,ACE  az=z'^.h^\:  BAC  c  zr  DAC  ,   d^  5.  j^ 
tkt:refore  DA>  CE  arc  parallels,    e  Whefei»e|)  ^2  !• 
BA.  AE  (AC) :;  BD.  DC.  -  c  hp. 

^z.Hyp.  BecauCe  BA.  AC  (AE);;  BD.  DC,   /d  ij.  i. 
therefore  are  DA,  CE  parallels  ,  and^  ihetcforeTe  2.  6. 
is^the  angle  BAD  :=^.£  ^  and  theAngle  DAC^f  2.  6. 
.zrr.  ACE  7;  =:=  E*  kthejetore  the  *ijgle,"BAD  :^'g  zp,  f . 
DAC.   Wherefore  the  angle  BAC  U  hi^&^i*tis.x. 
Which  was  to  he  deyn\  k  I•flX• 


P  R  O  P.    IV.        > 

Of  equiangular  trlavglesABC^ 
DCEy  the  fides  are  frofortional 
wUch  ate  about  the  equal  angles^  . 
B,DCEy  {AB.  BC  ::  DC.  CE, 
&c.)  Andthefid$i  AB,DC,9ce,  . 
which 'are  fuhtirjed  under  the  , 
_        C  .      £  equal  angles  ACB,  £,  &c.  a%M 
homologous^  or  of  like  ratio. 

Set  the  fide  BC  in  a  diredl  line  to  the  fide  C£, 
and  produce  BA  and  ED  till  they  a  meef.  a 

Hj  Ec- 


II.  If 


'. 


»• 


liB^  The  fixtb  B$ok  of 

b  hf*         Bccanfe  the  angle  B  (  =  £CD,  €  there&re 

c  2IC  I.     BF,  CD  are  parallel ;  Alfo  becaufe  the  angle 

iCA  » -rr  CED,  €  therefore  ^re  CA,  EF  pafaUclL 

d  34*  f  •    Therefore  the  figure  CAFD  is  a  Pgr.  d  therefore 

AF  rr.  CD,  and  AC  -i^ED.  Whence  it  is  evi* 

tz.6.      dtnt  that  AB.  AF  (CD) ::  e  BCCE. /l>y  pfcrmii* 

f  16.  5.     tation  therefore  AB.  BC  .-:  CD.  CE.  alGq  BC 

CE::FD  (AC.)   DE.  /  and  tlience  by  oey- 

g  z%*  $•    mutation  BC  AC::  C£.  DE.  #  Wherefore  alfo 

by  equality  AB.  AC  ::  CD.DE.  Tberef<m^tf« 

CoroU. 
Hence  AB.  DC  ::  BC.  CE  ::  AC  DE» 

SchoL 
Hence,  If  in  a  triangle  FBE  there  be  dvawn 
AC  a  parallel  to  one  fide  FE,  the  triangle  ABC 
ftall  l^e  like  to  the  whole  FB£, 
»  ■  ' 

P  R  O  p.   V. 

If     two     imngks 
JBC,  DEFhave  tiehf 
fides  proportional  (ABm 
£C::DE.EF,andJC. 
£C:;pP,EF,ttndalfo 
JB.JC;:DE.DF)tbrfe 
triatigUs  ar$  equiangur 
iaPf  and  thofi  angles  ^ 
fnalunMerwhcharefithtendedtbebomougomJidis^  \ 
I  »J.  I.         At  tlie  fide  EF  a  make  the  angle  FEQ  :=  B, 
hix.t*    and  the  angle  EFG  r~  C  5   >  whence  the  angle 
CA.6.       0=A4   Therefore  GE.  EF  tf  ::  AB.  BC ::  DE.^ 
4 fyp.       EF.  0  a^d  therefore QE  -^  DE.   LikewifeaF. 
e  U.S. and  EF  e::  AC.  CB ::  d  DF.  FE.  e  therefore  OF  =* 
9.  $.         DF.    Therefore  the  triangles  DEF,  OEF  ay?? 
f  8*  I.      mutually  equilaterah  /  Therefoie  the  angle  D  =t 
g  jz.  I.     G = A,  land  the  angle  FED  /  —  FEG  =  B,  an4  - 
![-  ^onfeqi»en^y  ijbe  angle  PEf  s  C    Thefe- ' 
fere,  fifi 


PROP.    VL 

DEF  havt  onp  anpU  M 
equal  to  V9fe  aw£^lel>EP^ 
mni  tht  flics  about  tbi 
4t[ual  a9^l4s3J)EFprO' 
farJiovM(jSJC  i;J)B. 
En  thmtho/tiimnAs 
JK,DEPaiee^u2a4' 
pdar^  ami  hatft  thfe  ui^es  Cftiaiy  mukr  :fiAicb  an^ 
Juhtended  tU  homohgom  fiiet. 

At  tte  fide  £F  make  tin:  an^Ie  FEQ^B,  and 
file  angle  £FQ:=:C^  a  then  wilithe  aiigleO-rA«a  yt.  i^  - 
There&fe  QE.EF ::  h  AB.  BC  ::  c  D£r£?,  i  andb  4.  <• 
theiefoM  DS— GE.  But  die  angk  DEF  trr^^f:^  cfyf.' 
GEFs  therefojethe  angle D^tr:Gr::A,i and d  9.  5, 
/confequently  the  angle  EFD  =^  C  VJTjo  he  dem,  e  hjf. 

P  R  O  ?•    VII.  fe$njlr. 

Jf  two  niamki  4?C,g  4.  i. 

DEF  have  one  avgU  A  ee\  j^,  j , 
faal  to  one  angle  Df  and 
the  fides  ahout  the  oth^ 
q^giet.MCy  £,  prefortiondl 
;(A  £C::  DE.  EF)  and 
if  they  i^ve  both  of  the  re- 
maining anglts'CyF either lep  orno^  iefr  than  a 
right  ai^ic  ^  then  JbaU  the  triavgles  dBC\  DEF  ha 
e^wangulav^  and  have  tJjofe  aisles  equal  dbtmt  which 
tip  p^ortional  fides  are. 
Tor,  if  it  canr be,  let  the  angle  ABC  c^  E,  and 

Sake  the  angle  ABG  rr  E:   Therefore,  whereas 
le  angle  A  n  rz  D,  ^  thence  la  the  angle  AGB  a  hyf. 
=r  F.   Ttoetefoie  AB.  BQ  r ;:  D£.  EF ::  d  AB.  b  ji.  i. 
'$C.  e  thevefore  BO  ^  BC.  /  therefore  the  angle  c  4.  tf • 
BGC  —  BCG,  g  Tbei^bre  BGC  or  C  is  iefs  d  hyp. 
than  a  right  angle,  and  b  confequently  AQB  or  e  9. 5« 
t  is  greater  than  a  right :  Therelbre  the  ai^lesf  5.  i* 
Cand  F  are  not  of  the  fame  fpecies  or  k^id^gror.fj.f, 
inrhichii  againftthe  Uypothefis.  hcoMi.i« 

H4  p:rop. 


.-    ^^_/ 


If# 


Tie  fixtb.  Book  of  . 


b  12.  ax. 


PROP.  vni. 

A  If  in  a  right'linei  trUf^le 

Jm€^  from  the  rjgit  avglf 
BAC  there  he  drawn  AD   a 
ferpendiatlar    to    the  haf€. 
^BC\  then  the  mangles  ahout 
—  —      C^^'^    perpendicular    (JDB^ 

JDC)  ai-e  like  hoth  to.  the  whole  friangle  JBQ^ 
and  dlfo  one  to  the  otherl 
Forbeciaiufe  B4€,  ADB  arc  /r  right  angl^^  k' 
^,,'cu>-/c  **^  fo  equal,  and  B  coramon ;   the  triangles 
C?z.^^4.6  BAG,  ADB  c  arc  like.    By  the  fame  arcument 
d  zi.  6.     BAG,  ADG  are  IJke  4  whence  alfo  ADi^  ADC 
J  ro  will  belike.    Which  w*^  to  he  iem*  ■        y 

^^•^h^^  CoroU.  / 

.  Hence,  I.  BD.  DA  <n  DA.  DC. 

z.  BC  AC  ::  AC.DCi  and  GB.  BA  ::BA.J5D. 

'a  pro  p.   IX..  ,  '  '\ 

From  w^rigit^lii 
given.,  JB  '4^cut^i^^ 
any  fiirthquiredj  or 
^  (AG.) 

•  From  rbepoint  A 
draw  an  infinite  line 
A  C  anyTwife  ,  in. 
which,,  a  take  any 
three    eqiial    parts 


cz.  6. 
d  z8.  J. 


>  AD,  DE;  EF.  join  FB.  to  which  frbmD  ^draii^ 
the  parallel  DG.    Jnd.the  thin^ is  done. 

For  GB^  AG  ;:  c  FD.  AD  ;  wheiice  by  d 
compofition  AB.  AG;;  AF.  AD.  therefore, 
whereas  AD  =  -J  of  AF»  therefore  is  AG  ==  J 
of  AB.    Which  was  to  he  done* 

tROR 


/ 


EUCUDE'/  EkmtntJ. 


To  Jhidt  A  rukb  lini  gkitn 

JB  notinUtilm  F  and  Q> 
jinothir  tm$  given  AC  wM 


.  Let  SI  right  ^ne  BC  join  ■ 
the  extiemities  of  the  line 
divided^  and  of  the  line  not. 
divided  \  and  to  that  line  from  the  points  E,  D 
a  draw  the  parallels  EG,  DE  meeting  with  the*  J^-'- 
right  line  that  is  to  be  cut,  in  G  and  F  j  then 
t^e  thisgisdonc. 

Far  let  DU  be o dniwn  parallel  to  AB.  Then. 
AB.  DE  ;.■  J  AF.  FG.  and  PE.  EC  *  .-;    DI. ''*•«•„ 
IH  .-.•  c  FG.  GB.    W^uh  wsi  to  hc4m.>        ~.     *'+»■» 

-,-■'.  Sehel.  .  ■  ■" 


timet  js  kamt  to  nit  a  rjgbt  line  given  JB  inlQ 
M  many  equal  furtt  /u  you  fhaft  {fvptofe  5  i) 
ivhicli  will  be  moie  eafily  performed  iiiu<. 

Draw  an  in^nitc  line  AD,and  another  £H  pa- 
.  tatlel  to  it,  and  infinit*  alfo.  Of  thofe  talce  equal 
paits,AR,RS,SV,VNjandBZ,ZX,IT,TLi 
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vt^  etch  line  lefs  parts  by  one,  than  are  required 

in  AB  ;  then  let  the  righilincfiLR,TS,XV,ZBi 

be  drawn  ;   thefe  lines  fo  dra^n   (hall  cut  the 

nj*t  line  ghjen  AB  into  five  psTrts.  ."''  ^ 

a  5^  T.       Tor  RL, ST,  VX,  NZ  are^  paralleW  there- 

b  confir.    fore,  v^hereas  AR,  RS,  S V,  VN  ftt  |i  ediy^  # 

S  l.6f      thence  AM,  MO,  OP,  PQaie  e<fi^l  atfb. 

mip.  becaufe  that  BZ  :=:  ZX,  thpreforci 

fsi^fQ.  ^itd  cberefoie  AB  is  cutdmo  five  paiif 
Wbici  woi  to  H  itm. 

V  &  O  P«    XI. 

gwen4oj  JDy  tofini 
"imi  /I  thifi  in  pofottioli 
to  them  (D£.) 
/oin  BD,  andftom 
being  produced  uke  BC  =  AD.  Thro'  C 
draw  C£  parallel  to  DB  ;  with  which  let  AB 
produced  meet  in  £•  then  is  D£  t}ie  ptdf^ortio^ 
aal  required.  _ 

»*•«•  ForAB.BC(AD)>.vAjSD^.    JThkhwas 

to  he   denu    '  --     .'      ;  ' 

OH^^sr  ^ke  the  angle  ABC 
t.  >-   I  X        -ighji.  ai^  alio  the  angle  ACD 


^ylgtifcib^A  AB.  fcC-vlBCBD. 


y    \ 


-'"'  \ 


#1. 


?&(>£. 


^UCLIDFi  Elements. 


I2| 


PROP.    XII. 


Thee  rigif  ^wt  teing  g^ven  DM^  Ml^y  DG  i^ 
Aid  mit   a  fourth  fr&panional  G//1 
^  Join  EQ,  *nd  thro*  F  dcaw  fH  paij^cl  to 
IQ 1  with  which  Jet  DO  produced  to  H*  meet. 
Then  it  is  evident  that  D£.  £F  a  ::  DG.  QH.  t  a.  & 
^icb  was  t9\h  (km, 

PRO^    XIII. 

Jipori^l^  lines  bekiggroen 
JE^  EBf  to  find  out  a  mAi$ 
froportumalif* 

upon  the  whi^le   line 
^  AB  as  a  diaaoet^lr  defctib^ 

afenieirale  AFB,  and  from  Eereft  t  peryendi- 
ciilar  EF  meeting  with  the  periphery  in  F.  thea 
AE,  EF;:EF.  FB.  For  let  AF  and  FB  be 
drawn  ^  a  then  from  the  right  angle  of  the  n  it. 
tight-angled  triangle  AFB  is  dssti/rn  a  ri|;ht  line 
F£  perpendicular  to  the  bafe.  b  There&re  A£«  hew. 
F£  ::  FE.  £B*    V^i^k  M^  ^0  ^f  ^^* 


u 

8«^ 


CovoU^ 


Hence,  A  right  ^  line  dra\»fi  in  a  circle  froqo 
any  point  of  the  diameter  perpendicularly,  and 
extended  to  the  circumference,  is  a  mean  pro- 
portional betwixt, the  twofegmentsof  the  dia- 
meter. 

P  E  OP.    XIV. 

JEqualTaraUtlograms  ha-' 
'  "vmg-one  angle  Antltnual  to 
one  EBG^have  the  fides  MD^ 
BF which  axe  about  the  equal 
.  amies  reciprocal  (JB.  BG  :: . 
.„       ,  EB.  £C  5  )  Jnd  tb^fe  Paral-  " 

I  .      ^         *      '  ielcgramsBDyBF  which  have  ' 

.'d   :  f  ^^"^^^  '^iC  tptal  to  one  EBG^^  and  the.  fides* ^ 
which  are  about  the  equal  aii^es  recifjtoeal^   ar0.\ 
•    equal,  "'  v 

For  let  the  fides  AB,  BG  Hbout  the  equal  an- 
p/f^.i$4.gl(s make  ©ne  right  line ;    a  wherefore  EB,  BC 
b  -I-  ^*      Jhall  do  tte  fame,    LetiFG,  DC  be  produced 
c7*S-      till  they  m^et.         -^  .  ,: 
d  ».  ^-  I. NjP.  AB. BG  hi:  f  BD. BH  :;  c  BP^BH  .^ 

exi-S-    liBE-tfCf  therefore,  fA.      /     .    .     *   ^ 
f  V  <5-  z.  i///,  BD.  BH  ;:  /  AB:.BO  :;  ^  BE.  BC  ;;  *, 

g  bf;      BP.  BH.  k  Therefoit  tlie  Pgi.  ^D^B¥.,.jmci  , 
f  x.o.     w^/o  *r^m.  ...  •         , 

k  XI*  ttnd 


i 


»  '  " 


■  I    J 


PROP. 


Et?CLIDfi'i  Elements. 


"y 


PROP.    XV. 

'  E^mI  triangles  having 
one  angle  JBC  equal  to  one 
DBEy  their  fides  which  are 
about  the  equal  angles  are  ' 
fecifrotTal  (JB.3E::DB. 
BC.)  And  tbofe  triangles 
'that  have  one  angle  ABC 
equal  to  one  DBE^  and  have  alfi  the  fides  that  are 
aiout  the  equal  angles  redpocal  {AB.3E::  DB. 
BC)  areequaL 

Let^he  (ides  C9i  BC,  which  arc  aljqut  ^hc    -  •  ^ 
equal  angles  be  let  in  a  ftrait  line  j  a  therefore  ^■'^'''•^^•^ 
APE  is  ja  riglit  lin&.i   Let  CE  be  drawn.  ,       , 

I.  ^f,  AK.'Bj:;;  f  llie  triangle  ABCCBE  c ::  °  *•  ^• 
thctriani;lebBE.CfilE;;7iDB.gC.^ther^re,&c,5  ^-  5- 
u  Hyp  .'The  triingle  J^BC.  CBE  ;:  /AB.^'-^- 
BE  .v^ DB.  BC  h  .i  the  triangle  DBG.  CBE.  kl  "•  ^ 
Theretb|e  »fee .  iftai^c  ABC  ^  DBE.  JHrnh  ^  '•  ^• 
was  to  itdem.  .  8  W! 


PROP.    XVI. 


'  'W 


h  I.  6. 

k    Ily    W 

9-5- 


Be      ■•» 


\ 


f  If  pur  right  lines  her  propoftional  (AB.  FG::  pF. 
CM)  the  reSanglelJC  compehehded  under  theex- 
tr ernes  Ah^  CBy  is  equal  to  the  re^tUfngle  EG  com* 
frehended  under  the  means  FG^  EF,  And  if  the  reS^ 
angle  AC  comprehended  under  the  extremes  ABy  CB 
ie  equal  to  the  reSangle  EG  comprehended  under  the 
niean$  FG^  EF,  then  ure  the  four  mbt,  linfsprqpor^ 
tionaU  (JB.  FG  ::  EF.  CB.)        ^ 


t^$  The  fixtb  Bc0k  of 

a  X2. 4«w      »-^*  TJie  singles  B  and  F  aw^right,  and  ^r. 

confcq^ntly  cquaf^and  bf  Ifyp.ARFQr.ERCB. 
b  t4i  6.    *  therefore  thd  re£^angle  AC=EG. 
chfp.  *•  kyp.  The  rcftangle  AC  c  .=:  EQ,  and  ;i:^ 

4  X4.  &     angle  B  =  F  ;  i  therefoie  AB«  FG  ;;  EFT^  Cfi« 

J^icb  was  t0  U  dem. 

CoroU. 
Henae«  it  \$  e^fy  t6  apply  |i  leftangle  j^i^n 

EG  to  a  right  line  given  AB  ;  (viz,)  r-i^y  ma-^ 

king  aB.  ET  .V  FG- m 

PROP.    XVIL 


e  II.  6. 


ff  thru  right  tines  he  poportlonwl  CAB.  EP:^ 
EF.  CB.)  the  rtSufigle  AC  mdie  under  tU  emremu 
-  jtf ,  CB  is  equal  to  tbefyuare  EQ  mait  ofjtiemii^ 
iU  EZ.  AndifiJ^  reBangle  AC  compre^niri  under 
the  exHtmu^  JB^^  CB  he  equal  to  tbe-ffud^e  E0 
made  4f  the  Middle  EF,  then  tie  thie  finfs  4|-a 
troporiional^  (AB.  £F  ::  EE.  CB^      ! 

Tate  FG  -  £?.         -  -  \ 

a  hP.  *•  *&^-  ^S-  W  •*  ^  ^F  (FQ,)  CB.  th^teftre 

V  i6  4    *^®  reftangk  AC  »  =  EG  r  t=  EFq. 
c lo^fii      ^*  Hyp.ySht  redaiigle  ACil  -^  to  the  fqfuare 
d  ^r      EG  =  EFq.  e  therefore  AB*  EF  .v  FG  (EF.)  BC. 
fidfi     Wbkh  was  tpU  dm. 

C^eiU 

l^  Ax  B  s  Cq.  therefore  A.  C;;  G.  Bw 

'  PRO  PL 


EUCUDE'i  mmmti: 

PROP.  xvm.    - 


i 
\ 


ttj 


Prom  a  right  line  given  AS  to  dtfcrih  a  r^it^linei 
figure  JGnS  like  and  alike  fituatg  to  a  rigbt4viui 
figure  given  CEFD. 

Refdlve  the  right*]ined  figute  given  into  tri- 
atigles^  a  Make  the  angle  AHH  ^  D«  n  and  *  t;«  t, . 
the  angle  BAH  rr  DCF,  a  and  the  aiwle  AHQ 
=•  CF£,  k  and  the  angle  HAG  r~  FCE.  then 
AGHB  (ball  be  the  tight- lined  figure  fought. 

FOT  the  angte  B  >  ri:  D,  aad  the  angle  BAH  b  etfuflr^ 
i  -=1  DCF.  c  wherefore  the  an^c  AUB  t=:CFIX  c  )i^  U 
AalCo  the  angle UAQ  ^  FCE;  and  the  angle 
AHG  *  ==  CtE.  e  wherefore  the  ancle  Q  —  E, 
^d  the  whole  angle  GAB  d  ^  £CD^   and  the  d  x.  «ir« 
wfioh  angle  GHB  i  ■==■  EFD.   The  Pblygones 
therefore  ace  mutually  equiangular.   Moreover 
becaufethe  triangles  are  equianguiai,,  therefore 
AB.  BH  e ::  CD.  DF ;  and  AG.  OH  « ::  GE.  EF.  e  4. «. 
Likewife  AG.  AH ::  e  CE.  CF.  and  4H.  AB  .v  f  «.  5^ 
CF.  CD.  /From  whence  by  equality, AG.  AB::  g  6M.S- 
CF.  CD.  After  the  fame  manner  GH.  HB ::  EF. 
FD.  Thereforethe Polycoius ABHG,  CDEE  are 
like  and  alike  iituate.  fi^kicb  was  to  he  done. 

PROP.    XII. 
•11  Like     triai^%r 

jiiCj  DEF  are  in 

dufhcate  ratio  (f 
their  iomologaut 
Mcf,  $c,  £F. 

a  Let  ttope  be  k  »f.  6^ 
s»de  B  C,  E  F  .v 


•»« 


txS  The  fixtb  Bdok  of 

b  cor./u  6.DE  *  n  b6.  ZY^c  :;  EF.  BGvafiii  the  angle B=E; ' 
c  eonfir.    d  therefore  is  the  triangle  AgGrr  DEF.  But  the 

e  1^6^    ^'^^"Ste  ABC.AB(#  e  BC-  BO,  and/|§  nr |£ 

fioJef.s*  ,      „     A8C,     .ABC    ^  EC      - 

It  11.5.    twicejthereftwe^^thatis^^ecjgy  twice. 

Wiicb  wof  to  ht  dem.         ^ 

•  Hfjflce,  If  three  right  limes  (BC,  EFy  BG)  be 

eoportionaly  then  as  the  firii  is  to  the  third, 
is  a  triangle  made  upon  the  firfl:  BQ  to  i|  ^ 
triangle  like  and  alike  defcribed  upon  the  fe- 
cond  EF :  or  fo  is  a  triangle  defcribed  upon  thf 
feoond  EF  to  a  triangle  like  and  alike  defcri* 
bed  upon  thcf  third.       • 

PROP.    XX. 


LiU  Vqlygones  JBCDE,  FGHIK  are  divided  mt» 
$aual  triavglei  JSC,  fGH,  and  JCD,  FHI,  and 
JDK  F1K\  hotb epialin numbevi  andhomobg^y^ 
iotU  wholes  (JBC.  FGH ::  JBCDE.  FG/ilK  :: 
JCD.  FHI  ::  ADE.  FIK.)  Jnd  the  ^oiygfnes 
JBCDE,  FGtllK  have  a  douUc  ratio  one M^he 
otber  jfhat  one  homologous  fide  EC.  hof  tptheMer 
homologous  fide  GH,       ^         .;  v         '^ 

i.Forthe  angle  B  ^=G,  and  AB.  BC  a  ::  FG. 

OH-  ^tbcirforfe  the  irianglcs  ABC;  VGti 
•♦  *  axe 


EUCLIDF/  ElMintu  xwi- 

are  equiangular*    After. the  fame  manner  are  the! 

triangles  A£D,»FKI  like.    Whereas  therefore 

the  angle  BCA  h  ■-  GHF,  and  the  angle  ADEb  6.  A 

*  =  FIK,  and  the  whole  angles  BCD,   GHI, 

and  the  whole  angles  CDE,  HIK  are  c  equal,c  hjf. 

there  remains  the  angleACD<i  =  FHI,  and  the  d  La^^ 

angle  ADC  =  tlH.    «  frond  whence  alfo   the  e  ji.  i. 

angla"CAD  =  HrL   therefore  the  triangles 

ACD,  FHl  are  like.    Therefore,  f^c. 

a.  Becaufe  that  the  triangles  BCA,GHFare  like^ 

BCA      R  C 
/therefoieis^—=:p„  twice.  For  the  fame  rca-f  ip,  tf. 

t-    .    CAD      CD  •«,     DEA      DE 

fonis  HFI=Hl^*^''^*^y  lKF=nc 
twicCi  now  whereas  that  BC.  GH^::  CU.  Hl^g  Jm  ani 
::DL  IK.  h    therefore  is  th?   triangle  BGA.TxT 
GHF  ::  CAD.  HFI ::  DEA.  IKF  k ::  the  poly-  h^r.z^5rf 

gone  ABCDE.  I^GHIK  ::  ^^  twice.  k  u-  s* 

,      CoroU. 

r.  fifencci  If  there  be  three  right  lines  propor- 
tional,  then  as  the  firft  is  to  the  third,  fo  is  a 
polyene  mafde  upon  the  firft  to  a  polygene 
made  off" the  fecond,  like  and  alike  defcfibedi 
or  fo  is  a  polygone  defcribed  upon  the  Lecond 
td  a  polygone  made  on  the  third  like  and  alike 
defcribed: 

B^  which  Ufmtnd  oiit  a  method  of  enlarging  or 
dimmijbit^  any  right- lined  figure  in  a  fatio  given  : 
As  if  you  would  make  a  pentagone  quintuple  of 
that  pentagone  whereof  CD  is  the  fidei  then  be-> 
twixt  AB  and  $  AB  find  6Ut  a  mean  propor- 
tional "^  upon  this  raife  a  pentagone  like  to  *  r^.  6f 
that  given,  and  it  fhall  be  quintuple  of  the  pen- 
tagone given. 

1*  Hence  alfo,  If  the  homologous  (ides  of  like 
figures  be  kn6^9  then  will  tbe  proportion  of 
the  figwes  be  enid^nt^  viz.  by  finding  out  a  third 
proportioaaL 

I  PROP. 


^$* 


fht  Jpxtb  Bvjok  fff 
PROP.    JCXI. 

r 


Might  lined  f^Hs  J£C;  DIB  which  are  like  taf 
tie  fame  right-lined  figure  HfGf  arealfo  like  one  to 
ibe  other. 
ti4  iefJS.  For  the  angle  A  rtr^H  ar=iD  5  and  die  aingle  C 
ii=G^=rE3  andthc»DgieBa=:Frt=rL  h\l^A 
AB  J\C :;  HF^HG ::  DLDli.&  a  AC.CB ::  HG.GF 
:;  DE.EI.  And  AB.BC ;;  HF.FG ::  DIJE.Thercfore 
ABe,  Pl£  are  alike.    Wbich  was  to  he  dem.  * 

PROP.    XXU. 


%  19.  €,      ^J^yir 

bhyp. 
C  zb,  (5. 


if  four  right  hues  he  fr^tfortional  (JB.  CD ::  EF- 
CH)  the  right'linei  figures  alfo  defiribtd  uftn  then 
hing  like  aid  in  like  fort  Rtuate,JbaUleproporti(mal 
iJSJ.  CDX::  EM.  GO.)  An4  if  the  rtght-HmdjU 
gures  defcrileiiaon  the  lines,  like  and  alike  fituate,  be 
troportional  USI.  CDK::  EM.  GO.}  then  the  right 
tines  alfo  &aU  heproportiovH  (M.CD  ::£F,  GHf) 
ABI      AB     .       ^EF 


h  therefore  ABI.  CDK ::  EM.  GO. 

AB      .  ABI.      EM      EF 


4;c;;aH.^'^^^CD*'^"-  =  ^I5K 


twice.  TheirforcAB.CD::Ef,QH.  Whieiytof 


•  Sm 


EUCLIDE*!  Elmentt.  iji 

SchoL 
Itence  is  deiuced  the  wanner  and  rtafon  ofmulti^ 
flying  furd  quantities,  ex.  gr^  Let  V  S  to  be  mul- 
tiplied into  V  ?•  ^  ^^y  ^^^^  ^^  produd.wiU  "be 
y  15.  For  by  tbe  definition  of  multiplication  Ic 
ought  to  be,  as  I.  y  3  ::  V  $•  to  the  ^jToduft. 
Therefore  by  this  q.  J*q.V  J  ••  ^«  V  5*  ^'  of  the 

?roduft,  thtrefore  the   fquare  of  the  produft  is 
5*    Wherefore  ^/iS  is  the  produA  of  V  5  ^^^^ 
^  !•    i(^i^;VZf  woe  to  U.dem. 

THEORBK 


]^a  right  line  JB  ie  cut  any^wife  in  Z),  tie  reS^  Pet.tttr^^ 
tiJ^le  comprehend^  under  the  farts  JDj  DBisa 
fnean  profottional  hetwixt  their  fquates.  Likewife 
the  reUanple  comprehended  under  the  whole  AB  and 
one  part  aD^  or  DB^  is  a  mean  proportional  betwixt 
the  fquare  of  the  whole  JB  and  the  fquare  of  the 
Jaiipart  JDj  or  DB, 

Upon  the  diametefr  AB  defcribe  a  femjcircle; 
from  D  ereda  perpendicular  D£  meeting  with 
the  periphery  in  £.  join  A£.  ££. 

It*5  evident  that  AD.  D£  a ::  D£.  DB.  b  there- a  cot.  B.6. 
fore  ADq  DEq::  DEq.  DBq.   c  that  is,  ADq.  b  zi.  6. 
ADB  ::  aDB.  i)Bq,    Which  was  to  he  dent.  c  17. 6, 

.    Moreover BA.AE  .*;4 AE,AD.f theretore  BAq.d  cor,S.  (5; 
AEq .V  AEq.ADq.  /thatis, BAq.  BAD ;; BAD.e  iz.  6. 
AE>q.  After  the  fame  manner  ABq^ABD ;;  AED.  f  1 7. 6. 
EDq.    Jflfich  was  to  he  dem. 

Or  thus :  (uppofe  Ztr^A^-E.  It  ismanifeftthat 
Aq.  A£ ::  a  A.  £  .v  a  A£.  £q*  alio  Zq.  ZA ::  j  a  I.  (# 
Z*  A  :t  Z A,Aq.  and  Zq.Z£ ;;  a  Z.£ ;;  Z£.£q. 


i;i 


The  fixth  Book  of 


PROP,    XXIIL 


EfuianguUrfaraUehgri^rki 
ACf  CFy  have  the  ratio  one 
to  the  other  ,  which  is 
compounded  of  their  fides, 
/AC_Be      DC\ 

VCF'7CQ"*'CF>' 
Let  the  fides  about  the 


,         equal  angles  C  be  tf  fet  in  a  direft  lineiandletthe 
zfch.  I  J.  pgr,  CH  be  completed     Then  is  the  ratio  of 
AC,_AC      CH    _.BC      DC      ^.  . 

,_         ,>CF  ''^CH"*"CF'^''Ca'*GE      ^^ 
c  1.6. 


was  to  he  denu 


CoroU, 


Jndr. 
TacqAS 


35-7' 


Hence,  and  from  ^4.  i.  i*  appears^  i.  Ti^*  ^nfl»- ' 
;^^k$  which  have  one  angle  equal  {as  C)  have  a  ratio 
compounded  ofthe  rations  of  the  right  lines{JC  to'  CB$ 
anaLC  to  CF)  containing  the  equal  angle. 

T.  ,2.  That  dU  reSangleSt 

,,"    I       f        and  *  confequently  aapa- 

•*""X     I       f        rdllelograrHSy   have   their 

■^     tatio  one  to  the  other  com^ 

founded  of  th  rations  ef 

iafe  to  hafiy  and  akituae 

to  altitude.     Afttt  the 

like   manner  you  may 

j;  argue  in  triangles. 

^     "    *  3.  From  hence  is  dffo^ 

rent  how  to  give  the  proportion  of  triangles  anapa^ 

rallelograms.    Let  there  be  two  Pgrs.  X  and  Zr» 

tvhofe  bafes  are  AC,  CB,  and  altitudes  CL,  CF, 

Make  CL.  CF :;  CB.  Q.  *  theti  nvfll  it  beX.Z,v 


Z 


♦  14.  t. 

Mndi,6.   AC.Q. 


«]%QR 


'3? 


EUCLIDEV  Elements. 

.PROP-    XXIV, 

In  every  faraUelogram  JBCD^ 
^he^  fOi'aUelqgrams  ES^  HF  which 
^are  ahoui  the  diameter  AC  are  like 
to  tie  whoky  and  alfo  one  to  the 
other* 
For  tte  Pgrs.  EG,  HF  have 
each  of  them  one  angle  common  with  the  whole, 
a  therefore  they  are  equiangular  to  the  ^^olt^^jA^  j^ 
and  alfo  one  to  the  other.    Alfo  both  the  trian-      ^* 
gles  ABC,  AEI,  IHC  a  and  the  triangles  ADC,  •       ^ 
AGI,  IFC  are  equiangular  mutually  ;1  therefore  "  4*  •• 
AE.  EI ;:  AB ,  BC,  and  h  AE,  AI ;;  AB,  4G,  and 
h  AI.  AG ::  AC.  AD.  c  Therefore  fey  equality,  5  **;  JV? . 
AE.  AG ::  AB.  AD.  d  Therefore  the  Pgrs.  EG,  ^  ^^T*Cf 
BD  are  like.    After  the  fame  manner  are  HF,  ^* 
BD  like  alfo.    Therefore,  &c. 

PRO*P.    XXV. 


Unto  a  right-lined  figure  given  JBEDCtodefcrihe 
another  figure  P  like  and  almetituate^  which  al/ofiaU 
le  equal  to  another  right- lined  figure  given  F. 

a  Make  the  reftapgle  AL= ABEDC ;  h  alfo  a  4J.  f. 
upon  BL  make  the  reiUngle  BM:=F  }  betwixt  b  44.  x. 
AB  and  BH  c  find  out  a  mean  piroportionalNO^  c  i  j.  6. 
Upon  NO  h  make  the  polygone  B  like  |o  the  d  i8«  6$ 
ngbt-linsd  figure  given  ABEDC.  I  fay  the  po- 
.       .    ,  I  J  lygone 


154  TJf  fiictb  Booh  of 

t  rorUo.6.1ygone  P  Co  made  IJjall  be  equal  to  F  that  wa? 

iBi4.  J.       For  A-BEDC  (AL)  P.v«  A^iBH;: jAl^j; 
hoonftr.    BM.   Xhereforp  P^ \=t  BM. >  =  Fi    Wm\~w^ 
to  kf  done.  ".    '  "  .•    .  ;'''■! 

PROP.    XXVI.        ^   ^ 

If /row  a  TataUehgitm  JBCD, 
hi  taken  away  another  ParaUelo^ 
gram  JGF£^  like  unto  thewMt^ 
and  in  like  fort  fet^  havii^  alfo  a^ 
angle  covmon  vtntj)  it  BAG  5  theit^ 
^  -^  is  that  Paraielogvam  ahont  thefam$ 

to  ^  diagonal  AC  with  the  i»hole.         ' 

If  you  deny  AC  to  be  the  common  diagonal, 
then  let  AHC  be  it,  cutting  EF  in  H,  and  let 
.      Hi  be  drawn  parallel  to  AJ.Tben  arePgrs.EI,DB 
J  i4-/-  ^  a  like,  i  therefore  AE.EH!v  AD,DC  ::  c  AE.EF. 
b  T.  dsf4.  an  J  ^  confequently  EHrrEF.  fWhich  is  ahfurL ' 
t  fyp*  . .         .   ,     • 

PROP,    XXVIL 


dps. 


p  36, 1.' 


;»  0/  ^ff  parallelograms^  ^ 
ADy  AG  applied  to  the 
fame  right  line  A  By  and 
6\  y  wanting  in  figure  iy  the 
^^'"^ parallelograms  CE^  KI  like 
and  alike  fet  to  the  Pgr,  AD 
g  wh\ch  is  aefcrihed  upon  the 
half  liniy  the  greitefi  is 
that  AD  M^ch  is  applied  to  the  half  leing  like  to 
tfiedefeS  KL 

For  becaiife  that  GE  ^  =  GC, .  and  Kl  added 
in  common,  h  thence  is  KE'  irzClc  r=  AM. 
add  CG  in  common,  d  tfcfen  is  AG  =  to  the 
Gnoiiion  MBL.  But  <lic  Gnomon  MBL  i  ^ 
CE  (AD.)  Therefbie  AQi  -^  AD.  VTiii;b  ms 
fo^te  demnjlrate4»  '  '    "     ' 


fROPt 


EUCLIDFi  Elements 
PROP.  XXVIIL 


ijy 


Upon  a  right  line  gmn  JB,  toapfly,  d  faralldaf 
pam  JP  equal  t&  a  right  Jhied figure  gweif  C,  d^ 
dent  hy  a  faralleiogram  ZR  which  is  Tike  to  another 
fawalUlogram  given  Dp  *  If<m  ii  is  requifite  tbattbe  *  »7.  j6(» 
fight4ined  figure  given  Cy  whereunto  the  Pgr.  tote 
applied  AP  muft  he  eqiial^  he  not  gnatce  than  the 
Pgr.  AT  which  is  applied  upon  the  naif  /iiifc  tJje  de-^ 
fe&s  heing  like,  nameifJhe  ^feB  of  the  Pgr.  AF^  ' 
which  i»  applied  io  the  half  lincy  and  the  dtfed  oftixe 
Fgr.  l>to  $$  appM  whfe  defeS  i^  to  he  like  to  th^ 
^gr. given. 

Hif^di  AB  in  £  ;    upon  £B  a  nake  tfat  Pg«.  a  i&& 
EG  like  to  the  Pgr.  D  5  and  J  let  EG=r  C-*- 1  b^/M$,x, 
c  Make  the  Pgr.  NT  =  I,  a«d  like  to  the  Pgr.c  *5#6. 
given  D,  or  EG  5  Draw  the  diameter  FB  5  Make      • 
FO  =  KN,  and  FCI^  K?  j  thro'  O  and  Q. 
draw  the  pajrallels  S&,  QZ*   Then  is  the  Pgr. 
AP  that  which  was  ^ughtp  ,      »  ,s» 

For  the  Pgr&  D,  pQ,  OCl,  NT,  ZR  arc  all  d  i^Jlr.& 
like  one  to  the  otiieir,  smd  the  Pgr.  EG  :=5  c  NT  *4*  ^• 
i-  Cri:«.OQ.-\-  a  /^erefore  C  =  «o  thec^ou/r. 
Gnomon  OB(i  ^  :rr  AO  -k  PQ  =:  i  AO  ^ EP  f  5*  ^^* 
~  ^P.    m^h  was  ta  he  done.  g.^-''*'^ 


u 


PROP, 


The  fixth  Book  of 


\ 


p  R  o  v:  XXIX. 


a  18. 6. 
P  *  iff 

c  J«  I. 


Aconfiu 
e  24.  tl 
f  ^owjr. 

k  43.  T. 


Z/jpon  /x  right  line  given  AB.  to  apply  a  Pgr,  JN 
e^mi  to.  a  rigbt' lined  fipirg  given  Cy  exceedingly  a 
Fgr.  OP^  which  Jb  all  belike  to  another  Pgy.  given  D. 

Bife£l  AS  in  E.  Upon  EB  a  make  a  Pgr.EG 
like  toD,  which  was  given.  And  b  let  the  Pgr. 
HK:=rEG-4-C,and  like  to  D  given,  or  EG.  Make 
FEL— r  IH,  and  c  FGM^^^^^IK.  Thro'I.,M  draw 
the  paralklsMN  and  RN,ai)d  AR  parallel  toNM. 
produce  ABP,  GBO.  Draw  the  diameter  FBN. 
i  Ken  is  AN  the  parallelogram  required. 

For  the  pgrs.  D,HK,LM.EG  are  a  like, « there- 
fore the  pgr.  OP  is  like  to  the  pgr.  LM,  or  D. 
Alfo iMf^EKf^-EG  '\' C.  g Therefore C= 
tb  the  Gnomon  ENG.  But  AL  h:=:  LB  ib=:BM, 
/therefore  C  '=z  AN.    P^hich  was  tq  be  done. 


I. 


PROP.    XXX^ 


l>  17.  #. 


\ 


To  cut  a  inite  right 

.    line  given  Jm  according 

If  to   extreme  and  rneati 

ratio  (JB.JG::JG. 

GB.) 

^  Qm  AB   in  G, 
in    fuch   wife     tha^ 
^       „      .  FABxBG^AGq.^ 

Thpn  3A.  40  .V  AG,  GB.  Vhieh  was  to  be  done. 


PROP. 


I  .  - 


EUCLIDE'i  EkmmPs. 


H7 


In  nghuanghd  triangles  BJC^  any  figur$  tFit* 
fcrihed  upon  the  fide  BC  fuhtending  the  r^ht  af^ 
B^C,  is  equal  to  the  figures  BGyJLj  iefmhed  vffm 
the  fides  BJy  JC^  containing  the  right  avgfe^  iikf 
and  alike  fituate  to  the  forjner  BF. 

From  the  right  angle  fiAC  let  down  a  per-         ^  . 
pendjcular  AD.  Becaufe  that  DC.  CA ;;  a  CA.  ^  ^*  ^^ 
,CB,  *  therefore  AL.  BF ;:  DC.  CB.   Alfo,  be-  ^<^^^^ 
caufe  DB.  BA ;;  a  BA-  BC,  h  therefore  EG.  BF 
;;  DB.  BC.  c  therefore  AL  -*-  BCBF  .v  DC  -H  ^^  M-  5- 
DB  (BC.)  BC.    a  Therefore  AL  -♦.  BO  =  BF.  */<?*Pti+ 
WTjJch  was  to  he  denu  S» 

Qr  thus :  BG.  BF  ::  e  BAq»  BCq.  And  i  AL.  ^  12.  fi. 
BF :;  ACq.  BCq.  /therefore'  BG  -»-  AL.  BF.vf  24-  5- 
BAq  H-  ACq.  BCq.  g  Therefore  whereas  BAq—  gfih.i^S* 
ACq=^h  BCq.  h  thence  i^  BQh-AL=BF.  Wbu;ih  47- 1. 
was  to  h  dem.  > 


CoroU* 

From  this  Propofition  you  maf  letm  hovto 
add  or  ful)ftra£l  any  like  figures,  bv  the  fanm 
li)ethod  that  is  ufed  ini  adding  and  iubftiading 
((»f  fquares,  in  ScboL  47.  i, 

>  PROP, 


Tie  fixtb  Bool  of 


\ 


I. /z:v. 


/ 


PROP.    XXXIL 

DOE  having  two  fides. 
proportjonal  to  two  (JBJ 
AC  ::  DC  BE.)  he  fo 
compounded  or  fet  toge- 
ther at  one\  angle  ACD 
that  then  homologpus  fidet 
le  alfo  faraUd  A3  te^DC,  and  JCto  DEJthen  tie 
remaining  flies  of  thofe  triangles  (JC,  CE)  Jball  b$ 
found  placed  in  $ne  Jirait  lini^^ 

For  the  angle  A  a  =  ACD  a  —  D,  and  AB, 
AC  h ::  DCpE.  r  therefore  the  angle  B=DCE, 
Therefore  the  angle  B-\-Adz=z  ACE.  But  the 
angip  B-»*A-*»4.CB  «  =  ^  right.  /"  therefore  the 
angle  ACE  -^  ACB  =  z  right,  g  therefcre  BCE 
Ifi,  ^  rig^t  line.    Which  was  to  kp  dem^ 

PROP.    XIXIII. 


Jtt  equalvncles  DBC4^  HFGP,  the  angles  BDCj 
FHG  have  the  lame  raiio  with  their  peripheries  BC^ 
FG  on  which  they  inRjt  5  whether  the  angles  he  f^ 
4U-ihaeont^r\s^^»BDC^  FHG)  or  at  tie  drcuwfe- 
wms^J^  E  :Jnd  in  like  fort  an  thefeSorABpCp 


EUGUPPV  memtnts.  Hi 

©raw  the  ns^t  iin^  BC, FG.  Ma v-  v^i=CB^ 
5iBd^GL:^Far:LP,  andi-^* x:^i, HL,  HP. 

Tfae  arch  BC^zzCI.  a  alfo  the  arch  Fa,GL»  •  aS.  g; 
LPaMeduak  ^therefore  the  angle BDCrsCDI, b  ^^•  J*. 
h  ana  the  angle  FGHrnOHL^LHP,  Therefore  * 
the  arch  BI  is  as  multiple  of  the  arch  BC,asthc 
angle  BDlisof  the  angle  BDC,  Ahd  inlikeman- 
ner  is  the  arch  EP  a$  multiple  of-the  arch  FO, 
as  the  angle  FHP'  is  of  the  artgle  "^^^(3.  But  if 
the  arch  BI  c-,=:,r3  FP.  c  then  likewife  is  the  ^  17  , 
iingle  BDI  cr, :=,  -^  FHP.  Therefore isthe  arch  ^ /'^J^^, , 

BCFG::  d  the  angle  BDC.FHG  ^ :;  ^*  ^  e  i  S-  S-    * 

/:;  A.  E.    X^i<ri5  wjx  /^  *«  rfem- 

Moreoyer,  the  angle  BMC^-^  CNI J  *and  g  27.  j, 
therefore  the  fegment  BCM  t=^  CIN,  fc  Alfo  the  h  z^  }• 
triangle   BDC  =  GDI,    /  wherefore  the  feftor  k  4.  i. 
BDCM  =  CDIN.    Alter  the  fame  manner  are  I  2«  j^» 
the  feftors  FHG,  GHL,  LHP  equal  one  to  the     *  ^ 
other.    Therefore  fince  accordingly  as  the  arch 
BI  tr,  =r,-aFGP,    fo   is  likewile  the  feftor 
BDI  cr,  =r,-aFHP  5  rn  thence  fhall  be  the  feftor  m  6*M.i 
BDC,  FHG  ::  the  arch  BC.  FG.    Which  was  to 
le  d^monjirated. 

Corolf. 

I.  Hence,  4s  Mor  is  to  feSor^  fo  is  angle  to  „^  j.      . 

i^ngk,: 

li  The  angle  BDC  in  the  center  is  to  four  right 
angles^  ^s  the  arch  BC^  on  which  it  infifts^  to  the 
whole  circumference. 

For  as  the  angle  EDO  is  to  a  right  angte,  fo 
is  the  arch  BC  to  a  quadrant.  Therefore  BDC  is 
fo  to  four  right  angles  as  the  arch  BCis  to  four 
quadrants,  that  is,the  whole  circumference.  Alfp 
the  angle  A.  2  right ::  the  arch  BC  periphery.   ' 

3.  Hence,  The  arcljes  IL^  BC  of  unequal  cireU^ 
which  fuitend  equal  angles^  whether  at  the4:ente^si 
4iiJL  and  BJCi  or  at  the  Peri^herj  m  l^.     : 


*        .  A. 


f 


J^O  rht  fixtb  Bool  of  , 

:  ,?^' ^;  fTAioh.  ••  angle  lAL  ffiAC)  4  rights 

AlfoArpbBC.  pertt^it::  angle  BAG.  4  right. 

TTherefore  IL.  periph  ::'BC.jperiph.  And  confe- 

.     qucndy  the  itches  IL  and  BC  are  Uke.  Whence 


:<    4-  ^^0  fmUiamters  JB^  AC  cut  off  like  archt 
JL^  BCfrom  concentrical  perifheriesn 


Tie  End  of  the  fixth  Book. 
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THE  SEVENTH  BdOK 

O  F 

EUCLIDEV    ELEMENTS* 


Definitiims. 

1*  V       ^  Nity  is  that,  by  which  every  thing 

that  i^  is  called  One. 

II.  Number  is  I  multitude  com- 
(tofed  of  units, 
IIL  One  number  is  t  part  of 
another,  the  lefier  of  the  greater,  when  the  Idf- 
icr  meafures  the  greater^ 

Ev^yy  fart  is  detionrinated  from  that  rmrnler  fy 
which  it  meafures  the  number  whereof  it  u  a  fart ; 
oi  4  is  called  the  third  fart  of  iz,  hecaufe  ii  mea^ 
fures  iz  hy  I. 

IV.  But  the  leffer  number  is  termed  Fart(» 
when  it  meafures  not  the  greater. 

JU  farts  whatfoever  are  ^nominated  from  thofi 
two  numbers  f  hy  which  the  ffeatefl  common  meafure  of 
the  two  numhers  meafures  each  ofthem^joufaid  to  hie 
f  rfi^  number  15^  hecaufe  thegreatefi  common  mea^ 
fure^  which  is  $  ^meafures  iohy%y  and  15  i^  g.  ^ 

V.  A  number  is  Multiple  (orMamfold)  a 
greater  in  comparifon  of  a  lefTer,  when  the  lefier 
meafures  the  greater. 

yi.  An  even  number  is  that  which  miyr  he 
divided  into  two  equal  parts. 

VII^  But  an  odd  numoer  is  that  whkh  cao- 
not  be  divided  into  two  equal  parts  \  or,  that 
which  differs  from  an  even  numl^  by  an  unit.  . 

VIIL  A  number  evenly  even  is  that  Which 
an  even  number  nieaiures  by  an  even  number.    * 

IX.  Buc  a  number  evenly  odd  is  that  which 
M  ^Tcn  number  tneafures  by  an  odd  number. 

X.A 


'^ 


iAi  ^*  fivmb  Book  if 

JC;  A  nuriiber  9ddly  odd  is  that  which  an  6ii 
number  meafures  by  an  odd  riuaiber. 

XL  A  prime  (or  firft)  number  is  that,  which 
is  mcafured  only  by  an  u'niu 

•XIL  Numbers  prime  the  ofte  to  the  other, 
ate  fuch  as  only  an  unit  doth  meafure,  being 
their  common  itieafure, 

XIII.  A  coriipofed  number  is  that  which  fome 
certain  nuniber  meafures. 

XIV;  Numbers  compofed  the  one  to  the  other, 
4re  they,  which  Come  number,  beiipg  a  c^tam^m 
aieafive  to  them  both,  does  mcafurji. 

In  thisy  and  the  ptceding  definition,  unity  ii  mt 
d  number. 

XVj  Onfe  number  is  faid  to  multiply  another,' 
when  the  number  mirttiplied  is  fo  often  added 
to  it  felf,  as  there  are  units  in  the  number  mul- 
tiplying, and  another  number  is  produced. 

Hence  ih  every  muUiflication  A  unit  is  to  the  rHul' 
ii^lietj  ds  thl  multiplicani  it  to  the  poduS. 

Obf.  That  many  times ^  when  any  number  art  ta 
le  ntultiplied  as  {A  into  B)  the  conj^n^ion  of  the. 
tetters  ienotes  the^poduS  :    So  AB  :=^  Jk  By  ahd 

XVh  When  two  titmbefs  muldp!yiflg  the;h- 
felves  produce  another,  the  mimber  produocd  is 
called  a  plain  number ;  and  the  numbers  which 
multiplied .  one  another,  are  calkd  the  fides  of 
that  number  .•  So  i  (C)  x  3  (D)  =  6r=:  CD  w  d 
ftain  mimber. 

JVII.  But  when  three  numbers  multiplying 
one  another  produce  any  number,  the  niimber 
produced  is  termed  a  lolid  ftumbcr  ;  and  the, 
numbers  multiplying  one  another,  are  the  fides 
thereof :  i5o  z  C^^)  K  5  (D)  x  5  (£)  =  50  =:  CD£ 
.  is  afolid  number. 

%  XVm.  A  fquare  number  U  that  which  is 
equally  equal ;  or,  which  is  contained  under 
two  equal  numbiers.  Let  A  be  the  fide  ofaftjuare  j 

jUfyuare  isttta'nottd,  JA  ^  ^g-  ^ ^*        '^ 

XIX*  A 


r* 


fitJCLIDE'i  EUmenis. 

XlX,  A  Qibe  is  that  number  whidi  is«qudly 
equal  equally,  or^whkli  is  contained  midei^  tham 
tqutX  mm>bers.Ie/  Ah€  the  fide  ofaCubr^the  Cuig 
w  thus  noted^  AAA^  or  Ac.or  A\ 

In  this  definition^  aid  the  three  foregoing^  ukity 
is  a  number. 

XX^  Numbcwiure  proportional,  when  the  firft 
is  as  inukiflc  of  tfaefecond,  as  the  third  is  of 
Ae  fourth ;  or,  the  fame  part ;  or,  when  a  part 
of  the  firft  Dumber  meafurc^  the  £econd,  and  tfaa 
fame  part  of  the  third  meafures  the  fourth,  e- 
Uy :   and  on  the  contrary.    So  A.B  ::  C.  D^ 


that  Uy  J.  9 ::  5. 1 5. 

XXI«  l^ike  plane,  and  folid  numbers  are  they, 
trhioh  have  their  fides  propcotiona] :  Namelf^ 
not  all  the  fides^  but  fome, 

XXIi.  A  perfc^  number  Is  thait  ivhich  is  equal 
to  all  its*  aliquot  parts*  i 

Js  6  ami  28.  But  a  mmherthat  is  kfs  than  its" 
aliquotfarts  is  caUed  an  A  bonding  nui^b^r  \  and  a 
greater  a  Diminutive  :  foizisan  Abounding^  if 
a  Diminutive  mmle*-* 

XXIII.  One  number  is  faid  to  ineafure  aiio»> 
ther,  by  that  number,  which,  when  it  multi- 
plies, or  is  multiplied  by  it,  it  produces. 

In  Divijion^  a  unit  is  to  the  guotJ€nt  as  tJje  divu 
for  is  to  the  dividend*  Note,  that  a,  number  flaeei 
under  another  with  sdine  betwixt  them^.fignifies  Dii- 

pifim^So~z  A  divided  by  B,  and^=  C  x  A 

divided  by  B* 

Two  numbers  are  called  Terma  or  Roots  of 
Proportion,  leffer  than  which  cannot  be  fcund 
in  the  fame  proportion; 

Tofiulates  er  Vetitims. 
f  •  ^Y^Hat  numbers  equal  or  m^fold  to  anf 
jL     number  may  be  taken  at  pleafure. 
arrhat  a  greater  nuAiber  may  be  uken  than 
any  muanber  ivtetioever* 

J,  That 


141 


i^  Tie  fevenib  Bodk  of 

;.  That  Addidon,  SubftraOion,  MuItipitQV* 
tion,  .DivifioA^  and  the  £xtraftioii%  of  roots  or 
fides  of  ^9^^  ^nd  cube  numbers,  be  alfo  grant-: 
^  85^wble, , 

Axiomei. 
i.  TT  THatfocver  agrees  with  one  or  mstny  equal 
W    numbers,  agrees  likewife  with  the  reft. 

X*  Thofe  parts  that  are  the  fame  to  the  fame 
part,  or  parts,  are  the  fame  amongft  themfelyes. 

3.  Numbers  that  are  the  fame  parts  of  equal 
jliuiibers,  or  of  the  fame  number,  are  equal 
amongft  themfelves. 

4«  Thofe  numbers,  of  whom  the  fame,  num- 
ber, or  equal  numbers,  are  the  fame  parts,  a|r« 
equal  anK)ngft  themfelves. 

$.  Unity  meafure^  every  number  by  the  upits 
that  are  in  it  \  that  is,  by  the  fame  number*. 

<5.  Every  number  meafures  it  felf  by  a  unity. 

7.  If  one  number,  multiplying  another,  prcn 
duce  a  third,  the  multiplier  ihall  meafure  the 
produd  by  the  multiplicand  ;  and  the  multipli^ 
cand  fhall  meafure  the  fame  by  the  multiplier. 

Hence,  No  prime  vumler  U  either  aflane^  folid^ 
ffuarcy  or  cube  number. 

8.  If  one  number  meafures  another,  that  numl^r 
by  which  it  meafures  ihall  meafure  the  fame  by. 
the  units  that  are  in  the  number  meafuring, 
that  is  by  the  number  itfelf  that  meafures. 

9.  If  a  niunber  meafuring  another,  multiply 
that  by  which  it  meafures,  or  be  multiplied  by  it^ 
it  produces  that  number  which  it  meaiures, 

10.  How  many  numbers  foever  any  number 
meafures,  it  likewife  meafures  the  number  com- 
pofed  of  them. 

ir.  If  a  number  meafure  any  number,  it  alfo 
meafures  every  number  which  the  faid  number 
meafures. 

iz.  A  number  that  meafures  the  whole  and  a 
part  tsUeen  away  doth  aUb  floeature  the  refidiie. 

PROP. 


r  ' 


EUCLIDE'i  Elmitntu  i^s 

»  •  * 

PROP,     t        :. 

A..... P..Q.B    8  $  )       If  two  untfual  iraiii- 

H-r^  tb^    hjjir  CD  bti  conii* 

rtually  taken  from  tie 
greater  JB  (aiid  tie  r^fidv^Ei  from  CD^  &c.)  ty 
an  aifem^if'fubjl^^^ipp^  and  the  mmiher  rtmamifig 
da  never  meafwe  th^  pjxc^enty  tiU  the  unity  GB  ho 
^aken  ;  then  are  the  numh'ers  which  were  given  AB^  • 
CD^  prime  the  one  to  tJjo  of  her. 

U  you  deny  it,  let  AB,  CD  have  a  conunon 
meaCure,  namely,  the  number  H.  Therefore  H 
ineafuringCD^  (^otsa  alCo  nieafure  A£;  znd^^t.axjji 
confequexitly  the  remainder  £fi  ;  a  thererore  it 
likewife  meafures  CF,  and  ^fo  the  remainder  b  iz^tf;r.74 
FD  ^  a  whereibfe  it  alfo  ineafures  £Q.  But  it 
measured  the  whole  £B,  and  h  therefore  it  m^ 
meafure  that  which  remains  GB,  a  unity,  it  felf 
being  a  number,   e  WhicJ)  is  dfjurd^     ,  c  g.ax*  ji 

.  J     ■  PSLOP.    11. 

.9      '6  two  fiumiers  JB, 

A  •••••««••£  ••«...  B    15  94    CD  ieing  given^  not 

.6       .3  ffime   the  one  to  tit 

C F...D         T  X  i    other  to  find  out  their 

G*--  ^,      peatefi  common  mea» 

Jfure  Ft>* 
T.alc^  the  lefler  ^umber  CD  £rom  the  greater 
AB  as  oftein  as  you  can.    It' nothing  remains,  a^  CaiXifi 
it  is  manifeft  that  C£)  is  the  greateil  common 
meamne.  But  if  thexe  lemainsfometbing  (as  £B) 
th£|l  tgke.  it  OHt  of  C0»  and  the  refidue  FD  out 
(D^EB,  an4  fo  forward  tiU  fome  wwnber  (FD}.   .    . 
ineafure  the  faid  EB  {h  im  this  will  be  before^  *•  t* 
you  come  to  a  unity.)   FD  Ihall  be  the  greatefl 
S^tpipiQS^  ipoaliirct*  J. 

,.  FftjFD^in«»fure*BR^dithe«efrtcalfoC]p5^^  - 

and  e  confequently  the  whole  CD'^  therefore  like-  ^  ^^•^-7* 
wifcAEiand  fo  meafures  the  whole  AB;Wiictefore  ^  ^^^*7* 


i^$  Th  fevintb  Book  of 

it  IS  evident  that  FD  is  a  common  meafure*  If 
you  deny  it  to  be  the  greateft,  let  there  be  a 
d  iiui{«.7«  greater  (GO  then  whereas  G  iheafures  CO,  it  d 
e  tUMx*j. muft  Ukewife  meafure  A£, c  and  the  refidue  £B, 
^fi^f.  (i  ^  ^o  CF,  e  and  by  confequenoe  the  refidue 
n^ax.u  ^^9  g  ^h^  greater  the  Ms.  tb  Which  is  abfutd. 

CaroU. 
Hence,  A  numcer  that  meafures  two  numbers, 
doesalTo  meafuretheirgreateft  oomnx)n  meafure. 

PROP.    III. 

A  •M....MM*  ft         Three  numhers  heit^  giveiiyd^^ 

B...MM.8  C^notfriwe  to  oneawtber^  to  find 

D.M.4   cut  their  greateft  common  meafure 

i  V/  CMMttO  Jim 

£.«!         Find  out  Dthe  greateft  com- 
/  F-—  mon  meafure  of  the  two  numbers 

A,  B.  If  D  meafures  C  the  third, 
it  is  clear  that  D  is  the  greateft  common  mea- 

•  fure  of  all  the  three  numbers.  If  D  does  not  mea- 
fure C,  at  leaft  D  and  C  will  be  compofed  the 
one  to  the  other,  bv  the  Coroll  of  the  Prop,  pre- 
ceding. Therefore  let  £  be  thegreateft  common 
ipeafure  of  the  faid  numbers  D  and  C,  and  it 
appears  to  be  the  number  reouired. 

a  cra#n       For  £  a  meafures  C  and  D,  and  D  meafures 

b  iMiK*7«  ^  ^^  ^  9   therefore  h  £  meafures  each  of  the 

numbers  A,  6,  C;  neither  ftallany  greater  (F) 

e^dr.i*  7.  ine^fure  them  ^    for  if  you  affirm  that,  c  then 

*  F  mcafuring  A  and  B,  ooes  likewife  meafure  D 
their  greateft  common  meafure  ;  and  in  like 
manner,  F  meafuring  D  and  C,  does  alfp  mea* 

^AWr*i  fure  £  c  their  greateft  common  meafuie,   d  the 
€  9L  AK.  E.  greater  the  lefs.    e  Which  is  ahfurdp 

ICoroU. 
Hence,  A  number  that  meafures  three  mmw 
bers,  does  aUb  ipeafuse  their  g^teft  cpqmmm 
1-.     meafure, 

F&OP. 
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PROP.    IV. 

A  ..4...6  Evify  Up  imrnher  A  \t  of^t€9f 

E  .....y  7  greater  B either  afanorf4trtu 

B.......v....-«...i8       If  A  and  B  be  prime  to  cat 

B«.-«^.9  another,  a  A  fhall  be  as  many  a  4»itf4* 

parts  6t  the  number  B,  as  there 
aife  unities  in  A  (as  6  =:  f  7 J  But  if  A  ihea^ 
fur^s  B,  it  is  h  plain  that  A  is  a  part  of  B  (its  5  b  t^i^.J* 
=  \  18.)  Lailly ,  if  A  and  B  be  otherwife  com- 
pofed  to  one  another,  c  the  greateft  common  c  44^^74 
fueafure  ihall  determinis  how  many  parts  A  does 
contain  of  B  ^  as  6  :=  }  9* 

p  R  O  P.    V. 

•  \ 

A ••«*••  6  .  .  Dm*4  4 

6       6  4       4 

Q •••••  •  Q ••••«•  CI 2*  £* «•«* XI ••«•  r  Oh 

If  a  number  A  U  &  fart  of  a  tamher  BC^  anAr 
Another  mimher  D  the  fame  fart  of  another  nuniber 
EF  ^  then  loth  the  mnibers  together  {A  4.  D)  fiaU> 
he  the  fame  pat^  of  both  the  rmmhers  together  (  BC 
-vJ^fJ  which  one  number  A  is  of  one  number  Bl. 

For  if  BC  be  refolved  into  its  parta  BG,  GCi 
«qual  to  A ;  and  £F  alfo  into  its  parts  £B^  HF 
equal  to  D ;  ^  the  numb^t  of  parts  in  BC  fhall  i  j^pi 
be  equal  to  tfje  number  of  parts  in  £F.    Tliere^' 
foife  ftnce  AH.D*!rrBG:4.EHt=:aC-»-HJ',  thenCc  McMifiJtni 
A  H-  D  ihali  be  as  often  in  BC  -^  EF,  as  A  is  in  u  0^4  U 
BC*    WTfieb  woe  to  be  dem. 

Or  thus.  Lttd  =:  -^ ,  knd br::^    then^^arrH,  Qii4M*U 
f we  a  ^  b  r=  ^i^-^^*  iFKcb  wis  to  bi  itti^ 


.f^S,  The  feventb  Bcok  of 

PROP.    VI. 

J      }  44.  IfanumltrAH 

A...G...B6    D,...H-..E8''^cp^mo/^  www- 

C......-.SI;  F. .......... .ii      her  C^  anda^nothes 

numherDEtheJamis 

f/frts  of  another  numier  Fj  then  loth  numhers  together 
J^-f  DJSJhaU  he  of  both  numhers  together  C  -^'F  th^ 
faviepariiy  that  one  numip'  AB  is  of  one  numhh  C: 

Divi^deAB  intp  its  parts  AG,  GB,  andDEiii- 

to  its  part's  DH,  HE.  the  multitude  of  parts  in 

'   •    both  AB,  DE  is  equal  by  fuppofition  j  wherefore 

*  ^5?«       Cnce  AG  a  is  the  fame  part  of  the  number  C, 

that  DH  is  of  the  number  F  ;  therefore  AG  -j- 

b  S«  7-       DH  h  Ihall  be  the  fame  part  of  the  compounded 

number  C  -1-  F,  that  one  number  AG  is  of  one 

number  C«  h  In  like  manner  GB-»-H£is  the  fame 

part  of  the  faid  C-f-  F,  that  one  number  GB  is 

t  s««Ak  7*  of  one  number  C.  c  Therefore  AB  -Y-  DE  is  the 

fame  parts  o^  C  -^  F,  that  AB  is  of  C.    Wlmb 

was  to  he  deni. 

Or  tfaus«  Let  a  =  f  x,  and  b  =:  f  y,  and  x-4* 
7=^  g)  then^  becatife  3  a  =^  z  x,  and  5  b  =  2  y, 
jt  J  a,  -4-  5  b  :=■  *  X  •+  »  y,  =  2  g.  therefore  a-h 
b=:^|g  =  |fX-vy, 

PROF;    VIL 
5        )  If  a  numher  AB  he 

A«««..E«.«B€  the  fame  fart   of  a 

,   6         10        6  '  itumher  CD^    tbtit  a 

Q^...t.C««.««.....F.H«MDi6   Jan  taken  away  AB^ 

isofafarttalunawm^' 
CFi  then  JbaUtht  nfidue  EB  he  the  fame  fart  of  the 

ibe^refakteFDjttuii^hewboie'AB  isofihewbeUCDA 
a  uf^*-  tf  LetBBbe^tfae  fame  part  of  the  aumberGCthat 
b  $.  7.      AB  is  of  CD,or  AE  of  GF.  fr  Tlicirefore  ABh-E*^ 

is  the  faoie  {^art  ttf  CF-»-GC  that  Aj&is  Qt^FsOi 
c  6.  as.  f .  AB  of  CD.  c  therefore  OF  =  CDrTake  away 
d  J.  ax.i,  CIT  common ,tQ  bptb,  afi44tbenbf!ema|as  GCts^ 
e  a.  OKm  7*  Fl>.  e  Wherefore  £6  is  the  famei^part  of  the  le*. 

fidue  FD  (6C>  that  tjhe  whplc  AB  is  of  the 

whole  C&   ITUeb  wMs  to  he  dnh 
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pr.tbu^.  Let  a  -+  brrx;  and  c-4.A^=  y  ;  and 
3Bs=ij  y,  ia  like  maimer  *i  a=:  ?  c  5 1  Tay  b~  i  d. 
jFor  g  0*4-5  dfc3y^x^'=a-+b.  talsea^yayfromf  i.  2* 
t)oth  5  c^=:  a,  and  h  chere  remains  3  .d  ==  b.ft  ^« 

PROP.    VIIL 


6>     2.     4     22 
A  ••»•••  H  ••  Q  ••••  £  ••  L  •;  S  x& 

18  6 


If  a  ^  numhr  jtB 
he^  the  fame  farts  of 
a  number  CDy  that  a 
fart  taken  away  AE  i 

is  of  a  fart  taken 
away  CF ;  the  repdue  alfo  EB  Jball  he  of  the  rer 
Jidtie  FD  the  fame  fartt^  that  the  whole  ABU  qf 
the  whole  CD. 

Divide  AB  into  AG,  QB,  pacts  of  tlietnmbet 
CD  ;  aHb  A£  iiito«AQ,  H£,  parts  of  the  nuo)-    ^ 
ber  CFj  and  take  GL^AH^HE.  #  wjierefotc*  f.  «jf.*. 
HGrrEL.  And  becaufe  h  AG^GB,  c  thercfoccT>  ««»A- 
HGzrLB.  Now  whereas  the  whole  AG  is  thcC  }.tf*.i. 
fame  part  of  the  whoi^  CD  that  th^  part  taken 
away  AH  is  of  the  oart  taken  away  CF,  itht  a  ?•  ?• 
reiidue  HG  or  £L  mall  be  the  fame   part  alio 
rf  the  refiduc  FD  that  AG  is  of  CD.    In  like 
Siattnef)    becaoi'e  GB  i^   the  fartie  part  of  the 
Whole  CD,  that  HE  or  GL  are  of  CF,  d  there-  ^ 

fore  the  refidue  LB  (Hall  be  the  fame  part  of  the 
refidue  FD  that  GB  is  of  the  whole  CD.  There- 
fore EL  -+  LB  (EB)  is  the  fame  parts  of  the  r^ 
fidue  FD,  that  the  whole  A  B  is  of  the  whole    . 
CD.    Winch  was  to  le  Hem.  .        i 

Or  thus  more  eafily.  Let  a  Vbir  x,and  c^Ar=:J. 
Alfo  y^sl  X  as  well  as  c  =  »  a  5  or,  «  whic^  is     -^  ^  1 
i:hefame,  ^yrszx;  and  3  cm  za.    I  fay  d  — **  ^^••^*'' 

p.  g  Therefore  gc-^-  5d  =  2-<-a2b.  take  away  g  ,^  ^^^^ 
firom  each  ^  0  ^  =:::  2  a.  and  ^there  remains  g  Azzz  £  iC«  *  * 

i^:£\\).jnkhlfhstqi9^im.      k  7^,^,1 4. 


y 


a^  b,  /  therefore 

1^  4 


KJ 


PROP. 


1  i,ax. 


f 


||t  Tie  /event b  Sock  of 

P  R  O  P.    IX, 
i^«^4  If  a  numher  4  ie  a  fart  of  a 

4  4  numher  BC^  and  another  mmht 
B . ..  G ....  C  8        Z)  thffdme  part  of  another  ntmher 

5  D*^..^  £Fj  then  alternately  whatpartor 
5        5             farts  thefirftJisofthethirdD^thc 

,    *  £.,•..  H.^.F  IP    fawp  part  or  parts  fiaU  the  fecond 

BC  be  of  the  fourth  EF. 

fL  ^sfuppofed  "ra  D.  ^therefore  let  BG,GC,aiid 

BH,HF,parts  of  the  numbers  BC,EF  be  cquaH  BG 

andGQ  to  A ,  and  EH,  HFto  D.  Theipultitiidc 

pf  p^ns  is  pyt  equal  in  both.   But  it  is  clear  that 

^  x.ax.  7 •  GB  is  tf  the  fame  part  of  parts  ofEH,  that  GC  is  of 

ndA,  7,   HFj  *wherefoie  BC  (BG-^GC)  is  the  fame  part 

|.^6.7.or  parts  of  EF  (EH-^HF)  that  BG  alone  (A)  is 

of  jEH  alone  (D.)    Which  was  to  ie  devu 

Or thus^Letazr  —* aad c  ==  *-'  or  2  a  r-  b  aad 

;^1J.  5.     2-.  =rd.  then  is -^:=:^  =^ 
•  f^  a       ga       b* 

.<        .  PRO  P.    X. 

A««G..B4  -5^^  numier  JB  he  parts  ofM 

C ...... 6  numher  C^  and  another  nnwihtr 

5        5  '  D£  the  fanip  parts  of  another 

I> H  •••••£  I  o     numher  /';  then  alternately^  v^hai 

Ff.«...f...*Mfi$        part  or  parts  the  fiyft  Ji  is  ef 

the  third  DE^   tlie  fane  parts  of 
part  fiaU  the  fecond  C  he  of  the  fourth  F. 

AB  is  taken  -3  DJi,  and  C-:3F,  Let  AG,GB, 
^niJL  PU,  HE  be  pans  of  the  numbers  C  and  F, 
viz.  as  many  in  AB,asin  IS)E,  It  is  manifeft  that 

f  9?  7' '    AG  is  the  lame  part  of  C,  that  DH  is  of  F.   a 
whence  alternately  AG  is  of  DH,and  likewife  GB 

P?.0*?.7-Pf  HE,  and  h  fo  conjointly  AB  of  DE  tlie  fame 
{>aFt,orpaits,thatC  is  of  F*  WlAchwastohedevu 

'  ,rN    1       »  ib  zd 

Qrtnus,Letar=:^,&c=*-»  or  ?*:=:::  z  b,  & 

,  ^-       .    c  ^c     2d      d 


EUCUDE'i  Elements.  ifi 

PROP.    XI. 

If  a  part  taken  amctj  JB 

4      1  he  to  a  part  taken  away  CF^ 

A ....  E  M.  B  7  as  the  whoU  AB   is  to  the 

8        6  vl^le  CD  y  the  refidut  alio 

C.M*M«.  F  ..^...D 14      EB  Jball  he  to  the  refidue  FD^  '• 

as  the  whole  jB  is  to  the 
whole  CD.  .  ,  . 

Fiift,  let  AB  be  -3  CD  5  ij  then  AB  is  cither  ^  ^^^ 
a  part  or  parts  of  the  number  CD ;  and  likewife  ^  -jJTI* 
A£  is*  the  fame  part  or  parts  of  CF  >  c  theref,    '     '    '* 
the  refidue  £B  is  the  fame  part  or  parts  of  tiie 
refidue  FD^  that  the  whole  AB  is  or  the  whole 
CD.  h  and  fo  AB.  CD ::  £B.  FD..  But  if  AB  be 
crCD.  then  according  to  what  is  already  ihewn, 
will  CD.  AB ::  FD.  £B.  therefore  by  inverfioii 
AB.CD::EB.FD. 

PROP.    XII, 

Ay  4.    C4  2.    £,  ^.    .    Jf  there  he  divers  numhers, 
B|8.    D,  4,    F,  (5.    how  many  foeveryproportional 

(J.  B  ::  C.  D ::  £.  Fj)  tl^n 
as  one  of  the  antecedents  A  is  to  one  of  the  confer 
quents  B,  fo  Jball  all  the  antecedents  (J-t-C-^JB)  he 
to  all  the  confequents  (B-^D^P.) 

Firil,  let  A,  C,  £,  be  -3  B,  D,  F  ;  then  (be-         ,  . 
caufe  of  the  fame  proportions)  a  Ihall  A  be  the  J  *  a2c^* 
fame  part  or  parts  of  B  that  C  is  of  D,  *  and  "  **CyO,7 
likewife  coniointly  A-f^C  ihall  be  the  fame  part 
or  parts  of  B-i-D  that  A  alone  is  of  B  alone.  In 
like  manner  A-i>C-t-£  U  the  fame  part  or  parts  of        ^^^ 
Bf  D-4-Fthat  A  is  of  B.  c  Therefore  A-^C-».£.^  ^^^•7* 
B-4.&4-F  ::  A.  B.  But  if  A,  C,  £,  be  put  greater 
than  B,  D»F,  the  lame  may  be  fhewa  by  in- 
verfion, 

K  4  PKOP. 


I  yi  litf  feveiHb  JBtwJE  <?f  '  * 

PRO  ft   XHI. 

A^J*    C,4;       Ifthirehefournuinbersfropoftional 

B,5.  D,  12..  (J.B::C.  D.)'then  alternaufy  ijfcy 

jballalfQ  Hpoportional^  (J,C:^ij)*)  ■ 

FirftlctAand  C  be  r^  Band  D,  tod  A -^ 

ztoJef.jnC^  By  reafoti  of  the  fame  propdrtion*  ihalLA 

l)9iCf  10.  be  the  fame  part  or  parts  of  B,  that  C  is  of  D. 

7*    .^  ^''  t  Therefore  alternatefy  A  is  the  fame  part  or 

toarts  of  C  that  B  is  of  D.    and  fo  A,  C  ::  B^  D. 

•*        But  if  A  be  cr.C,  and  A  and  C  fuppoftd  -3  B 

^  and  D9  the  matter  will  be  tlie  fame  by  iirrert*^ 

ing  ttie  proportions* 

PROP.    XIV. 

•  *  ♦     • 

A)  9*  D, ii.  -  Jfih€rehennntiersjfo»manyfoeveff 
Bf6»  £)4.  J^  ByCi  and  asmanf-more  eyualu 
C,  J.  F,  z.  them  in  midtiiudey  which  viay  be  com* 
fared  two  and  two  in  the  fame  jrofot'^ 
tion (J.B::D.E.andB.C:: E.F'^)  the¥jbaUalfo^f 
eguality^  le  m  the  fame jropoHion  (J,  C ::  D.  F.) 
a  X  J.  7*  Forbecaufe  A.  B ::  O.  E.  a  therefore  alternately 
is  A.  D::  B.  E;:^C.F.  j  and  fo  again  by  chan* 
ging  A»  C :;  D.  F.    IThieh  was  to  he  dem. 

.   PROP.    IV, 

•  *  > 

0 

..',.'    It       i)lf  Ifaunitmeajuteamfiuinhertf 

B««.  3  •E.M...^.    ana  another  numhcr  D  do  ^j^^^f 

meafwefome  othernumlefc\aL 

tematflj  dfoJbaH  a  unit  meafare  the  third  number 

.   Df  as  ofttn  as  thef^ond  B  does  the  fourth  E, 

For  feeing  t  is  the  fame  part  of  B>  that  O  k 

•  9t  ?•  ^   of  E  5   a  therefore  alternately  Ihail  i  be  die 

lame  part  of  D,  that  B  is  gf  £,    V^Tfkbwas  to  It 

imonfitatcd.  *     - 


A 


PROP.^ 


IXJCLlDWs  Elements.  i^2 

PROP-    XVI. 
B|  4.    '  A, )»  Iftw^  humtrett^  J^  B^  Mwfri* 

A.  ^  B,  4.  f^i^  thtiUfekes  the  one  into 
K&s  i'^«  BA)  f 2*  Ai^  o^/j^)  proifiiU  liiny  numkert 
^  4^8,  ^-<i^5   /J&«  numhrs  produced 

4S  and  MJfiMh  c^ai  the  one  to  the  other. 

For  becaufe  AB  ^r  A  x  B,  ^  therefore  ftalli*  I5.«r7- 
be  as  often  in  A,  as  B  in  AB,  h  and  by  confe-P  'S»7*  ^ 
quence  alternately  t  ihall  be  as  often  in  B  as  A 
in  AB*  But  £3r  that  BA  :=  B  x  A^  a  therefore 
ihall  f  be  as  often  in  B,  as  A  in  BA^  .th^fore 
a5  often  as  i  is  in  AB,  fo  often  is  i  in  BA.  and 
c:{o  AB  :=•  BA.    WTficb  wat  to  he  im.  c  4,  ax.  j. 

PRO  P.    XVII. 
A)^.  If  ^  imrnhgt  J  midtif lying , 

B^  X.        C)  4*        t^o  wumhers  By  C,  f  reduce  Pther 
AB,  6.    AC)  12.    Ttumhersj  JB^  JC ,  tie  numhere 
/  i  podue^dof  them  fiaU  he  in  the 

fame  ptW(mion  that  the  numhers  multiptkd  are**  ^ 
(JB.JC::B.C.) 

For  being  ABsrA  xB,  ^  therefore  ihall  i  be  aAa  x  S^efkj^, 
eften  in  A,  as  B  in  AB.  a  Likewife  becaule  AC 
=  Ax  C,  therefore  ihall  i  be  as  oiten  in  A,  as  C 
in  AC.  and  fo  alfo  B  as  often  in  AB  as  C  in  AC. 
i  wherefore  B.  AB ::  C.AC,  e  and  therefore  alfo  b  2€.A/.7« 
altemaicly  B.C:: AB.  AC.  Wlich  woe  tohe  dem.  c  13.  y^ 

PROP.    XVIII.    ' 
C,  $t'       C,  5.  Jf  two  Tmmhers  J^  B^  muU 

A,  ?.       B,  9^        tiflying  any  number  C,  produce 

A.C,iJ.  BC,^5.    ^^^^  numhers,  JK^  BC\    the 

nuvihei's  produced  of  them  fiM 
he  in  the  fame  froportion  tltat  the  numhers  multipl^r- 
i^g  are.  (J.  B  ::  AC.  BC,) 

For  a  AC::=::CA,  and  BC  a  =rCB  ^  fothcfsane  i  i6,  f.  -. 
C  mti^tiplying  A  and  B  produces  AC  and  BC    •  ' 

ithetaQXtA^::ACM^Whidiwi$UiedejtK    bij.j* 

Schol 


JJ4  ^^  ftv^tb  Book&f 

ScM. 
Hence  is  deduced  the  vulgar  maimer  of  ledu- 
eing  fraftions  (|,  ^)  to  the  tame  denomination^ 
Foi  multiply  9  ^oth  by  5  and  5,  and  they  pro- 
duce ^=4  5  bccaufeby  tms,  5.  5 ::  27.45.  Like- 
■wrifc  niultiply  5  by  7  and  9^  there  ariles  J^  i= 
I;  becaufe7.9::  95.4$« 

PROP.    XIX. 
A»4.  B,^     C,8.  D,  12.       If  tJmrelfcfouYTmm" 
Afiy^  BC,48.         hers  in  ^of  onion  {M 

B ::  C.  D)  the  mmhtr 
froiueed  of  the  firjl  and  fourth  (JD)  is  equaliotJ^ 
numher  which  is  produced  of  the  fecond  and  third 
(fiC*)  And  if  the  numher  which  %s  produced  of  the 
jhfi  andfmrth  (JD)he  equal  to  that  podueed  of  the 
fecond  and  third  (BC)  thofe  four  numersJbaK  he  in 
frofortion  (A.  B  ::  CD.) 

a  17. 7.        i^Ifyp.  For  ACAD  a ::  CDh ;;  A.Btf ::  AC.BC. 

b  iJp^  i  therefore  AD=:BC-    IFhich  wasio  he  dem. 
c  la  7,        *•  Hjf*  Becaufe  e  ADrrBC,  therefore  AC.  AI> 

d  9-  S.  /^'  AC.B&  But  ACAD^  ::  G.  D.  and  AC.BC 

e  hyp.  ^^  '•  -A.  B.  k  therefore  C.  D  ::  A.B.    JTbich  was  to 

f  J.  5.'  he  demtmfirated* 

VliX  PROP.    XX. 

\  tt*  i        ^*       ^*      ^'       If  there  he  thru  numbers  in 

4.         6.       $1.    propoiiion  (J.  ^  ;:  S.  C)  the 

AC,  36.    BB)  j&    numher  contained  under  the  ex-- 

I>>  6,  /re m^j  (JC)    is  equal  to  the 

fquare  made  of  the  middle  (BB^ 

4^  if  the  nwnier  contained  under  the  extremes  he 

fqual  to  that  (Bq.)  producedofthe  middle^  thofe  three 

numiasfiaU  he  in  proportion  f^^  •^•J 

a  K  /ftr.  7.     I.  Hyp:  For  take  J>=rB.  a  therefore  A, B  ::  D 
b  19. 7A  (B.)  C.  h  wherefore  ACcsBD,  a  or  BB.   JHacb 
mutta  U  imofnfiraied^       .    . 

x.Hyp. 


I 

EUCLIDE'/  EUmmts.  j%^ 

z.  Hyh  Becaufe  AC  c  =  BD,   d  therefoie  A.  c  hjff. 
B.-:  D  (B)  C.    Vhnh  was  to  he  dem.  d  19.  7. 

TROP,    XXL 

A«-6..B$«      E,M-#*.,.tO        Jfumhers  JlS^  CD^ 
C  M  H .  D  ?•      r.,^.-6         »^ij^  /i&e  /mJ»  ofaU 

that  have  the  fame    , 
froportion  with  them  (£9  JF)  do  efuaMy  meafure  the 
numh&rs^  E^  F,  having  the  fame  proportion  with 
thevi ;  the  greater  AS  the  greater  £,  and  the  lefer 
CD  the  lepr  JP. 

Fpr  aB.  CD  a  ::  E.  F.  i  therefore  alternately  ^  .  ^ 
AB.  E ;:  CD.  F.  c  therefore  AB  is  the  lame  part  f  7'* 
or  parts  of  ¥  that  CD  is  of  F.  Not  parts ;  for  if  ;  JJ  V  : 
fo,  then  let  AG,  OB  be  parts  of  the  number  Ei  ^  i<>-^/-7* 
and  CH,  HD,  parts  of  the  number  F,  e  therefore  , 
AG.  E ::  €H.  F.  and  by  inverfion  AG.  CH  d  ::  ^  15-  7- 
E.  F  e  ::  AB-  CD.  therefore  AB,  CD  are  not  the  «  hh 
leaft  in  their  piopi^ion  ;   wh^ch  is  ooatrary^  to 
the  If ypothefis.    Therefore,  &!c. 

PROP.    XXIL 

A9  4*        D,  iz.        If  there  he  three  numhers  jI^  -. 
fi,  3*        £,8^      ^yC;  and  other  numkers  efu^    .  t 

C,  z.        F,  6,      to  them  in  multitude^  D,  £,  F^ 

which  may  he  compared  tufio  and 
two  in  the  fame  proportion  :  And  ij  alfo  the  fror 
portion  of  them  be  perturbed  (A.  B  ::  E.  F.  and  JBT, 
C ::  D,E)  then  of  equality  tljey  Jhall  be  in  the  fame 
praportian  {AC::D,f.)  , 

For  becaufe  A.  B  ^  ;;  E.  F,  therefore  fhaU  A3P  *  ^^ 
:=z  BE  s  and  becaufe  B.  C  .v  ^  D-  E,  *  thciefore  ^  ^^-  7^ 
BE=CD.randconfequB(htlyAF=^CD.<^Wherc^  c  i.tf*.  i, 
fore  A,  C  .•:  D.  F,    t/jick  wof  to  be  dem.  ^  ^9*  7* 


PROP, 


i 


ifS  '  Tie  fevcnth  Bool  of 

.    .<•  '  t  RO'P-   XXIII;  "* 

A,  9*    6, 4.  Numbers,  p'l^e  the  one  to  the 

C D-—    othetyj^iy  nri  the  leafi  of  all 

£-•  Tjumhers  that  have  the  fame  fW" 

,  portion  rvith  them. 

If  it  be  pdffible,  let  C  and  D  be  lefs  thah  A 

a  21.7.     and  B,  and  in  the  rame  proportion  ;  /i  therefore 

C  meafurte  A  equally  as  D  meafuies  B,  namely, 

b  iju?e/.7«'by  the  fame  number  F  ;  and  fo  C  ihall  be  ^  as 

c  15.  7,     often  in  A  as  i  is  in  E  5  c  likewife  alternately,E 

as  often  in  A  as  i  in  C.  By  the  like  inference  as 

many  times  as  lis  in  D,  fo  many  times  ihall  £ 

be  in  E.    Therefore  E  mcafUres  both  A  and  B  ; 

which  coi^fequently  are  not  prime  the  one  to  tlie 

Dther,  contrary  to  the  Hyfothefis. 

PROP.    XXIV. 
■A,  9.     B,  4.        Numhers  J^  By  heing  the  lea]^ 

C of  all  that  have  the  fame  prof  or- 

J} E  -  -    tioH  with  them^  are  prime  the  one 

to  the  others^ 

If  it  be  poilible,  let  A  and  Behave  a  common 

meafure  C ,  and  let  the  fame  meafure  A  by  Q, 

a  9.  MX.  7.  ind  B  by  E  5  ^therefore  CD=A,  *  and  CEtr  B. 

b  17-  7*    ♦  Wherefore  A.  B ;:  D.  E-  But  D  and  E  are  lefler 

than  A  and  B,   as  being  but   palts  of  them. 

Therefore  A  and  B  are  not  the  leaft  in  their  ^10^ 

foftion,  agaijfft  the  Hypothecs. 

PROP.    XXV.  ^ 

,.  Ar9*       B,4,       If  two  numleri  A^  ty  he  frimi 

Cj  3.        D  -  -    the  one  to  the  other y  the  numker  C 

keafeiring  one  of  them  J y  fiaU 
H  prime  to  the  othernumher B* 

For  if  you  affirm  any  other  D  to  meafure  the 

numbers  B  and  C,  a  then  D  meafuring  C  does 

a  luax.j.  j^jfQ  meafure  A  j  and  confequently  A  and  B  are 

not  fmoR  the  one  t(>the  other,    jnficb  ii  againjt 

the  tlypoth^u 

•^  PROP* 
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PROP,    XXvt.' 

A,  5*        C,  8.  //  two,  mv^ersy  J,  B,  **• 

B,  g,  ffim'e'to  any  numher  C,   //;« 
AB  i<.    E -   V^ff^^^^.  ^0  podMfcl  of  tUm 

•    '         F -'j  -^ Jhallhe pime^o. thefam^ 

If  it  be  poffible,  let  the  number  E  be  a  com-  ^ 

AD 

mon  meafuie  tt  AB,  and  C  5  andIet-;p-bc!=:F5  a^  P.  ax.fm 

thence  ABrr  EF ,  h  wherefore  alfo  E.  A ;;  B.  F-b  19.7. 
But  becaufe  Ajs  prime  to  C,  which  Emeafures,^  25.  7. 
c  therefore  E  and  A  are  prime  to  one  another,  i^^  2.^.  7. 
and  fp  leaft  in  their  own  proportion,  e  andc^n^e  11%  7. 
ftquently  they  muft  meafure  £  and  F  ;   n^mdf 
F  fhaU    meafure  B,  and  A  fhall   meafure  F, 
Therefore  feeing  £  mei^iAffes  both  B  and  C»they 
iliaU  not  be  prime   to  one  anqthi^r.:.  ContvaYf 
to  ih   Hyfothejisi 

p  R  d  pi   XXVU. 

f 

Ail  4*    B>  $•  If  two  numbers  Ay  S,  le  p%mt 

Aq,  i6.  to  ong  another^  Jbat  alfo  which  U 

0,4.  Produced  of  one  of  them  (Jq)  Jbai 

be  pime  to  the  othtr  E* 
Take  P  =  A  »  therefore  each  pf  D,   aod  A  a  i.  ar.7, 
ar^  prime  to  B«  ^  wherefore  AI^  or  Aq  isprini^b  x6. 7« 
to  i^,    Jj^ici^  mi^  /a  i(  dm*  .^^ 

PROP.  xxvm.     '  .;.  ...r  - 

^>. :  5f-   Ci  .4.  J(if  two^numieys  Ay  jj,  h/pim 

5?  il.  P>  ^*        ^^  (''?<^  «iflfi4«a  C,  Di.eaek  to  ein 

^^.  /«rA*^f8.  a/  ^/;^9i  Af,.  CD  fiai, 

h  JrimtiK:  om  another.  .  ,        \,  • 

^  W.h|wng  A.^  Bi a^e4)rin»  IdC,^ *^PfoWft  i^,')/ 
fluOl  AB  aUo  be  pii^jw^.  t^.tb«^<iWP^  Awfe^y  rt«^ 
A.^'^i  fame 


lyg  3ri^  feveHth  Book  of 

f     b 2$, 7.^    f'*"!^ reafon fliall  AB beprimc to  D.  h  Thercfo^e^ 

AB  is  prime  to  CD.    Wbkh  was  to  he  dtnu 

P  R  O  P^   XXIX. 

A,  J.      fi,  !•         tf  two  numhers  Jy  U,  he  fylmi^ 
Aq,  p.    Bq,  4.    to  one  another^  and  each  multifly^ 

^  Ac,  27.  Be,  8.    ing  himfelf  produce  another  Jiuwher 

*  '  (Aq,  and  Bq;)  then  the  numhers 

froduced  of  them  ( Aq ,  Bq)  fiai  he  prime  to  one  ano^ 
ther.  And  if  the  numhers  given  at  ^ftyAyB^mtltiflj* 
ing  the  [aid  produced  7tumfers(Aq^Bq)fioduce  otiers 
(Ac,Bc)  thofe  ntmhers  aifo  Jball  he  prime  to  one  atio^ 
ther :  Aid  this  JbaU  ever  happen  ahout  the  extremes. 

%4.7. 7.  For  bccaufe  A  is  prime  to  B,  a  therefore  Aq 
IhaU  be  prime  to  B.  and  Aq  being  prime  to  B, 
a  therefore  Aq  fhall  alfo  be  prime  loBq.  Agaai^ 
becaufe  A  is  as  weH  prime  to  B  and  Bq.  as  Aq 

b  z8,  7.  h  to  the  faid  B  and  Bq,  h  thcrefote  fliall  A  ^ 
Aq,  that  is,  Ac,  be  prime  to  B  x  Bq,  that  is, 
to  JBc^;  Andfo  forth  of  the  reft. 

PROP,    XXX. 

85  If  two  numhers  AB^ 

A  ••.•••..  B.M.*  Ci^D^  —    BCjke  prime  the  one  to 

the  other y  then  hoth  ad~ 
ebd  together  (AC)  Jhall  he  prime  to  either  of  them 
ABj  Mc.  And  if  hoth  added  together  AC. he  prime  to 
any  one  of  them  ABy  the^Aumhers  alfo  given  in  tht 
heginnivg  AB^  Bfi-fh^  he  prime  to  ofie  another, 
I.  Hyp.  FoHf  you  would  have  AC,  AB  to  be 
A  tl«Av«7«compo(ed,  let  D  be  the  common  meafure :  a 
this  ifaali  mealure  the  leiidue  BC :  and  there* 
ftire  AB,  BC,  are  fiot  prime  to  oi^  another  ^ 
which  is  agavnfi  the  Hypothefis. 

z.  Hyp.  AC,  AB  being  taken  for  prime  to  one 

pother,  let  D  be  tlie  common  meafure  of  AB^ 

b  lOtffjr.T  ^C.  h  But  feeing  that  meafure^  the  whdle  AC^ 

.** .    ^* therefore  AC,  AB,  are  not  ^lime  io  q»  ano^ 

ther  J  tomrarj  $9  tie  Hyfaib^Si  i* 


*s  Elements]  1^9 

Coroll. 
Hence,  A  number  which  being  compounded 
of  two,  is  prime  to  one  of  them,  is  alio  prime  ^ 

to  the  other. 

PROP.    XXXL 

A,  $•    B,8.       Everypnm8numherAisfrm$toe^ 

very  numier  K,  wbicb  it  meafures  noU 
For  if  any  common  meafure  does  meafure 
both  A,  B,  ^  then  A  will  not  be  a  prime  num« 
<  ber ;  contraify  to  the  Hyfotb^s*  a  i  iMf.j.^ 

PROP,    IXXII. 

A,  4«      D,  ^.        Jftvo  numbers  J^  S^  muUtplyhg 

B,  6.        E,  8,    one  another  produce  another  JA^ 
AB  24.  and  fome  prime  number  D  meafure 

,    the  number  poduced  of  them  JB  i 
then  Jhall  it  aljo  meafure  one  of  thofe  numherSf  m 
w  B^  whieh  were  given  at  the  beginning* 
Suppofe  the  number  D  not  to  meafure  the  mim« 

ab 

bcr  A,  and  let  Ty=E-  ^ then  AB=:DE,i whence  ^  j;  ax^^^ 

I).  A  ::  B.  E,  c  But  D  is  prime  to  A  ;    d  there-  ^  ^9-  7* 

fore  D  and  A  are  the  leait  in  their  proportion ;  ^  W*  ^^ 

e  and  coirfequently  D  meafui'es  B  as  often  as  A  J**  '• 

iheafures  E.    Whicb  was  to  be  dem*  "  *  J-  7* 

«  2f.  7. 

PROP-    XXXIII. 

A,  iz.  Every  eomfofed  number  A  is  me^ 

B,  2.  fined  by  fome  prime  number  B. 
Let  oae  or  more  numbered  meafure  A,of  which 

let  the  leaft  be  B  i  that  ihall  be  a  prime  mimber :  a  i^Aefj. 
For  if  it  be  faid  to  be  compofed,then  fome  a  lelfer 
number  Ihali  meafure  it»  b  which  ihall  aifo  confe- 1. 
quendy  meafurcA.  Wherefore  Bis  not  the  leaft  ^  "•^•7* 
of  them  whiob  amf Hie  A,  contrary  to  tic  ifyp. 

BROP, 


x6o  Tie  fevemb  J^^ok  sf 

PROt.  XXXIV.  - 
A I  9.  Zvzty  number  J,  is  ciihei(  a  p'vm^  at 

meafured  hy  fome  prime  number. 
For  A  is  either  necelTarily  a  prime  or  a  com- 
pofed  number,   'If  it  be  a,  priiBe,    *tis  that  w^ 
t  jj«7.     aifirm.    Ifcompofed,  a  then  fome  prime  number 
m^afitfe^s  it^    J^Hmh  W4is  to  h  iem. 

PROP/  XXXV. 

^  - 

D,z.  H-I-K  — 

E,j.    F,z.    G,4.         ,i---- 

How  manjt  numhers  foever  A^  By  C,  being giveiUi 

to  find  tJ^  leafi  numbers  £,  F,  G,  thai  have  the 

fame  froportian  with  them^ 

*3t5»7»        IfA^B,  C,  be  prime  to  one  another,   a  they 

b  J.  7.  "^   fcall  be  the  kafl:  in  their  proportion.    If  tbcy 

be  compoCed,  b  let  their  greai^fl:  common  me^- 

iAKe  be  D,  vhich  let  meal^ire  them  by  E,  F,  G. 

Thcfe  are  then  leaft  in  the  proportion  A,  B.  C. 

«  ^  tf4|-3f.     For  D  X  E,  F,  G,  c  produces  ABC,  d  therefore 

d  17*  7*    they  are  all"  in  the  fame  proportign*    But  illow 

other  numbers  H,  I,  K   to  be  the  leaft  in  the 

t  ii.  J.-     feme  proportion  ;  e  which  Ihall  therefore  equally 

£9.  a».  y.meafure  ABC,  namely  by  the  number  L.  /there- 

fl.  a^i  I.,  fore  L  x  H,I,K,  fliall  produce  A,BjCy  g  and  con- 
19*  7*    fequently  EDrrrArzHL*  b  from  whence  E.  H:: 
l/i«^a/.  L.  D.  But  £  ^  (T  K  i  /  therefore  L  cr  D,  and  fo 
1  zoJef^j.  J)    is  not.  the  gr-eateil  common  meafure  of  A* 
B,  C,^  W7mkis  againji  the  U^ffihejis, 

\       :  CorolL  \  , 

.  Hei9ce,  The  greateft  common  mesCfjure  of  how 
jnany  nunibers  Coever,  does  nieafure  them  ]^^ 
the  numbers  which  are  leaft  of  all  tba^  hay^ 
'  the  fame  prppo^ion  wiift  ,'tii'e«i*  Whereby  ^pf 
pears  the  vulgar  metl^d,j^,ic«lvKiBg,fta[W^ 
to  the  leaft  terms< 
.    ,  -  i  PROP. 


>-  ' 


\ 


£trCL]iD£'#  Elements^  i6i 

PROP^    XXXVI. 

Tm  numbers  hei^g  given  Jy  S^  to  find  okt  tie 
hafi  numher  which  they  nieafurei  ^ 

A,  s.    B,  4.        I.  Or/e.  It  A  and  B  be  prime  the 
,  AB,  20;        one  td  the  other,  AB  is  the  ntwq- 

D ber  required.    For  it  is  manifeii; 

B._F-*-    that  A  and  B  meafure  AB.    Ifjt    ' 

be  pofSble,  let  A  and  B  meafure 
foaie  o^r  member  D  -3  AB,  if  you  pleafe  by         , 

B,  and  F.  a  therefore  AE-^I)- BF,  ^  and  fo  A  A  9^  ^^-^ 
B  :;  F.  E.  But  becaufe  A  aid  B  c  are  prime  the  &  i.tf«.f . 

{me  to  the  other,  d  and  fo  leaft  in  their  pr6por-  ^  19.  7. 
ion,  A  ihall  e  equally  meafure  F  as  B  does  £•  ^  %• 
But  B.  £/::  AB.  AE  (D)^  Therefore  AB  Ihaild  2J.  ?• 
alfb  meal'ure  Dj-vv^hich  islefs  than  it  felf.  JThich^  ^^  7» 
Uahfurd.        »  f  17.  7»  . 

.           ^  gio.def.j, 

A,  ^.    B,  4.    F i:  Ci/i?.  But  if  A  and 

C,  J.    D,*;    G--H---  B  be  compofed  one  to 
ADfti.  another, /;  let  there  be  h^ef-y 

I      ,  found  C  and  D  the    ^^  ^* 

leaftinthefanfifeproportlbn.ttheref6re'AD-:::BC5;i5;  10  7 
Md  AD  0t  BC  Iball  be  the  number  fought  for.         ^' ' ' 
,  For  it  is  /pWifl  ^hslt  B  and  D  do  meafure  AD|  y^,ax.  i. 
6r  BC.  Conceive  A  and  B  to  meafme  F  "ru  AD, 
J^mely  A  by  a,  and  B  by  H.  w  therefore  AGi:r  ma  axT 
F=BH.  n  whence  A.  B ::  H.  G  0  :;  CD*  f  and „  fo  7 
confeguently  C  equally  rneafures  H  as  D  does  G. «  iro«^r   ^ 
g»t  D.  G  1^ ::  AD.  AG  (F.)  therefore  AD  f  mea-  ^  ,  ,  -; 
Cai«s.F,  the  greater  the  lefs.    jnkh  U  ahfurd.      ^  ^y\  y. 

r  zo.di/.7#^ 
CoroB.  ' 

,  Hertce,  If  two  numbers  multiply  the  leaft 
that  are  in  the  fame  pfoportibh,  the  greater  the 
lefs,  and  the  lefs  the  greater,  the  leaft  number 
which  they  meafere  ftall  be  produced. 

^  t  prop; 


i6ar  ,  Tbe  fevektb  Book  of 

s 

PROP.   XXXVIL 

A,  £.    B  t  ^ .  If  two  numbers  J^  B^  meafure 

£  ......6  any  numhet  C,  D,  /^  Uaft  ntfjn- 

C --•-  F-  -— D    ^er  vphichthey meafure  EfbaHck- 

fo  meafure  the  favie  CD. 

If  you  deny  it,  take  £  from  CD  as  often   sis 

you  can,  and  leave  FD  "3  E.    therefore  feeing 

a  hyp,        ^  *^^  ^  *  meafure  E,  b  and  E  meafures  CF,  c 

h  conflr,    l^^^wife  A  and  B  will  meafure  CF.  But  a  they 

c  li.ax.i.  "^caf"*^*  ^^1*^  whole  CD  ;   d  therefore  alfo  thfljr 

d  \z,ax!i\  *^™^^fwrc  ^h^  refidue  FD ,  and  confequently  £  is 

.\  not  the  leaft  which  A  and  B  meafure  \  contrary 

'  to  the  Hyptheps. 

PROP.    XXIVIIL 

A,}.    B,  4.    C,6«        nree  number i  being  given  ' 
D,  I  a.  J^  B^  C,  to  find  out  the  kifi 

iphich  they  meafure* 

^3^7^         a  Find  p  to  be  the  leail:  that  two  of  tliem  A 

and  B  do  meafure  ^   which  if  the  third   C  do 

alfo  meafure,  it  is  manifeft  that  D  is  the  num-' 

ber  fought  for.  But  if  C  do  not  meafure  D,  Itt 

•£  be  the  ieaft  that  C  and  D  do  meafure^  £ 

fhall  be  the  number  required. 

A,  t.    B,j.    C,  4.        For  it  apbeafs  by  the  if» 

D,  6.    £,  iz.         ax.  7.  that  A,  B,C  meafuie 

F  —  £  ^  and  it  is  eaiily  fliewn 

that  tliey  meaUire  no  other 
lefs  than  F.  For  if  you  affirm  they  do,  b  thenD 
'  meafures  F,    b  and  confequently  £  mealures  the 

•  ?7'  ?•     fame  F,  the  greater  the  lets,    ^ich  is  abfurd. 

CoroU. 
Hence  it  appears,  that  if  three  numbers  mea* 
fure  any  number,  the   kail  alfo,    wiiich  they 
-  meafure,  jQiall  meafure  tlie  fame, 

PROP, 
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tROP.   Xltlt. 

A,  12.  If  any  mrnffer  B  meafuve  a  num^ 

B,  4.    C,  J.    I'^y  -i,  the  number  meafured  Jy  Jhall 

have  a  pari  C  denominated  of  the 
Ttumher  meafuring  B, 

For  becaufe  ^  ^  =::C,  ^  fliaE  A:=:BC.  c  there-  a  ^^ 

B  /  b  9.  iJ*.  74 

fore  ^  =i  B.    FA?VA  w^  to  ht  derm  •  ^  7*  ^«-  7* 

PROP.    XL* 

A,  1 5*  if  a  mmber  A  have  any   part 

B,  3.     C,  $.    whatfoever  By  the  number  C,  /low 

ip/;ic/;  ^/;e  f^rt  B  is  denominated^ 
fiall  meafure  the.  fame* 

'    For  being  BCa  =  A,b  thence^  —  B.   FTiiVA  ^  ^/P-  S* 
®  C  ^  g,  ax.  7. 

94^  ^0  ^6  dem  b  7.  ax.  /• 

PROP.    XLL 
^  GyiZi  To  find  out  a  number  Gy  rfihich  being 

f  H  -  -  -      3f^«  /^jy?  ,    contains  the  parts  given 

fl  Let  G  be  found  the  leaft  which  the  deno-  ^  ;g,  7 
minators,  2,3,  4,  meafure  5  b  it  is  evident  that ,  ^  ^' 
G  has  the  parts  J,  ,',^.  If  it  be  poffiMe  let  H  "  ^^'  '* 
*^  G  have  the  fame  parts  ;  c  therefore  2,  5,  4,  c  40^  7- 
meafure  H  \  and  fo  G  is  not  the  leaft  tvhich 
2,  jj  4  meafure  :  againfi  the  conftr. 

TheEndofthefeventhBook. 
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PROP.    I. 

A,  8w    B,  12.    C,  18.    D,  17. 
E-F^'-G--'  H---- 

IF  time  he  divers  nuntters  how  many  foevtr  ifi 
continual  proportion^  JyByCJ)^  and  their  ex- 
tremes  J^D^firime  to  one  another  i  then  ihofe 
fiumlers  JyEjC^D^  are  the  legft  ofaB  numhtri 
.  that  have  the  fame  proportion  with  them. 
For,  if  it  be  pofuble,    let  there  be  as  many 
others  £,  F,  G,  H»  lets  tlian  A,  B,  Q  D,  and  in 
^      the  fame  proportion  with  them,   a  Therefore  of 
*  '4*  /•     equality  A,  D  ;:  E.  H.  and  confeqaently  A  audi 
I  D  are  prime  numbers,  h  and  fo  the  leaft  in  their 

"  ^?'  /•     proportion,  c  equally  meafucing  E  and  H»which 
are  lefs  than  themfelves*    Jflncb  is  alfufL 

PROP.    IL 

A,  2*    B,  ^i 

Aq,4.    AB,  6.    Bq,  9^ 

Ac,  8.    AqB,  iz.    ABq,  18.    Be,  £7. 

To  find  out  the  leaft  tmrnhers  coiitinuaUy  fropot- 
tionalf  as  many  asJbaU  he  refuired,  in  the  popof- 
tion  given  of  4  ^0  B. 

Let  A  and  B  be  the  leaft  in  the  proplortion 

given  ;  then  Aq,  AB,  Bq,  fhall  be  three  laft  in 
le  fame  continti(al  proportion  that  A  is  to  B. 

For 


C  21.  7.' 
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For  A  A.  AB  a ;:  A.  B  a  ::  AB.  BB-  Likewifea  17. 7, 
becaufe  A  and  B  are  b  prime  to  one  another,  ^rb  14.7. 
ihall  Aq,  Bq,  be  alfo  prime  to  one  another,  d  c  2,9.  7. 
and  fo  Aq,  AB,  Bq,  are  rr  the  leaft  in  the  pro-d  i.  8« 
portion  ot'  A  to  B. 

Moreover,  I  fay  Ac,  AqB,  ABq,  Be,  are  the 
four  ieaft  in  the  proportion  of  A  to  B.  For  AqA. 
AqB  e  ::  A.  B.  e  ::  ABA  (AqB.)  ABB.  e  and  A.  e  17,  7. 
B  ::  ABq.  BBq  (Be.)  Therefore  finee  Ac,and  Be,  f  29. 7. 
are /prime  to  one  another,  likewife^  fhall  Ac,g  i.  8* 
AqB,  ABq,  Be  be  the  four  ieaft  rr  in  the  pro- 
portion of  A  to  B.  In  the  fame  manner  may  you 
find  out  as  many  proportional   nunobers  as  you 
pleafe.    JHwh  was  to  he  done* 

CoroU. 

I.  Hence^  If  three  numbers,  being  the  Ieaft, 
^  are  proportional,  their  extremes  fhalibefquares^ 
*  if  four,  cubes. 

2.How  many  extremes  proportional  foever  there 
l}e,1)eing  by  this  prop,  found  to  be  the  Ieaft  in  the 
given  proportion,  they  are  prime  to  one  another. 

}•  Two  numbers,  being  the  Ieaft  in  the  given 

proportion,   do  meafure   all  the  mean  numbers 

whatfoever  of  the  Ieaft  in  the  fame  proportion  ; 

^  becaufe  they  aril'e  from  the   multiplication  of 

them  into  certain  other  numbers. 

4.  Hence  alfo  it  appears  by  the  conftru£lloii, 
that  the  feries  of  numibers  i,  A,Aq,AG  ;  i,6,Bq. 
Be;  Ac,AqB,ABq,  Be  confifts  of  an  equal  multi- 
tude <^ numbers;  and  confequently,  the  extreme 
numbers  of  how  many  foever  the  Ieaft  continually 
proportionals  are  the  laftof.as  many  other  conti- 
nually proportionals  from  a  unite,  as  the  extreme 
Ac,Bc,of  th^  continually  proportionals  Ac,AqB. 
ABq,  fie,  are  the  Ieaft  of  as  many  proportionals 
X  from  a  unite,  i.  A,  Aq,  Ac  4  and  i,B,Bq,  Be. 

5. 1,  A,  Aq,  Ac  ;  and  B,  BA,  BAq ;  and  Ba, 
ABq,  are  ff  in  the  proportion  of  i  to  A.  AlU> 
B,  Bq>  Be ;  and  A,  AB,  ABq ;  and  Aq,  AqB  are 
^  ill  the  proportion  of  i  to  B.  / 

^l  PROP. 
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PROP.    III. 

A,  8.  B,i2.  C,  i8,  D,28.  '     Iftherehenumhspj 

continually  proportioh 
TiaU  how  manyfoeveYy  A^Bfifi,  heing  alfo  the  kafi 
of  all  that  have  the  fame  prof  ortion  with  them  i 
their  extremes  A^  D,  are  prime  to  one  anotJjer^ 
a  2»  8,  r  For  if  there  be  a  found  as  many  numbers  the 
leaft  in  the  proportion  of  A  to  B,  they  fhall  be 
no  other  than  A,B,  C,  D ;  therefore,  by  the  fer 
cond  Cor  oil,  oi  the  precedent  Prop,  the  extremes 
A  and  D  ate  prime  to  ope  another.  JFbich  van 
to  ie  dcm,  , 

PROP.    IV. 

A,  (5.  B,  5.  C,  4.  D,  5.  Vroportiomhowyuir 

H,  4.  F,  24.  E,  20.  G,  1 5.    ny  foever  heinggwen, 

I-.  K -'  -  L vithe  leaft  numbers{A. 

toB,  andCtoB))t€i 

find  out  the  leaft  numlers    continually  proportional 

in  the  proportions  given.  v  t>       i  A 

^  56.  7.         a  Find  out  E  the  leaft  number  Mfhich  B  and  G 

h  l-pft^j.  domeafure  ;  and  let  B  meafure  E  I  as  often  as  A 

does  another  F,  viz.  by  the  fame  number  H.    h 

Alfo  let  C  meafure  the  faid  E  as  often  as  D  ipa- 

fures  another  G.  then  F,  E,  G,  ihall  be  the  leaft 

c  9.  ax,  7.  in  the  proportions  given.    For  AH  c-::z^%  ami 

d  18.  7.     BC  C7'  E  5  d  therefore  A.  B  ::  AH.  BH  c  :;  F.  E. 

'  c  7.  $•       In  like  manner  C.  D  :r  E.  G ;  therefore  F,  E,G, 

are  continually  proportional  in  the  proportions 

given.    And  they  are  moreover  the  leaft  in  the 

vlaid  proportions':  For  conceive  other  numbers, 

f  21.  7-     I,K,L,  to  be  the  leaft  ;  /  then  A  and  B  muft  e-- 

-      >  qually  meafure  I  and  K,  /  and  C  apd  D  hkew^e 

K  and  L  ;  and  fo  B  and  C  meafure, the  lame  A. 

g  J7'7'    g  Wherefore  alfp  E  mcafures  the  fame  number 

^  K,  which  is  lefs  than  it  felf.    Winch  isahfurd. 
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A, 6.    B,5.    C,4.    D,3.    £,5.  F*7- 
H,24.    G,2o.    I,  IS-    K,zi. 
But  three  proportions  being  given,  A  to  B,  C 
to  D,  and  E  to  F ;  find  out  as  before  ttiiee  num- 
bers H,  G,  I,  the  lead  continually  in  the  propor- 
tions of  A  to  B,  and  C  to  D.  Then  if  E  meauires 
I, //take  another  number  K  which  may  be  equal- h  l>poJt.J* 
ly  meafurM  by  F  5  and  thofe  four  numbers  H,<j, 
I,  K,  (hall  be  continually  the  leaft  in  the  given 
proportions ;  wbich  we  need  go   no  other  way 
to  prove  than  we  did  in  the  firft  part. 

A,5.  B,s.  C,4.   D,  5.  E,  2.  F,  7, 

H,  24.  G,;i9.  1,25, 

M,48,  L,4o.  K,^o.  N,to^ 

If  E  do  not  meafure  I,let  K  be  the  leaft  which 

E  and  I  do  meaCure ,  and  as  often  as  I  meafiires 

K,  let  G  as  often  riieafure  L,  and  H  alfo  M.  fo 

lijcewife  let  F  meafure  N  as  often  as  E  meafures 

K.  The  four  numbers,  M,  L,  K,  N  fhall  be  leaft, 

continually  in  the  given  proportipns  5    which 

we  ^nay  demonftrate  as  before. 

PRqP-    V. 
0,4,    E,  3.  Plane  numhrs  CD9      , 

D,6.    F,i6,       J:D,i8,    £F,  are  in  that  frovorr 
CD,24.EF,48.  tiontooneawther  which 

^       ^  7Scompofi4  of  their  fides. 

For  b^caufe  CD,  ED  a  ::  C.E  5  a  and  ED.  EF ;: »  !?•  7* 

P.F.  &r^  h  =r5^-4.2^thenfhallbethepro.b20u?^4 

CD       C     D 
portion  Y^  =  "^  **•  p     ^^'^^^  ^^^  '^  ^^  ^^^^ 

PROP.    VI. 
A,  16.  B,  24.  C,  g6.  D,  $4.  E,8i.       If  there  he^ 
F,4.  G,  6.  H,  9.  numbers conti^ 

^  mtalfy  p'opor* 

tianal  how  muny  foever^  -i,  B^  C,  D,  £,  and  the  pjt 
J  dQ  not  meafure  the  fecond  By  neither  Jh'aU  any  of 
the  other  nisafwte  4^  one  of  the  rejl^ 
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z  10 Jef.j.    Becaafe  A  does  not  meafure  6,  a  neither  flul) 

any  one  meafure  that  which  next  follows  ^    be- 

b  5  5*  7-     ing  A,B ::  B.C ::  C-D.gf c.  h  Take  three  aumben, 

F,  Q,  Hi  tMS  leaft  in  the  proportion  of  A  to  B, 
therefore  fince  A  does  not  meafure  B»    a  neither 

c  5.  ax,  7.  ^^U  F  meafure  G,  c  therefore  F  is  not  a  unit*  But 
^  }•  ;•  *  ^  ^°^  ^  ^^^  prime  to  one  another ;  and  fo,  i  be- 
e  I  ^.  7,  ing  of  equality  A.  C ::  F.H.  and  F  does  not  mea- 
fure H,  a  neither  ihall  A  o^eafure  C  ;  and  con- 
fequently  neither  f)iall  B' meafure  D,  nor  Cmea^ 
fure  E,6'f.  becaufe  A.  C  tf  ::  B.De  ::C.Et&c. 
In  like  manner  four  or  five  numbers  being  taken 
the  leaft  in  the  proportion  of  A  to  B,  it  will  ap- 
pear that  A  does  not  meafure  D  and  £^  nor  does 
B  meafure  £  and  F,  &c.  Wherefore  none  of  them 
ihall  meafure  any  other.    JTbich  wai  to  tc  dtm. 

PROP.    VII. 
A,  I.    B,  6.    Cy  iz.    D,  24.    £,  48. 
ijf>  there  he  numh^rs  continually  froportional  fioir 
mai^  fiever  JyBfi^D^  £,  and  the  firft  J  meafure  the 
laft  £,  it  Jhall  alfo  meafure  the  feeond  f. 
a  6«  7-  If  you  deny  that  A  meafures  B,  a  then  neither 

ihall  it  meafure  £  ;  Whiet  is  contrary  to  the  Hyp, 

prop:  viil 

A,:i4.  C,3^.  D,^4«  B,8i.  ff    between    tvcf 

G,  8.  H,i2.  1,18.  K,27.      numbers  J,  By  there 
£932.  L^B*  M972,.  F,io8»   faU  mea^  proportional 

numbers  in  fontinual 

poportion  C,  D  ;  as  many  mean  continually  profm- 

iional  Tvumbers  as  fall  betipeen  them^  fo  many  alfo 

mean  continually  proportional  numbers  fbaUfall  be^ 

tween  two  other  numbers  £,  F,  wUchhave  the  fame 

proportion  with  them.  (L,  M.) 

f  ?  5-  7'        a  Take  G,H,l,JC,the  leaft  ?r  in  the  proportion 

«>  I4-7-     of  Ato  C;  iofeijuality  flail  G.K::A.Bc::£JF* 

^  ^Jf'        But  G,  and  K  d  are  prime  to  one  another*  .  e 

d  9. 8,      Wher.efore  G  mpafures  B  as  often  as  K  does  F. 

f  ^i-  7*     Let  H  meafure  L,  and  I  likewife  M  by  the  lame 

t  conp.    number.  /  therefore  E,  L,  M,  F,  are  in  fuch  pro. 

portion  as  G,H,I,K,  that  is  ^ASfiJ).  Wbi^h 

^       ^Imtohiem.         f  PRQP^ 
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P  R  Q  P.   IX. 

J.  If  two  nnmbers  J^  B 

E,2.    F,^.  heprim$  to  one  Mnotier^ 

'  Gf4.  H,d.   I,9,  and  mean    trnmhrs  in 

AiS.  C,iz.  D)t8.B»i7.    contitmal  fropartion  CJ} 

faU  ietweentiem  \Mtwui% 
ny  mean  numhers  in  continual  pofortion  as  faU  be* 
iween  tbpm^  fo  n4ny  means  alfo  ^9  G  »  and  F.I) 
fiaU  fall  in  eontinuMl  frofortion  letween  either  of 
tbem  andaunity, 

it  is  evident  that  i»  %  G,  A,  and  i,  F,  I,  B, 
.are  •T? ,  and  as  many  as  A,  C,  0,  B,  fiam^y  bf 
t|ie  4.  CorolU  i.8«    VTtich  was  to  be  dm* 

*  R  O  ?•    I. 

4^8. 1,1^  K,i8.  B»Z7*       If  between  two  mmh^ 

£,4.  DFy6.  G.9.         JfBf  and aunit^  numbers 

VfZ.     F,3*  contiTotalfy   frofortional 

%.  (E,D,andF,Q,)rfa/tffl; 

how  v^any  mean  Timbers 
m.  continual  frafortion  faU  between  either  of  them  ^ 
and  a  unitjfo  nntny  means  alfo  fiall  fall  in  conti- 
mud  po for  turn  between  tlemj  I,  K. 

For  E,  DF,  G,  and  A,  DqF  (I)  DQ,  (|C,)  B, 
aic  •H  by  2,  8.  therefore,  &c^  ,-       ^ 

P  R  O  P.    XI. 

A)2.    B,3«  Bpweentwaf^af$ntmhefs 

Aq}4«  AB,6.  Bq,9«    Aq^Bq^tberetsommpanpO' 

portional  imnber  jB  :  and 
iieffuare  Af  to  the  f quote  Bq  is  in  dottble  pofor^ 
no»  ^tbat  of  the  fide  A  to  tie  fide  B. 
a  it  is  oanifbft  that  Aq^AB^Qy  W'H'^h  and  ^  ^m  •; 

confequcotly  alfo  ^=  gt  ^QmilJrjir.tQbedm.  b  loA/.y^ 

PROP. 
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PROP,   xir.^ 

Ac,Z7.  AqB,j6,  ABq,48.  80,64.        Between  tw9 

'  A,  3«  B,  4.  cube  Ttumhers^ 

'  Aq,  9'    AB,  12.    Bq,  i^,  Jc^  Bc^   there 

are  two  mean 

frofortronal  numhers  AqB,  ABq :  ^nd  the  cuhe  A$ 

is  to  the  cuhe  Be    in  treble  proportion  of  that  in 

which  the  fide  J  is  to  the  fide  B, 

9l  2.  8,       '  ^  ^^^  ^^'>  AqB,ABq,  Be, are  *r:  in  the  proper* 

b  lO'^^/'J'tionof  AtoB,  ^  and  therefore  ^  =r  gt    trebly, 
Wlich  was  to  he  denu 

PROP.    XIII. 

A  9    2*        Sj^  4*        v^y^a 

Aq,4.  AB,8.  Bq,i6.  BC,32*  Cq,64. 
Ac,8.AqB,i6.  ABq,^z.Bc,€4.  BqC,i28.BCq,256, 

,  (Co,5ii. 
If  there  he  numlevs  in  eontinual  ^oportion  how 
many  foever  A^ByC\  and  every  of  toem  multiplying 
it  felf  produce  certain  numhers ;  the  numleys  produ- 
ced ofthen^  Aq^Bq^  Cq^JbaU  he  proportional :  And 
if  the  numherfrft  giten  A^  J?,  C,  vmltitlying  their 
frpduBs  Aq^  Bqy  Cq^  produce  other  numters,  Ac^  Bc^ 
Ccy  they  alfoJBaU'he  proportional'^  and  this fiaU 
ever  happen  to  the  extremes, 
a  2.  8.  ^ot  Aq,  AB,  Bq,  BC,  Cq  a  are  4?  h  therefore 

b  14. 7.     of  equality  Aq.Bq ::  Bq.Cq.  Which  was  to  he  dent, 
^  '  a  Alfo  Ac,  AqB,  ABq,  Be,  BqC,  BCq,  Cc.  are 

Tri\  h  therefore    likewite  of  equality  Ac.  Be  :: 
Be,  Cc;    WTneh  was  to  he  dem^ 

PROP-    XIV. 
Aq,4.  AB,i2.  Bq,^6.        If  af^re  numher.  Aq 
A,  2,  B,  6.       meafure  a  fquare  number 

Bq^  the  fide  alfo  of  the  one 
iJ)  JbaU  meafure  the  fide  of  the  other  (B:)  and  if  the 
fide  of  one  fquare  A  meafure  the  fide  of  another  B^the 
ffua^e  Jqfiall  likewife  meafure  the  fquare  Sq. 

%^Kyp, 


EUCLlDE'x  Elements^.  lyi 

1.  Hyf.  For  Aq.AB  a  ::  AB.  Bq.  therefore  fee-ai.^ii.8 
ing  by  the  HyPothefis  Aq  meafures  JBq,  h  itb  7. 8. 
fhall  meafure  alio  AB.    But  Aq.AB  :;  A,  B.   cczoJef.ji 
therefore  A  meafures  B,    Jfljich  was  to  le  dem. 

2  Hyp,  A  meafures  B.  f  therefore  Aq  fhallas 
well  fifieafute  AB,  ^  as  A B meafures  Bq;o  and  con- d  ti^asp^jl 
fcquently  Aq  meafures  Bq.  in^icb  was  to  he  dem, 

P  R  O  P.    XV. 

A,  2.  B,6.  If  a'  euheni^m^ 

Ac,8.AqB,24.ABq,72.Bcj2i(5.    ler  Ac  w^afuris  a 

cnhe  number  Be , 
i/jen  tie  fide  of  the  one  {A)  JbaH  meafure  the  fide 
of  the  other  (J>;)  And  if  the  fide  A  of  one  cube  Jc 
meafure  the  fide  B  of  the  other  Bc^  alfo  tJje  cuhjg 
Acfiall  meafure  the  cuhe.Bc^  oj     « 

T.  Hyf.  For  Ac,AqB,ABq,Bc  a  areyrvthere-  a2.&^i2.8 
fore  Ac,  b  meafuring  the  extreme  Be.  ihall  alfo  »  *>!?• 
€  meafure  the  fecond  AqB.  But  Ac.  Aq.  B  ;:  A.^  ?•  ^  _ 
B.  d  therefore  A  fhall  alio  m'eafure  B.'  dxoufc/.j. 

2.  Hyf.  A  meafures  B  i  d  therefore  Ac  mea- 
fures AqB,  which  alfo  meafures  ABq,  and  that  ^  li»^*'7' 
Be  5    e  therefore  Ac  fhall  meafure  Be,    Which 

was  to  be  devK 

PR  O  P.    XVL 

A  q,  4.    B,  9.       If  a  fqtiafe  number  Aq  do  not  mea- 
Aq,i6.Bq,8i.    pure  ahuare  number Bq^neitherfball 

the  fide  of  the  one  A  meafure  the  fide 
of  the  other  B  :  And  if  A  the  fide  of  the  one  fquare 
Af  do  not  meafure  B  the  fide  of  the  other  Bq,  nei- 
ther fitall  the  fquate  Aq  meafure  the  fqnarz  jff  j. 

1 .  Hyf^^^Qt  if  you  aiBrm  that  A  meafures  B,  ^  *  ^A*  ^ 
then  Aq  alfo  fhall  meafure  Bq.  againft  the  Hyp. 

2.  Hyp*  If  you  maintain  Aq  to  n;ieafure  Bq ; 
Of  t|ien  I^kewife  A  ihall  meafure  B.  contrary  to 
the  Hypothefis^ 
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PROP,    IVIL 

A^    B,^.         IfacuhenumherJledonotmea' 
Ac>8.    BcyZj*    fure  a  cube'  number  Bc^    neither 

fiall  the  fide  of  one  Jy  mea/uretbe 
fide  of  the  other  B  :  And  if  A  the  fide  of  one  cube 
Ac  do  not  meafure  B  the  fide  of  the  other  Bc^  neither 
fiall  the  cube  Ac  wieafure  the  cube  Be. 
a  15*  8*  f.  Hyp,  Let  A  meafure  6,4  then  Ac  ihall 
me^ure  Be.  ia^ainft  the  Hyp, 

X.  Hyp.  Let  Ac  meafure  Be ;  then  A  fhall  qiea* 
fute  B  }  whieb  u  alfo  againfi  the  Hypothefisn 

PROP.    IVIIL 

Ci  ^«  ,  D)  2*  Between  two  like  plant  ny$iir 

CD,  iz.  ber$  CD  and,  EF  there  u  one 

£,f.  l^g.  D£,i8.  mean  proportional  number  DE: 
£F,  zj.  And  the  plane  CD  is  to  the 

plane  EF  in  double  proportion 

rf  that  which  the  fide  C  has  to  the  homologous  fide 

(or  of  like  proportion)  E. 


Z  '  '      VLi  a  ana  u.t ::  i;r..JC.l?,  t  tneretorcujJ.iJJC  ;: 
h.  DE.  EF.  r  Wherefore  the  proportion  of  CD  to 
c  ia4e/.$.j;j.  is  double  to  that  of  CD  to  DE,  that  is,  to 
th^  proportion  of  C  to  £,  or  D  to  F« 

CoroU. 

Hence  it  is  apparent,  that  between  two  like 
plane  numbers  there  falls  one  mean  piroportional 
in  the  proportion  of  the  homologous  fides. 

PROP, 


EUCLlD^'i  EJmenis.  ij^ 

^  R  0  P.   XIX. 

CDE,jo.  DEF,<5q.  FOE,izo.  tQH.Uo: 

CD,  6.  DF,i2.   FG,Z4. 

C,i.  D,3-  E,  5.   F, ;.   G)6.   H,io. 

Sefween  two  like  {olid  numhers  €DE^  FGH^  there 
are  two  mean  proportioml  numiet^  DPEf  FOB. 
Jnd  the  /olid  CD£  is  to  thefolid  FGH^in  treUe  fro- 
portion  of  that  which  the  Ixmohgom  fide  C  bat  to 
the  l}omologoiB  fide  F, 

_  Whereas  by  the  *  hyp.  CD :;  F.G,  a?  D.E  ;:*  %\Jkf4; 
G.  H.  therefore  a  by   inverfion  ihall  Q.  F  ::  D.  a  i  ^«  7* 
G  :;  a  E-H.  But  GD.  DF  h ::  C.  F,  and  DF;  FG  b  17. 7. 
h  ::  D.  G  5    I?  Wherefore   CD.  DF  :;  DF-  FG  .v  c  ii.  5« 
E.H.  dznd  accordingly  CDE.  DFE^^DFE.d  17.7. 
FGE  :;  E.  H ::  FOE.  FGHk  Thertfote  between 
CDE.  FGH»  fall  two  mean  proportionals  DFE, 
FGE. '  e  And  fo  it  is  plain  that  the  proportion  e  i9J$f^$^^ 
of  CDE  to  FGH  is  treble  to  that  ctfCDEto 
FDE,  or  C  to  F»    Jf^lnd  war  to  he  dm. 

Cof<M. 
Hereby  it  is  vbsmh%  that  between  two  like 
folid  nunlbers  there  faU  two  mean  proportionate 
in  the  proportion  of  the  homologous  udes^ 

PROP.    XX; 

A,  i2«  Q,  i8.  By  zj.       If  hetween  two  numters 
D,2.  £,3,  F,&  G,9«    Jf  By  there  fall  one  mean 

frofortioiudnumherC'^thefe 
numhers  J^B^  are  Hie  plane  numhers. 

W  Take  D  and  £  the  leaft  in  the  pmportion  of  A  »  j  j.  y; 
to  C9  or  C  to  &  then  D  meafures  A  equally  as  B 
does  C,v7z.by  the  I'aiiie  number  F  5  i  alfo  D  equally  b  »!•  7. 
meafures  C,  as Edoes B,  viz.  by  thefame  number 
0.  tfThcrrforeDF=::^A,  andEQ^B.  ^andcon-c  9.^^-7. 
fequently  A  and  B  are  plane  numbers.  But  becaufe  di  idJef.j.' 
EF^=:C«=DQ)  rftall  D.  £  .v  Ft  Q.  and  alter-  e  tp.  7. 

,nately 


1. 
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f  2.1.  <?e/.7.»ately  D.F ::  E.G.  /  Therefore  the  plane  n)imbers 
A  and  B  are  alfo  like.  Which  was  to  h  dem.    . 

PROP.    XXL 
A916.  0,24.  D,36.  B,  54.        If    hetween    tw0 
£,4.  F,6.  G,  9.  numhers  J^  S   there 

H,2.  P,z.M,4JC,5.L,3 .N,6.    fall' two  mean  pofor-^ 

tional  numhers  C,D^ 
ihofe  numhers  J^  B  are  likefolid  numhers. 
A  ii  8.  ti  Take  E,  F,  G,  the  leaft  4?  in  the  proportidn 

b  10. 8.     of  A  to  C.  h  then  E  and  G  are  like  plane  num- 
bers: let  the  fidcfsof  this  be  Hand  P,  and  of  that 
etudef.7  K  and  L,.  c  therefore  H.K.rP.L.v^E*  F.  But  E, 
dror,i8.8.F,  G,  db  e  equally  meafure  A,  C,  D,  viz.  by  the 
c  zi»7.    fame  number  M.  and  iikewife  the  laid  iiumher^ 
E,F,G,  do  equally  meafuie  the  numbers  C!,B,D, 
viz.  by  the  lame  number  N.  /Therefore  A:=  EM 
f  9.  ax.  7.r^HPM,  /and  BrriGNtnKLN  5  g  and  io  A  and 
gi7./i^,7.B  are  folid  numbers.  But  for  that  C  /—FM,  and 
g  17.7.     D  /—  FN,  therefore  Ihall  M;  N  ^ ;;  Fjyi.  FN  k 
k  7.  5,     ::  G.D7  :.*  E.F  .v  H.K ;;  P.  L»  w  wherefore  A  and 
1  conftr.     B  are  like  foli|l  numbers.    JThich  was  to  he  denu 
mzijef.j.  Lemma. 

AE,  BF,  CG,  DH,       If  proportional  numiers  Jy 

k-  A,    B,    C,    D,       BjC^Djm«afurepropertiondl 

E,    F,    G,    H.       numbers JE,£F,CG,DH,hy 

the  numhers  £,  F,  G,  //,  tk/e 
Tiumhers  (£,  F,  €f^  If,)  fiall  he  proportional. 
^^^  ^         For  being AEDH  a=BFCG,  a  and  ADrrBQ 

t^'^\i..i,  .„AEDH     BFCG    ^     ;    *.Tr  ^A 

b  I.  fl«.  7*  Jthence  will  __-— -_±*t  that  is,  EH— FG. 

t  a  dx.  7.  -^^  ^^ 

ii  Therefore  E,F  /:  G,H.  JTbicb  was  to  he  dem. 

Corolh 
Bn       B    B 
d i$A/,7.     Hence-^=: ^ x--  iFor  i.B;;B3q4iand  i. A.'*^ 

7^         A   ii        I,     r^  i>  ^    Bq  -  ^     .  Bq      B    B 
e  leth.peck  A* Aq.e  theref.-^  B.-.'--i    ^r  ^  theref.  t^=  ^  x-^ 

A.  •    A   Aq  Aq       A  A 

R       R         Re 

In  like  manner  -r-x  ^  :=:  ^    ,  and  £0  of  the  1  cfk. ' 

A<r   AC'     .  jaCC 

PROP, 


EUCLIDE'f  Elem&tti.  i^y 

P  R  O  P^    XXII. 
Ag,  B,  C,        If  three   numbers  Jp  J,  C  h$ 
4.    8.  16.    continually    pofortionat^   and   the 
pfi   Aq   a    fquare^    the    third   C 
fiaU  alfo  he   a  fyuare. . 

For  becaufe  Acj  C  atzBq^  h  thence  is  C  =2  t^  a  20.  7. 

B  B  ^bax.f. 

f rrQ.'j' ';  But  it  is  plain  that  ^r*!^  a  number,<i  be-  c  cor.ofihe 

-«aufe  ^r  C  i^auumber.  Theref .  if  threc,gf (?•     d  hyp.  and 

PROP.    XXIII. 

Ac,  B,   C,  D*         IffournumhersJc^ByC^D^ 

.8,    IZy  18,  Z7.   .he  continuAlty  poportional^  ati4 

'  the  jirji  of  thevi  Ac  a  cuhe^  the 

fourth  alfo  D  Jball  he  a  cube.  ^  . 

TKC 
For  becaufe  Ac  D^^^BC,  ^  therefore  Dr:=  -v-  a  19.  7. 

cs:;— X  C  I  that  is  (becaufe  AcC  =  d  Bq,  and  cefir^fthc 
*     Ac        '  "^  ^^       pee.  Um 

I  thenceCr  1^  D=?-»|9*a=?£-  c  =  Cx f  ^  "^  7- 
Ac  Ac   Ac      Ace  Ac. 

B  .  ,        ^  Be    e  I5,& 

But itis  wident  c  that  v-  is  a  number,becaufe  j^ 

or  I)  is  fuppofed  a  number.    Therefore  if  four     ^ 
numbers,  ^c. 


PROP.    XXIV. 
A,  i6.  24.  B, 3;6.        7/  /wo  numbers  AyBy  be  in  the 
G,4.    6*    D,9,     p7n^  pofortion  one  to  another^ 

that  a  fauare  number  C  ts  to  a 
fquare  numbef  D,  and  thefirfi  Abe  a  fquarp  numbet^ 
the  fecond  alfo  i?  Jhall  be  a  fquMc  number, 

Between  C  and  D  being  Iquart  liUrtibeis, * sind  *  8. 8#> 
fo  between  A  and  B  having  ihelameproportioi^  a  ii.  8» 
«  faU$Qne  mean  proportional,  Theretore  b  being  b  h){. 

A 


»-* 
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^  iu  8.    A  is  a  fquare  number,  c  B  alfo  fkall  \k  a  tqjdztd 
^  iiumben    Wbieb  was  to  he  dm. 

;.  CoroU. 

,  1.  Hence,  If  there  be  two  like  numbers  AB, 
GD  (A.B:;C.I))  and  thefirft  AB  be  a  fquare; 
'  ».   cu>  *o  the  fecoad  alfo  CEi  Ihall  be  at  fquare. 
"^^^^     *  tor  AB.  CD :;  Aq- Cq. 

2,  From  l^ienct  it  appears,  that  the  proportion 

o(,aiiy  fquaire  number  to  any  other  not  fquare, 

"  cannot  poiBbl^  be  dedsired  in  tW6  fquare  ilum- 

bers.   Whence  it  cannot  be  Qs  Q. ::  !•  U  Hot  i« 

i  ::  Q*  Q,  &c. 

PROP.    XXVi 

t!J,64;9&  t44.  D,  zid.       i5^<#o  mirHhefs  if,i,  W 
>  A,  8.  12.  i8;  B,  27.     inthefameproportiofi'on^ 

to  another y  that  a  cuhit 
Tonriier  CiitQ  a  cuhe  nuniher  D,  the  firA  of  them 
A  heing  a  tuhe  number  ^  tbefecond  S  JbaU  tik^' 

ft  12  &  "^'-^^  ^  ^  ^^^  number* 
fe  8  8.  ^  Between  tile  cube  numbers  C  and  D,,  h 
chyp  *  ^^  ^^  between  A  and  B  having  the  fame  pVo- 
d  5^*8.  P'0'**'0">  f*U  tw;b  mean  proportionals  5  therefore 
^*  c  ^ecaufe  A  is  a  cube,  d  mallB  be  a  cube  alfot 
Wikb  war  to  be  dem. 

Corott.  ,        , 

'         I.   Hence,  If  there  be  two  numbers  ABC» 
'  DEF  (A.  B  :;  D,  E,  and  B.  C  .v  E.  FO  and  the 
firft  ABC  t»e  a  cube,  the  fecond  D£F  fball  bea 
cube  alfo. 
^    P*        ♦  For  ABC.  DEF ;;  Ac.  Dc 
^**»C^»JH    J.  It  is-  perfpicuous  from  hence,  that  the 
^  proportion  of  any  cube  number  to  any  other 

number  not  a  cube  cannot  be  ^und  in  'two 
cube  num[bers. 


PROP, 
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tKOr.    IXVI- 

A,20,  C,Jo.  8,45,       Like  plane  numbers  A^B^ 
V>ii*    B,6»    F,9.      are  in  the  fame  proportion  oni 

to  another^  that  a  fquarfinum- 
her  is  in  to  a  fquaite  number. 

Between  A  and  B  /i-ialis  one  ilbean  PTopor*a  i8.8* 
iibnal  nymber  C;  h  take  three  nimibers  Dy£,F,])  ^  g^ 
the  leaft  •f?  in  the  proportion  of  A  to  C.    the 
extremes  D,.F,  ^  ihall  be  fquare  nunibers.   But 
of  equality  A.  B  r ::  DJ?.  tnerefbrc  A.  B ;:  Q-Q.c  14, 7 
Ifnich  was  to  be  dkm.  ^  '' 

■ 

Pit  OP,  xivii. 

■A,i6«  0,24.  D,^^.  S)$4«       ^^^^  fi^^  numiers 
EjST   F,i2.  G,i8.  H,i7»    -rf,  ^,  tfre  in  the  fame 

proportion  one  to  an*- 
l^rr,  that  a  cube  nuMher  is  in  to  a  cube  number, 

a  Betweeh  A  and  B  fall  two  mean  proportio-^   ^  o 
naj  numbers,   nadiely  C  andD;  *  take  foutu^g* 
iiumbers  E,  F,  G,  H  the  Jeaft  -f?  iil*the  propor-       * 
tion  of  A  to  C  5  i  the  extremes  E,  H,  are  cube  >;  , .  - 
iiuiribers.    But  A^  B  ^  ;:  B.  H ::  C.  C.    jnich^  ^^'  '•     ' 
ibas  to  be,iem» 

SchoL 

X.  From  hende  is  inferred,  Khsitnb  numbers  in  See  Qi^ 
proportion  fuperparticular,  fyperbipartient,  oivius. 
douDle,  6r  any  oth^r  nfianifold  proportion  not      .  * 
denominated  noin  a  fquare.  number,   are  like 
|ilane  numbers^ 

!•  Likewife,  that  neither  any  two  prime 
mmbers,  nor  any  two  numbers  pdme  one  to 
another,  not  being  fquares,  can  be  fike  plane 
itumbers. 

I 
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PROP.    I. 

Aq,  g6.  108.  •  AB,  J24. 

P  two  like  plane  numhers  A^  B  multxf  lying  one 

another y  froduce  a  numher  JB^  the  number 

produced  ABJhaU  he  a  fquare  numher. 

For  A.  B  a ::  Aq.  AB  ;  wherefore  fin6e 

£  ig^  g^      JtL    one  mean  proportional  h  falls  between  A 

c  8»  8.      ^^  ^'  ^  li^^^^^  ^^^  mean  proportional  number 
*      fhall  fall  between  Aq  and  AB  :  therefore  beiftg 

d  £z.  8.     ^^  ^'^  ^^  ^^  ^  iquare  number,  d  the  third  AS 
^     *   *     fhall  be  a  (quaie  number  too.    X^^ir/^  w0s  to  ie 
demonftratedi 

Or  thus.  Let  sb,  cd,  be  like  plane  numbers  ; 
%  Tp*  7«  naniely  a.  b ::  cd.  x  therefore  ad=:bc.  and  fo  like- 
y  1. 0x4  7«  -wife  ab  cd,  or  ad  be,  =  ad  ad  =  Q,:  ad. 

PROP.    IL 

•  A, 6.       B, $4.  If  two numiers J^Sy  mwifi- 

Aq>^6.  AB,3£4.   plying  one  another ,  produce  a 

fquare  number  JB^  tvofenun^ 
hers  Af  B  are  like  plane  numhers* 
« 17. 7.  For  A^  1&  ail  Aq*  AB  \  wherefore  being  b©- 
b  II.  8.  twcen  Aq,  AB,  h  there  falls  one  mean  propof- 
c  8, 8.  tional  number,  c  likewife  one  inean  (hall  fall  be- 
4  2a  8«  tween  A  and  B.  d  therefore  A  and  B  are  like 
planes.   Wfi^b  was  t$  he  dem. 

JPROP. 


EUCLIDEV  Ekfiiintf:  t'p§ 

PROP.  in. 

A,  2.  Ac,  &  Ace,  64. .     If  a  cubt  humUf  J$ 

^mtdtif lying  it  ftlf  pdF^ 
iuce  a  numher  Ace.  the  raHmbtr  produced  Jcc  jbali 

For  I.  A  tf  ::  A.  Aq  *  ::  Aq*  Ac.  tlierefbre  be-  *  l5««fr-7» 
tweeiii  andAcfalltwomeanpropbrtionals.  Buf '^  ^7'  7* 
1.  Ac  a ::  Ac,  Ace,  c  therefore  between  Ac  and  c  8, 8.' 
-  Ace,'  fall  alfo  two  mean  proportionals  :  and  fo  ^  '3*S« 
by  confeqtience  feeing  Ac  is  a  dube,  d  Acc^fhaU 
be  a  cube  alfo.    Which  was  tohedem. 

Orthus;  aaa(Ac)  multiplied  into  it felf  makes' 
ajuaaa  (Acc^)  this  is  a  cube,  whofe  fide  is  aa; 

PROP.    IV. 

Ac,  8.      Be,  Z7«         If  a  cube  number  A6  miH^ 
Ace,64.  AcBc,2i6.    tipiying  a  cube  number  Bc^ 

poduce  a  number  JcBCf  the 
froduced  number  JcBc  JbaU  be  a  cube. 

For  Ac.  Be  a ::  Ace.  AcBc.   But  between  Ac  J  '?•'!• 
lad  Be  b  two  meafn  proporti6nafl  numbers  f^ll  j  ^  "•  ^^ 
e  therefore  there  ftU  as  many  between  Ace  add  ^  ^*  \ 
AcBc.  So  that  Whereas  Ace  is  a  cube  number,  d  ^  *  J*  ^    j 
AcBc  Ihall  be  fueh  alfo.  JFhieh  was  to  be  dem. 

Orthus.AcBcr=:aaabbb  (ababab)  :i=C:  ab; 

PROP.    V. 

Ac,  8.       B,Z7.         If  a  cube  number  jid  niuU 
Acc,64.    A€B,2ii^,    tif lying  a  number  S  produce^ 

a  cube  number  JcB^    the 
number  vtubipligd  BfiaUalfo  be  a  cube. 

For  Ace.  AcB.  a ::  Ac.  B.  But  between  Ace  4  17. 7* 
^d  AcB  b  fall  two  mean  proportionals;  c  there-  b  iz.  8L 
fore  alfo  as  many  Ihall  fall  betwee*  Ac  sfnd  B.  c  a  8. 
whence  Ac  beu^  a  cube  number,  d  B  ihall  be  at  4 15.  fc 
4ub<  number  tQP.t   Which  was  to  bt  dm. 
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PROP,    VI. 

A,8«  Aq,l4.  Ac,5iz.       1^  a  numler  J  multi- 

plying  it  felf  poduce    a 
euhe  Jp  that  number  A  itjelfis  a  cvhe. 
a  hyf.  For  Decaufe  Aq  j  is  a  cube,  ani^  AqA  (Ac)  h 

bt9.<fe/.7.alfoacube;  therefore  c  ^all  A  be  a  cube*  Wiki 
€  5«  P*      vpas  to  he  dem. 

PROP.    VIL 
A} 6.  B,it.  ABj66,       1/4  comfofed  numttr  J 
Dyl.     '£,  g.  viuUiplyivg  any  number  B^ 

produce  a  number  ABy  the 

iiumber  produced  JB  fiaU  be  a  folid  number. 

I  a  T  2  def,7.    ^^^8  A  is  a  compoTed  number,  a  foine  other 

I    '**j.i'^' number  D  meafures  it,  conceive  by  E.  ithere- 

!:  f;  Tr  ;•  fore  a  =  DE  .-  ^  whence  DEB = AB  is  a  folid 

*^  '/•*^iv- number.    WTnch  was  to  be  dem. 

PROP,  VliL 
i.a,j;a%9aSi7.  a^,8i.a%:^4j.  a^yip. 
if  from  a  unit  ttere  be  numbers  continually  f^^ 
fortional  how  mam  foemr  (i  •  a,  a' ,  a '  ^  a"^,  &a) 
the  third  number  from  a  unit  a^  U  ahutre  number  \ 
andfo  are  aUforwardj  hawing  one  between  (a^^a^, 
ia'i&c.)  But  the  fourth  z^  is  a  cubewimber  \  mifo 
me  ail  forward^  leaving  two  between  (a*,  a^,&c.) 
The  feverah  alfo  a*,  is  both  a  cube  number  and  d 
f^uare\  andfo  are  aUforwdrd^  leavif^fve between 
(a'»,a'%&c.) 

For  !•  a*  r=  Q;  ii.  and  a'*  =  aaaa  =  Q.  aa. 
ind  a^  =  aaaaaa  =^  Q.  aaa,  &c« 
r  a.  a'  =  aaa  =  C;  a.  and  a^  cz  aaaaaa  ^  C 

aa  and  aaaaaaaaa  =  C.  aaa,  Sec. 
^  J.a'^cii  aaaaaa  n:  C.  aa  rr  Q.aaa.  therefore,  ftc 

JJ  W-  Or  according  to  Euclide  j  BecauTe  i;  a  ::  a.  a*. 

D  la  7.     b  fliali  a ' znQ:  a.  therefore  feeing aSa Sa^,are  fr, 
c  la. ».     c  the  third  a*  fhall  be  a  fquarc  numbet  f  And  Coi 
,       ^     likewife  a',  a»,  &c.  Alfo  becaufe  !•  a  d  ::  a*.  a». 
«  ^S*  »•    therefore  fhall  a^  *  =  a»  x  a  j=  C:  a*  d  theie- 
fore  the  fourth  from  a^  namelf  a^,  ihall  iike^ 
wife  be  a  cube,  ^c.  and  confeqiiently  a*  Is  both 
a  cube  Had  a  f quare  number,  &c. 

PROP; 
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PROP.    IX. 

f.au4.t*,i6.»S64.a*,i56,&c.        If    from    a 

rmmhat  horn 
iiuit^  foiver  conthnuaUy  tropvrtlonal  (c  a,  a* ,  a% 
ftc.)  an/j  l/;e  numher  fouowtng  the  unit  (a)  ^«  M 
fyuare  5  <^^»  ^//  tf)e  refi^  a%  a',  a^*,  Sco^JbaU  h9 
f^aarts  too.  But  if  the  number  next  the  unit  (a)  he 
0  cube^  then  aU  the  falloming  numbers  a%  a',  a% 
&c.  Jhall  he  cube  numhers. 

I*  Hyf.  for  a%  a'^,  a'^,  &c.  arefquarenumbers 
1^  t^  prec.  Prop,  alfo  being  a  is  t^k«n  to  be  S| 
fquaie,  a  therefore  the  third  a'  ihall  be  afquare^  a  £2.  ft 
and  like  wife  aS  a^,  %c.  andfo  all. 

2.  Hyp.  a  is  taken  to  be  a  cube,  ^  therefore  a^,b  2^.8. 
^',  a'  *»  are  cubes :    but  by  the  prec*  a\  a*,  a',c  20.  7. 
&c.  arie  cubes:  laftly,becaufe  i.a  ::  a.  aa.  cthere*  d  2. 0. 
fore  Ihall  a*  c::=  Q:  a.  but  a  cube  niultii)lied  intoc  2j,  8^ 
it  felf  4  produces  a  cube ;  therefore  a'  is  a  cube, 
e  and  coofequent^ly  the  fourth  from  it  a',  and  ia 
i&si  manner  a',  a'  ■ ,  8cc.  are  cubes^  tfaeretbre  alL 
Which  was  t§  he  dem, 

Peradventute  more  clearly  thus,  let  b  be  the 
fide  of  thefquare  nun^ber  a,  and  fo  the  feries  a, 
*Sa',a^,&c.  willbe  otherwife  expreffed,  thus^ 
bb,  b**,  b'',b',&c.  It  is  evident  that  all  thefe 
numbers  are  fquares,  and  may  be  thus  expreQed. 
Q  b,  Q:  bb:  Q,  bbb,  d:  bbl)b,  &c. 

In  like  manner,  if  b  be  the  fide  of  the  cube  a» 
tlieferies  m?y  beexpreffedthuSjbS  b*,  b*,b'\ 
&C.  or  C:  b,  C:  bS  C:  bSC:  b%  8cQ. 

PROP.    X, 
^,  a,  a*,  a^,  a%\a%  a*,       Ifftom  4  unit  there  he 
Ij  i>  4>  8,  16,  J2,44,    numbers  how  many  foevtr 

continuaUy  frofortienal 
(i,a,  a*,  a',  &c«)  and  she  numbet  next  the  nm^ 
hS  bje  we  af^uare  Ttmnber  ;  then  is  none  of  the  reft 
pmefkig  affitari  ntduier^  excepting  a'  the  thir4^ 
from  the  »w?r,  and  fo  all  forward^  leaving  one  he^ 

M  J  tween 


w* 


d  24.  7. 
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/»^eii(a*,a*,a',&c.)*tt^  if  tUt(z)whkhisnext  aftof 
the  unitf  he  not  4  cube  numief^  neither  is  any  other 
qftjie  following  numbers  a  cube^faving  a ;  thefonrtb 
from  the  unit^  Mndfo  of  aUforwar^^  leaving  two  bi" 
tween,  a*,  a^, a* ',  &c. 

1.  Ifyf.  For  if  it  be  ptsffible,  let  a^  be  a  fqjwirc^ 
a  hyp,  iiumber ;  therefore  becajufe  a.  a^  ^ ;:  a"^,  a' ,  and 
hfufpofScbf  invet&on  zK  a4  ;;  a^  a  ^.  and  alfo  a^  and  84 
jg  9.  are  ^  fqyaire  numbers,  and  the  firft  a^  a  fquare, 
c  24. 8«     f  theretjDre  a  Ihall  be  likewife  a  fquare  ^  contrary 

to  the  Hyfothefis. 

2.  Hyf.  If  itmav  be,  leta4be^a  cube  \  being 
i  of  equality  a4.  a^  :;  a.  a^  and  inverfely  a'.  a4 

e  };•  8»  ••*  ^^  9  s  ^nd  alfo  being  a*  aqd  a4  are  cubes, 
and  the  firft  a^  a  cube ;  e  therefore  a  ihall  be  a 
pAit  TJilQ  ^' againjl the  Hyfn 
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t 
p  a,  aS  a^,a4,  a5,  a6.         ijr  ^i^^re  be  ftumber^ 
y>  3>  9i  *7>  8r,  243,  729.    Aom  many  foever  in  con- 

tinual  fropertion  from 
a  unit  (r,  a,  a2,  aj,  &c.)  ^A*  hjs  meafiiretb  the 
greater  by  fame  one  of  them  that  are  amongfi  the 
poportional  numbers. 

a  J.  MX. J.    BecaiiTe  i,  a ;:  a.  aa.  4  therefore  —  r::  a  =  — 
^ZQjef.j  •  a  aa. 

^  f  4*  ?•    Alfo  becaife  i.aa  * ;;  a»aaa.<rtherefore  *—  =  aa  := 

a 

a4     z$ 

2;J = ;7^  ,&c.  Laftly  becaufe  i  .a  j  b::  a«a4.thererore 

a      r?      aj    - 

CoroU 
Hence,  If  a  number  that  meafures  any  one  of 
proportional  numbers,  be  not  oilt  of  the  faid 
Inimbers^  neither  ihall  the  nuoiber  by  which  it 
foeafuresthe  faid  proportional  nunoibers,  b^one 
•if  thoD.^-*  •   ''■■■/'  '  '■ 

^  fROP. 
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PROP.  XII. 

I,  a,  2LZy  z^j  a4«         Jfthgre  he  numbers  hom  many 
^>  6,0,216,1196,   foevet  in  continual  poportion 
B,  J.  from  a  unit)  (i,  a,  az,  a^,  a4«) 

^  whatfoever  primp  numhers    a 

meafure  tie  lafi  a^,  the  fame  (B)  Jtall  alfo  meafure 
the  number  (a)  which  follows  ne^t  aftpr  the  unit. 

If  you  fay  B  does  not  meafute  a,   a  t^en  B  is^  ?'•  7« 
prime  to  a.^  b  aijifi  alfo  B  is  prime  to  az  ^  r  andb  27. 7  • 
10  confequently  to  34,    which  is  fuppofed  to^^^T* 
meafure.    Which  ii  abfuyd. 

CorolU 

1.  Therefore  every  prime  number  that  mea- 
Cures  the  laft,  does  ^Ifo  meafure  all  thofe  other 
numbers  that  precede  the  laft. 

2.  If  any  number  not  meafurine  that  next  to 
th^  unit,  does  yet  meafure  t)ie  )aft,  it  is  a  pom 
pofed  number. 

3.  If  the  number  neact  to  the  unit  be  a  prime, 
no  other  prime  number  ihaU  mi;.afure  the  laft.       ^ 

PROP.    XIII. 

■ 

t,  a.    n,    a^,    a4.         If  from  a  unit  be  rium» 
I,    5^    Z5,    12$,  615.    lersin  continual frofor- 
H-'«G--F--E--        tion Ixm  mairj/foever  (a, 
1  az,'  a^.  &c.)  and  that  df- 

ter  the  unit  (a)  a  pime  ^  th&njball  no  other  meafure 
the  greateft  number^  but  thofe  which  are  amongfi 
the  Jaid  proportional  numbers. 

If  it  be  poflible,  let  fome  other  £  meafure  a4, 
viz.  by  ^  a  then  F  iluU  be  fome  other  befide  a,aror.TT.9« 
az,a^.  But  becaufe  £  meafuring  a4,does  not  mea-b  ixor.iz. 
fure  a,  b  therefore  £  fhall  be  a  compofed  n^im-^. 
ber,  c  and  fome  primenumber  meafure  it,^  which  c  ;j.7. 
does  confequently  meafure 34,  eandfoisnootherd  ii.ax.j, 
tban  a,  therefore  a  meafures  £•    So  alfo  may  Fc  ^»f 01.12. 
be  fliewn  to  be  a  compofed  number)  meafuring  a4,9^ 

M  4      /-  a«^ 
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me;ifuring  a4,  and  fo  that  a  meafures  F.  There* 
f  9.  ax.  7,  Fore  feeing  EF  /:=^a4  t=p, a  x  aj,  ^  Ihall  a,  E ;:  F. 
g  19. 7.     a^  Gonfequently,  whereas  a  meafures  £,  h  like-» 
iizoJe/.7.  wife  F  fhall   equalij   meafure  a^,  oi^r*  by  the 
kfor.ii.p.  fame  nuniber  G.  k  Nor  (hall  G  be  a.  oraz.  there- 
fore, as  before,  G  is  a  coinpofed  number^  aad.9 
meafures  it.    Wherefore  being  that  FGL/::^:  a^ 
==::  ai  X  a^  fhall  a.  F  .v  G  ai.  and  fo  beeaufe  A 
meafures  F,    h  G  fhall  equally  meafure  az.  vtr. 
by  the  fame  number  H,  fc  which  is  net  a.  There- 
IziMf.i.  ^^^^  being GH  rrr.zzzri  aa,  /  thence  H.  -a  ::  t* 
in  10.  def.^*^  ^^^  becaufe  a  meafures  G  (as  before)  vu  H 
-      '   /'alfo  fhall  gieafure  a,    which  is  a  prime  msoh 
.    '  ber.    Jf^bicJj  is  im^oJibU. 

PROP.    XIV. 

A,  JO. .  If  certain  prime  numhers  B,C» 

.  B,}.'  C>g.  D,5f    Dj  do  meafure  the  Uaji  7ium^€¥ 

E--F —  J9  no  other  frime  nufnhfr E  jbM 
meafure  the  fame f' he/ides  thofe 
thatmeafHreditatfifjf.  * 

a  9-  ax.  9.  jj^^  .^  poffibie,let  ^  be  =  F.  a  then  A  =  E¥. 

^1^*7*  h  therefbre  every  of  the  prime  numbers  B,  C,  D, 
meafures  one  of  thofe  E,  F,'  not  E,  whicft  is 
taken  to  be  a  prime  ;  therefore  F  which  is  lefs 
than  it  felf  A  5  cor^tr^ry  to  the  Hyf. 

PROP.    XV. 

A  9  9.  Bj  I  z .  C,  I  ^.       If  three  numhers  contiTiuafy 
D,  3.  E,4.        profortiorial  Jj  B^  C»   he  the 

leafi  of  all  ikai  ht{ve  We  fami^ 
froportion  with  them^  any  two  of  them  added  iogO'^ 
ther  fhall  he  prime  to  the  third. 
^  I  ^  7*         a  Take  D  and  £  the  leaft  in  the  proportion  of 
r>  z.  8.      AtoB;  ^ then ArsiOq,*  JC=Eq,  JandJBssDR 

But 
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Bm  bcoa)i{c  D  c  is  piime  to  E,  d  thcrofore  ihallc  2«  47. 
D  -f  E  be  prime  to  both  D  and  E. ,  *  theiefofe  d  50. 7* 
D  X  D  -4-  £  r-^  Dg-.-  DE  f/  A-«^B)  is  prime  to  ♦  26.  7. 
1,  and  fo  to  C  or  Eg.  Wlmh  was  ta  be  dem.  e  ^  2. 
g  In  like  manner  DEr^-Eq  (B+C)  is  prime  f  hefoifw 
to  D)  awi  ooB&quMtly  to  A  =  Oq.    Jf^cbwof  g  17. 7. 

Laftly,  becawfe  5  /;  Is  prime  to  Dj-Ef  it  ihall  k  4. 1. 
alfo  be  prime  to  the  fquai c  of  it  fe  Dq  •+  2  DE 1  jo.  7. 
-*  Eq  (A  -«-  2  B  -4.  C  5)  /  whwefote  the  faid  B 
iWi  be  prime  to  A  -^  B  <^  C,  /  suid  fo  likewiff 
to  A  -^  ^«    Wlncb  was  to  be  dem. 

PROP.    XVL 

A,v  B,  S-  C— '        If  two  numbers  J,  B,  h 

frime  to  one  another^  the  fe^ 
cmd  B  fiall  not  b^  to  any  other  C,  as  the  firft  J  u 
to  the  fecond  B. 

If  you  affirm  A*  B  ••  B.  C.  tjicn  whereas  A 
and  B:^  are  the  leaft  in  their  proportion,  A  *t  2J#  7- 
ihall  meafurfs  B  as  manv  times  as  B  does  C  ib2i.7. 
but  A^  meafureis  itfelf  alfo  5  therefore  A  and  B  c  & i»?.  7^ 
;l»e  not  f  rinie  to  one  another,  againjl  the  Hjf^ 

PROP.   XVU. 

If  ibete   be 

A,8,  B,i2.  Cif8.  D,27-  IE-—    mmiSers     bom 

^  ma»f  foever  in 

edntinualfrofortian  A  By  (?,  D,  and  the  extremes  of 
them  Ay  D  hp  frime  one  to  another ^  the  lafiDfiali 
no  tbe  to  any  other  mmber  JB,  as  the  firfi  A  if  to  tie 
fecond  Mi.  ,     ^ 

Stmpofe  A.  B  .*:  D.  £.  then  alternately  .A. 
D  .V  B,  E.  thearefor^  feeing  A  and  B  are  the 
leaft  in  dieir  proqpoitibD,    A  b  fhall  meafure  a  2^  jl 
B;  e  and  B  likevrife  C,  and  C  the  follow-  b  21. 7. 
ing    number    D,   d  2sA  fo  A  ihall  mtWMcioJef*^ 

the  faid  mnbear  Ik    Wheidfitef  A  and  DdiM^r-r* 

are 
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are  not   prime  to  one  another,  contrary  fg  tie 
ffyfoth^. 

PROP.    XVIII. 

A)  4«   B,  6.  .C,  9.        Two  fmmhers  tew  given 
Bq,  }6*  Jy  By  to  ctmfider  if  there  may 

he  a  third  number  found  fro^ 

{ortionai  to  them  C. 
_, ,,  ^     y  any  number  C,   4  then 

*  b  lo.  7*     AC^Bq.  from  y(hence  h  it  is  manifeft  that  A* 
'  B ;:  B.  C.    Which  Wr  to  he  dem. 

A)(5.  B,4*  Bq,i<$.       But  if  A  do  not  meafure  Bq, 

there  will  not  be  any  thjr4 
proportional.    For  fuppofe  A.  B ::  B.  C.  a  then 

p  J.  ax.  J.  AC  zm:  B(j.  ^  and  confeqwcntly^rr  C.  namely  A 

meafurcs  Bq»    W^icb  U  agamfi  th^  Hy^oth 
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A,8.  B,i2,  G,i8,  Diiy.       Three rwnhtrshefng 
BC,  zi4.\  givertJjByCytocoit* 

fider  if  a  fourth  fro^ 
fortional  to  them  D  may  he  founds 
a  9.  sec,  7.     If  A  meafures  BC  by  any  number  D,  a  then 
btf«.ip.7.  AD  :r;  BC  5  h  therefore  it  appears  that  A,  B  :: 
C.  D.  which  was  required. 

But  if  A  do  not  mesffure  BC,  then  there  ci^a 
po  fourth  proportions^  be  found  i  which  may 
be  ihewn  as  in  the  preceding  Prop. 

F  R  O  p.    XX. 

hi 

A,i.  B,^.  C,f«        Morefrimenuinhersmayhegiven 


a  ^8".  7. 

b  3J.7.    D^ 


P,30.  G ikan  any  mukitude  r»hatfoever  of 

f  rime  numbers  JyB^Cffrofounded* 
tf  Let  D  be  the  feaA  which  A,  B,C,  meafure;;  If 
ju^^i  be  a  prime,  the  caiie  is  plain;  if  compoled* 
t  then  foBiB  prime  number j  conceive  G|  n^%« 

furcs 
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fures  D  -**  1 J  which  is  none  of  the  three  A,  B, 

C  J  For  if  it  be,  feeing  it  c  meafures  the  whole  c  fufpot. 

D-^Mjd  and  the  part  taken  away  D,  e  it  Oizli d eonjtr. 

alfo  meafurethe  remaining  unjj:.  JTbicb  »  abfurd.t  Hwur.T. 

Therefore  the  propounded  number  of  prime  num- 

Ipers  is  increafed  by  D  -^  i  ^  or  at  leaft  by  Q, 

PROP.    XXL 

J      5      ?    ?     »     t 
Jl  •••••  4L  •«•••  IS  •••  r  ••■  u  ••  Ci  «•  19  20» 

If  even  number f^  how  manyfoever^JBjBe^CD^ 
fre  added  together  j  the  whole  Au  Jhall  be  even. 

a  Take  EB  =  \  AB,  and  FC  =r  ^  BC,  'and 
GD  ==  4  CD.  b  it  is  plain  that  EB  -*-  FC  -h  a  6.  &/.  7^, 
GD  r=z  i.  AD.  c  therefore  AD  is  an  even  num^b  12.  7. 
hjeu,    Which  was  to  be  dent*  c6.<fc/.7. 

PROP.    XXII. 


97      J      3 


«•«••••# 


If  odd  numbers^  how  many  foever,  JB^  BC,  CD^ 
J)£f  be  added  together^  and  their  multitudes  even^       '^ 
the  wJjole  alfo  AE  fhaU  be  even. 

A  unit  being  taken  from  each   odd  number, 
^rewilltf  remain  AF,  BG,  CH,  DL,  eyeil  . 

i^pmbersy  1^  and  thence  the  number  compounded^  7*  ^r?* 
of  them  will  be  even,  add  to  them  the  c  even  ^  ^'*  9* 
Dumber  made  of  the  remaining  units,   and  the^A^/* 
if  whole  A£  will  thereby  be  evea    Which  w4v  d  xi«9- 
to  be  dem* 


PR0P. 


I9S  Tbi  ninth  BmI  of 

PROP,    XXIIl/ 

A«»....Bm,mC.»E.Di5.    manyfoever,    AB^  BC^ 
I  CD^  be  added*  togetber\ 

and    the  vmltuu^    ef 
/        them  he  oidy  the  whole  AD  JbaU  he  o^d. 

For  CD  one  of  the  odd  nuqib«rs  beibg  ta^M 

away,  the  number  coflapounded  oF  the  others  AC 
a  22. 9-    a  is  even,  Wheretp  add  CD  —  i,   h  the  whole 

*' j^i    ^^  *^  *^^^  ^^^"^ »  wherefore  the  unit  being  re- 
e  7.rf«f.7.ftorcd,  the  whple  AD  e  will  be  pd4,    iTJi^d 
jn^mtahedem. 

F  R  O  P.    XXIV. 
4  ^      '  If  an  even  number  AB  be 

A«^Bf...D.Cio«    taken  away  from   an   even 
6  number  AC^   that  which  r$^ 

•    ,  '  mains  BCfiall  he  even. 

a  7.i^  7.     For  if  BD  (BC  - 1)  be  odd,  a  BC  (BD  -4- 1) 
wiH  be  even.  Which  was  to  be  dem.    But  if  yoi^ 
b  hyf.      layJBP  is  eveo,  becaufe  AB  h  is  even,  e  thence 
c  ii.  9.    Ap  will  be  fo  5  a  and  confequcntly  AC  (ADl+i) 
will  be  odd,  contrary  to  the  Hypoth.  theretore  BC 
j$evcn.    Which  woe  to  be  dem. 

PROP.    XXV. 

.   ^  rk^r»^i»  V  from  an  even  mtmber 

sA**M..t>.C«*i>Bio.    ^,  tfw  0^  number  AC  hf^ 

7  *tffee»  away^  the    remaining^ 

,  J.         -^    \  numher  CB  JhM  be  odd. 

J7-«r-7*.  For  AC-i  (AD)  a  is  even,  b  therefore  DB 

D  A4.  sx    i&  evep  ;   ^  and  coafequeatly  CB  (DB  —  i>  ia 

C7.def.7.odd.    Which  wof  to  be  dem.  ^  * 

PROP.    XXVI. 
4       ^T^^o  If  from  en   odd   number 

A ••»•(;..•.••  D .Bit.    AB  be  taken  away  an  odd 

^  '        .  ^  n  «   ,  ^^^^^r    C  Bi    that  which 
fimmns  AC  JbaU  he  even. 

For 


*  EUGLlDE'jr  Etemmi.  189 

For  AB  -  I  (AD)  and  CB  —  i  (Ct))  a  zrtz  j.def.n 
wen;  *  therefore  AD— CD  (AC)  is  twubzi^g. 

Witch  jnu  to  h€  done. 

PROP;    XlVlIi 

T    4      <5  If  from  an  odd  mimhr 

A»D».*»C.«.«tfBii«    An  be  taken  awoy  an  eceit 
5  numher  CB^  tie  refidue  JC 

fiali  he  odd. 
For  AB  -  I  (DB)  a  is  even,  tnd  CB  isfuri-a  t  deft^ 
jpofed  to  be  even ;  h  therefore  the  refidue  CD  isK  i!i  o 
evea ;  c  therefore  CD  ^l-  i  (CA)  is  odd,  Wlicb  n  idefr 
was  to  he  dem.  ^  /•«^r-7 

PROP.    XXVIIL 

Ajjfc  if  an  odd  numher  A  mdtvflytfig  gn 

B,  4.         even  numher  Bfroduit  a  numher  AS^  the 
AB,  1 2.    wtmher  produced  JB  fiaU  he  even. 

For  AB  a  is  compounded  of  the^dd  »  fyp*  ^^ 
munb&t  A  taken  as  maay  times  as  a  unit  i$ts*aef.  74 
i^ontained  in  B  an  even  ntunber.  ^  Tbeieibi«  ASi>  ^i.  9. 
is  an  even  number* 

SchoL 

In  like  rtianner,  if  A  be  an  evcti  number,  AB 
fliall  be  an  ei^n  number  alfo. 

PROP.   XIII. 

A,  J.  Vanoddmmher  A  nHiltipfyiw  an 

B,  ^        eid  numher  Bypodute  a  numher  AM.  tie 
AB,  15.     fmmher  produced  AB  (ball  he  odd. 

For  AB^  is  compounded  of  the  oddai$A/35. 
mimber  B  taken  as  often  as  a  unit  is  included  m 
A  lik«wife  an  odd  number,   t  Therefoie  AB  is  b  z^j.  ^ 
an  odd  nmbw.   Which  pas  to  ^  dem. 


1^0  The  ninth  Book  of 

SchoL         ; 
B,ir    tn   .        ^-  -'w  ^^  wawifr  -rf  mtajurhig 
A,  J      ^      ^'  ^»  ^i^^»  number  B^   tneMfures  the^ 

fame  hy  arl  even  number  C. 
i  p.  J«-  7.    For  if  C  be  affirmed  to  be  bdd,  then  becaufe  a 
h  29. 9.    B  =  AC.  h  therefore  B  fhall  be  odd,  againjl  tie 
Hyfqthefis; 

B,£S    /r  - .         ^-  -^^  ^^  number  A  meafuring 
A,  J    ^   '^.'      ^U  odd  numher  B^  meafur^s  tbe 

fame  hy  an  odd  number  C. 
a  284  9.       For  if  G  belaid  to  be  even,  a  then  AC,  or  B 
will  be  tven^  contrary  to  the  Hypothefis. 
%  x6    .p  ?•  £i;«ry  number  (J  arid  C)  that 

A,  2      '  meafures  an  odd  number  if,  w  j//e// 

an  odd  number. 
For  if  cither  A  or  C  be  affirmed  to  be  even,  B 
a  i&  9*    a  fhall  be  an  even  number,  againjl  the  Hyfotk 

PROP.    XXX^ 

|li4         (C,8.        ^-^-^        (E,4. 

.  If  an  odd  number  J  meafurt  an  even  immher  Sj 
>  itfiaU  dlfo  meafnre  tbe  half  of  it  D. 

a  iyf-  d  Let  -T*  be  =:C,  b  then  C  is  an  even  number. 

hi.  Scholi     /         ^ 

Z9.  9.      Therefore  let E be  =  i. C, then BcmCAd^z 

c  9.  ^,  ?•  ^  ^  =  ^  ^*  f  therefore  EA = D5 g  and  cl^rfe- 

^  J*  *•      duently  t  =  E»   JThich  was  fo  ^e  dkw; 
thy^.       ^        '  A 

ij.ax.i.  PROPJ    XXXL 

g  7.  tffliri7^  A,s.  B,8.  C,i6.  D—       //  an  odd  number  J  be 

,pime  to  any  number  B^  it 

Jbdll  dlfo  be  prime  to  the  double  theretf  d 

-^  a      If  it  be  pofliblejetlbme  number  D,  meafure  A 

a  \.fcDcU  i^nd  Q^  ^  liien  d  mearuring  the  odd  number  A 

»9.  9-    ^  fhall  be  odd  it  Celf,  h  and  fo  fhall  meafure  B  the 

D  ^0. 5.^  half  of  the  even  number  C,  therefc  A  and  B  are  not 

prime  one  to  another.  W^nch  U  amairfi  the  Hyf- . 

cirolH 


EUCUDE'i  Eiements.  i^f 

CoroUn 
tt  follows  from  hence  that  aa  odd  number 
which  is  prime  to  any  number  of  double  pro- 
greffion,   is  alfb  prime  to  all  the  numbers  of 
that  progreffion. 


PROP,  xxxii. 


•  * 


1 .  A,  2.  B, 4.  C,8.  D,  i/S.       M  numhersJ^.C^ 

DyScc*  in  double  fro^ 
greffion  from  the  hinarie  are  evenly  even  only. 

It  is  evident  that  all  thefe  numbers  i,  A,B)C,     ^ 
D,  tf  are  even,  andi  45 ,  namely  in  a  double  pro-  ^  ^^  j^r  ^ 

gortion,  cand  fo  every  lefs  meafures  the  greater  jj^Q^^r^ 
y  fome  one  of  them.  <i  Wherefore  all  are  even-^  j^]  g^''* 
ly  even.  But  for  that  A  is  a  prime,  number,  e  j  g'Jgfj , 
no  nvmbcr  belides  thefe  fhall  meafure  any  of ^  12.  oJ 
them.  Therefore  they  are  evenly  even  only*  »'  y'  , 
Which  was  to  be  dem. 

PROP.    XXXIII. 

A)  ^o.  B^i5#       V  of  a  r^umber  A^  the  half  B  It 
jD —  £  .  •      M^  the  fame  J  h  evenly  odd  only 4 

Being  an  odd  number  B  a  mea^-    , 
Xures  A  by  two  an  even  number,  b  therefore  B  is?  ^^\  r 
evenly  odd.    If  you  affirm  it  to  be  evenly  ev6n,    2'  ^%'^* 
c  then  fome  even  number  D  meafures  it  by  an^  ^'  ^•^* 
even  number  E.  whence  zB  d=:Aydt=zDI.  e^ ^'^ *•  7* 
wherefore  z.  E ::  D,  B*  and  therefore  as  z  foitz-^^y. 
fures  the  even  number  E,^  fo  D  an  even  num-        y  r 
ber  mealiires  B  an  odd.   Which  is  imfoJj^lU.         8  ^o4eJ.j. 

p  ^  o  P.  xxxiy. 

A)  24.        If  an  even  number  A  ie  neither  doublei 
from  twoy  nor  have  its  half  fart  odd^  it  ie 
both  everUy  even  and  evenly  odd. 

It  is  undoubtable,that  A  is  evenly  even^becaufe. 
the  half  of  it  is  not  odd.    But  becaufe,  if  A  be  * 

divided  into  two  equal  paris,  and  its  half  agaiii 

int» 


Y^%  Tie  nhrti  Mtik  of 

7«  dif,  7.into  two  equal  parts  and  To  on,we  fball  at  length 
light  upon  fome  a  odd  number  (irot  upon  the 
jiumber  two,   becaufe  A  is  aot  inppofed  to  be 

doubled  upward  from  two)  which  ihallmeafuie 

bx/f&oo.  A  by  an  even  number,  fo  h  otberwife  A  it  felf 

:§;  Ihould  be  odd,  agtunfi  the  HyfotK  Therefore  A 

alfo  evenly  odd.  WTnch  tfoi  to  be  iem. 


•  « 


PROP.    XXXV. 
A  •'••••«•  o* 
4       S  ,      . 
BwmF  •<«...•«  G 1 2. 

9  64       8     . 

If  there  he  numbers  in  emtitmal  pofortion  hoii 

kanyfoevef  A,  BG^  C,  Bffy  and  the  numher  FG  he 

taken  from  the  fecond^  and  KK  from  the  lajt,  equHd 

to  the  firft  J^  as  the  excefs  ojthefecond  BP  is  to 

the  firft  A^   to  fiaU  the  exeefs  of  the  laft  DK  he  td 

^11  the  nimkers  that  precede  it^  J^  BG^  C 

From  DN  take  NL  =  BQ,  and  NH  =  G. 

a  bfp.       Becaufe  DK.  C  (HN)  a  ::  HN.  BG  <LN)  a  :t 

b  17.  f.    LN  (BGO  A  <ItN.)  h  therefore  by  dividing 

ctsL  s.     each,  ihall  DJii  HN  ::  HL,  LN  ::  LK.KN.  ^ 

A  J.  «.l.  wherefore  DK  C  -*.  BG  -^  A ::  LK  (4  BR)  KN 

"^  (A.)  mich  was  to  he  dem* 

CoroU. 
e  ifc  €.        Henee  t  by  conmounding.  DN  4-80-4-0. 
A'*BG-hC::BG,  A. 

PR  O  P.    XXXVI.  f 

y.  A,2,  8,4.  C,8. '  D,i«. 
'      B,3r.  0,62.  H,i24.  L,248.    F,4s«* 
M,^i,  •N,46j. 

P d--.- 

Iffi'ofn  a  unit  betaken  how  many  numbers ftfeve^ 
tjjfifi^t)^  in  doubleprofortion  continually ^nntiltki 
ikboie  added  tpgeAer  E  bt  apnoiefmmber  ^md^tkis 

wboli 


Et;CLID£'f  EtemeKti,  t^% 

wtw*  ii-fToOtmi  PJbdl  \e  a  fafeS  HuvUer. 

Take  as  many  numbere  E,  Q,  H,  L,  likewifl: 
in  double  proportiDn  continually  ;   then  a  of  $-i  ia,  f. 
lyufiqr  A.  D  ::  £■  L.  i  itwrcbb  AI>±:D£  c  :=  b  19;  7. 

ue-H  in  double prcmprtisii-  Let  Q—£ be^Mt 
and  F  -  E=  N  5  Tthcn  M.  E  ::N.  E -h  G +-e  ?(.«L 
H  -...L.  /  But  M  =  E.  ^  rtwr«&ic  N  3  E  -[-  f  ,V«* 
G-^H-*L.  ^therefore  F  -  1  *  ? -4.  C  -  C- iiT^. 
-i--E  +  G-hH-^L=:E-^N.   Mpreo«r  be- jg  iTai. i,^ 
caufe   D  A  meafurcs  DE  (F)   /  iherefbre  every  j(  -,  ^^  * 
one,  I, A,  B,  C,  m  meafunns  P,  as  m  ^Ifo  £,lii,4x',j, 
G,  Ho  t,  dpes  mearure  F;  And  funh  '    ■„,  ^  J. 

immoer  ^eafures  the  faid  F.  For  if  I  n  n:  rf*  t 

ItbeP,  whichmearvresFbyQ.  «  th  nS,  a' 

s=  F  ^  D.  F.  0  therefore  E.Q  ::  PX  p  J^"  ^' 

le^flg  A  a  prMne  numtjEr  oieiiutes  t  ^  laMFr^ 

po  p|her  P  meafures  the  .fanjc,   y  ci  ^        ■'"' 

£  does  not  mfaliue  Cj.    Wherefore  I  ^.1  _ 

p^edapi>ine,nua>ber,  »  it  jhill  be  j,  -'fit'  V 

/■  jvherefftre  E  and  Qajethe  leaft  in  thtjr  yro-j  ,!' 1; 
portion  ;  t  andui  Emeafures  P  as  many  f'l'^'H  ,*' J* 
as  Q.^s  D I  u  ttierefere  Q^is  one  ef  iJ^em  A,      »*  '* 
RC.tetube  B,  feeing  then  of  equ^ityJ?. 
?*;:£.  H  ::,»^d  foBH  =  DE  =  T=PQ.    **/f*^* 
and  fo  alfo  Q.-  B  ::  H.  P.     v  therefore  {1  =3  P.'  *+  »* 
therefore  P  is  ajfo  one  of  th^iA.B.C,  &e. 
^drsfi^  tlK  Ipfotif^s.     wherefore  no  ojhet  be-  ^  itJef.ji 
fide  the  fowftid  auipiers  meafures  F,  apd  a  con- 
';quentlyT'isap«fea  nuiiiber.    THisckiras  to 
-  iemonfiTated. 


The  End  of  tit  nimi   Maok, 


f; 


fH 


m  \ 
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.  V 


De^itpons. 


I    f 


C 


OmtmenruraMe  magnitudes  are  thofe, 
*  which  are  lueafured  by  one,  and  the 
fame  raeafure. 


X  lil      The  tiote  of  comPienfurabUity  u  tl-,  di 

-  - ;  :*  -rf  TO.  ^  J  that  w,  the  line  A  of  8  foot  is 

■*■ -^      cdmmenjuraile  to  the  line  B  of  t^  foot  i 

hecaufe  D  a  line  of  one  foot  meafures  hotb 

J  mi  B.  Alfp  V  i8  TL  V  $0  i  Ucauft 

4J  X  meafures  hoth  tj  i8  ani  Ij  $#•  fov  ^ 

5.  wherefore  ^  i8.  V  5^  ••  ?•  i* 
11.  Incommenfurable  magnitudes  are 
fuch,  of  ^hich  no  common  mealure  can  be 
found. 

as 

futahle ^    ^, ._^..-_,„_  .-,^„ 

by  that  number  ,  hecaufe  there  is  no  comnton  viea^ 
fure  of  them  f  as  fiall  affear  hereafter.     \ 

III*  Sight  lines  are  commenfiirable  in  power^ 
when  thelame  fpace  does  meafure  their  fjuates. 


The 


■  ■!'.■■ 


EUCLtDE'i  Eiements.  i$f 

The  markofthUe&mmn^wAiUtf 
u'-^\as,JB  ^  CD.  i.  e.  tU 
line  JX  of  6  foot  is  in  power  com- 
menfurahU  to  the  /iiiiCD,  which 
is  exfrejfed  hy  aJ  xo^iitauft  E  th9 
J^ace  Of  one  footfcmare  does  as  weU 
meafure  JBq-  (if)  ofltbtreltdi^ 


^.  I     i,|j%  J^ace  Of  one  foot  fcmare  does  as  weU 

I  nnl  nteafure  JBqi^  iu'there&diigk 

l°^l  Xr  (zo)  to  which  the  JiU0te  of 

'^^^  the  liniCJi  {^  20)  is  equcfi.  T» 


I  1^  ■  M  V  A 


[jL      ^^^^  *^'*  '^^  fometimts  fignifies 
r^       fommenfuraUe  in  p&wer  only^* 
7  IV.  Lines  incommeaftifablein 

^  power  are  fuch  \  to  whofe  (qu%res 

no  Ijpace  can  l^e  found  to  be  a  coooxnou  meafure* 

Tins  incommenfurability  is  denoted  tbh  >  S  '7^ 
V  \/Si.  e.the  numbers  or  lines  $,  and  v  ^S  are  in* 
iommenfvrahle  in  fawery  hecaufe  their  fyuares  2$ 
and  ^  8  are  incommenfurahle^ 

V.  Ffonn  which  it  is  manifeft,  that,  to  any 
right  line  given  right  lines  infinite  in  multitude 
are  both  comoienrurable  ahd  i^ommenfurablfe  ; 
fome  in  length  and  power^  others  in  power  onlfA 
^ht  right  line  given  is  called  a  Rational  line. 

The  note  of  which  is  p^ 

VI.  And  lines  comnoeofurable  to  this  Une^ 
Whether  in  length  and  power,  orinpower  only^ 
Are  »fo  called  Rational,  p. 

VII.  But  fuch  as  are  inconunenfurable  tb  itf 
are  called  IrrationaL 

Jnd  denoted  this  p. 
.  VIU.  Alfo  the  fquaie^hicfa  is  made  of  the 
faid  given  right  line  is  called  JUtional^  pr. 

tX.  And  likewife  fuch  figures  as  ate  comaieii' 
furable  to  it,  are  Rational,  pee. 

X.  But  fuch  as  aro  in$0auiienfurable,  Irratio- 
nal, pdk    .    ^ 

XI,  An^i^Me  rlghtlJAes  alfo«  i^tateh'^con* 
t*in  tl^m  «q  poiw^,  i$x^  Xoational  p«     ' 

K*  StM. 


\ 


1^6  Tie  tenth  B0OI  ^ 


Jkioji 


nat^At::i^^en 

Mnitions  viay%e  rHI^ 

arcd  mere  chuif  i^  m 

example^  let  n^at  kp  a 

fiiPcleJDBP,  mbfifeff^ 

midiametcr  is^^^lBp  i»- 

fcrihe  thef€i%jtU  fibi  of 

the  ordinate .^guieii  ,af 

^  ^  a  Hexagorte  BF.  of  a 

ivkm^APi  efaffuafeBDy  of  a  PentagoneFD. 

Ihmfwe^  1f'4^mm9ig  i^  the  5.  clef,  thefimidiame- 

m  CM  be  tie  Ratimsa  ^ine  ghen^  expreffed  hy  the 

nwrdfer  z.   to  whi^  tU  mher  lines  nP^  JtP^BD^ 

airor.i<.4.^^»*^^^  ^  ^ow^erf,  then  WPa^K~z. 

b  Ai.  I.    therefore  BP  is  p  Tx  BC^  according  to  tU  6.  dcf. 

^^         jHfoJf  h^  V  "  (/^  JBq  (16)  -  VPa  (4)  = 

»)  thatfwe  AB  f  '^  3C.  metvife  ttccwdfrt^  to  tie 

6,  .dc£  jmdJPfUi)  it  a^  fy  the  9.  drf.  mreover 

BDbr-:  VBCf -^.AC^rcrVe;  w'kence  BO  U 

f^BCi,  .andBDa  ft.  Lnftfy,  FDq  nr  r^  -  V 

to.  (ju  JbaU  appear  Jry  the  praxis  to   he  delivered 

at  tU  f  o.  I }»)  JkaU  ie  p,  ^eordim  tx>  tfje  to.  a.efc 

oM^Mfeifumly  FD  =c:.  y  :  ifo  —  V  loiii,  die- 

cording  to  the  It.  ^(sli. 

*       ■  •  '  ■' 

APoftulatt.       ' '  \'  '  \. 

...  1 

J  That  aiif  magti^tydte  ^mif  be  fp  t>fieir  imrfti- 
pued,  ^till  it  exceed  afly  magimiiae  w4iatfoevct 


JbomKh 


■K        i  •     ■ 


liitudes  foeiw,  tlo(M«)f<|'9n9tfMt  tiiail^  wbirfj? 

Is  compofed  of  them* 


z.  A 


2.  A  magnitude  meafuring  any  magnitude 
^^liatfoever,  does  Ukewi&  me^re  every  magni- 
tude which  that  nieafures. 

|«  A  magnitude  meafuring  a  whole  magnitude 
and  a.  part  of  it  taKen  s^way^  doesalTo  meaCbre 
the  reiiduer 

PROP,   t 

Twa  nntjpial  magnitudes  M^  C,  leiTf^ 
givent  if p<milkgyeattY  AB th^r tie  taken 
awaf.  more  than  half  (Alt)  and  font  the 
refidne  (IfBy  he  , again  taken  awof,  more 
than  half  (jM][  and  this  he  done  continue 
I  a&y^  there  fiau  at  length  he  left  ac^tain 
magnitude  1$\  lefi  than  the  Iffs  of  tfje 
magnitudes  Jirji  given  C.  ,  ■       ^ 

a  TakeC  fo  often,  till  its  multiple  a  ^/«  lo. 
j^jpAPEdo  fomewhat  emeed  AE,  and  there 
be  Syji^V(3:=zGEzzC.  Take  from  AB 
more  than  half  RA^and  from  the  remairrder  HB* 
iftore  than  half  HI,  and  fo  continually,  till  the  . 
I^tts  AHy  HTyJB,  be  eq^al  in  multitude  to  the 
parts  DF,  FG,  GE  Now  it  is  plain,  that  FE, 
wbiqb  is  not  lefs  tha^  \  DE,  is  greater  thaaHB^ 
which  is  lefs  than  i^  AB  -^  Dl.  And  in  like 
manner  GE,   which  is  riot  lefs  than  i.  FE,   is 

S eater  than  IB  "^  4.  HB.  therefore  C,  orQEc* 
L   Vhich  was  ta  he  dem». 
The  fame  may  alfo  be  demonftrated^  iJF  from 
ABthehalf  AH  be  taken  away,  and  again  from 
the  re&fue  H9  thp  half  Hf,  and  fo  forward. 


T^i 


PROP. 


l$B 


fhif  Unib  Booh  of 
PROP.   II. 


/. 


Y^      Tvfounejual  magnitudes  leingpvep  (4B^ 

«         CD)  if  the  Ms  AB^  he  cdntinuaUy  taken  from 

^"T  the  greater  CDy  hy  an  interchangeahie  fui^ 

X  . .     fira3%on^  an4  the  remue  4o  not  meafure  ih^ 

^      magnitude  going  tefore ;  then  are  the  magr 

nitudes  given  incommenjurahk* 

If  it  be  poi&ble,  let  fome  maag^udd 
£  be  the  commop  meafure.  Thenb^anfe 
AB  taken  from  CD,  as  often  as  it  4an  be, 
leaves  a  magnitude  FD  lefs  than  it  felf, 
Ac  E  and  FD  taken  from  AB  leaves GB,a«d  fo 
»  If  10.  forward  ;  a  therefore  at  length  fome  magnitude 
b  ht^  GBriEftall  beleft.  therefore  E h  mcafuriHg AB, 
f  zwzf  .lo.r  ^nd  fo  CF,  iand  the  whole  CD,  d  ftsfll  alfo 
meafure  the  rrfidueFD,  rconfequentlyalfoAG> 
fi  J.^^,10.^  wherefore  it  fliaU  likewif?  meafuretheitemaift- 
der  GB,  iefs  thaii  it  felf.  Whuh,  U  abfwd. 
^  PROP.    III. 

Two  commenfurahle  magmtude$    h^ng 
given  JB^  CD^  to  find  otit  their  greatefi 
common  meafure  FB, 
Iff.  :Br     Take  AB   from  CD,  V^^  the  refiduc 
^    ED  from  AB,   and  FB  ftdm  ED,  tiU 
•^    FB  meafure  ED  (which  will  coinc  to 
•  •  pafs  at  length,  a  becaufe  by  the  Hyp* 
AB  TX.  CD)   FB  Ihall  be  the  magni- 
tude required. 

For  FB  *  meafures  ED,  e  an^foalfo 
AF  ;  but  itmeafiites  itfelf  too,  lithere- 


n> 


\ 


f  %^  ipt 


b  (onfir. 


*  & 


'cU 


Qi,ax.io  ft^re  Jike^ife  AB*,    <r  and  confequently 

'    ^  CE,  rf  and  fo  the  whole  CU    Wherefore  FB  is 

the  common  meafure  of  AB,  CP^  If  you  affirm 

Q  to  be  a  coipmpn  meafUre  greater  than  that, 

p^.ax.ic.thtn  GJ  mealuring  AB  and  CD,  ^  meafures  alfo 

f  j.^.ic*  CE  and/the  rem^ipder  ED,  e  and  fo  AF  j  and/ 

^  cbnfequently  the  remainder  FB,  the  greater  thet 

Icfs,    KThich  is  ahfurd. 
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CcfoU.  ^  . 

Hence,  A  magnitude  that  meafities  two  mag- 
situdes,  does  alio  meafuie their  gieateft  coounon 
meafme* 

PROP.   IV. 


A  ■       ■■*  ■    ■    ^*" 
B— D 

C-r-^— E  *P— ^ 


jthreecommnfurahk  magnitudes  beir^  given  if ,2f , 
C,  to  find  out  tieir  greateft  comnum  meajure. 

a  Find  out  D  the  greateft  common  meafurc»  ?•  »o. 
of  any  |;wo  A,  B ;  a  alio  E  the  greateft  common 
meafvre  of  D  and  C.   therefore  £  is  the  magni* 
tude  fought  for. 

a  For  It  is  clear,  E  meaCuting  D  and  C,  *  does  orowjy^CjT 
meafure  the  three  A,  B,  C    Conceive  another  a.  ax.  lo. 
magnitude  F  greater  than  that  to  meafure  them  \ 
e  then  FmealuresD,  c  and  copfequently  E  the  c  cor.|a©t 
greateft  common  meafure  of  D,  and  C,  the 
greater  the  lefs.    JPT^eb  is  ahfurd. 

CoroU. 

Hence  alfo  it  appears,  that  if  a^  magnitude 
meafure  three  magnitudes,  it  Ihall  likewffe  mea- 
fure the;r  greateft  coounon  meafure* 

PROP*    V. 

A ■  -^D.^.       CommenfuraHetnag' 

C "  F.I,    nitudes   Jj   B^  have 

B" ._— .         E.  g,   fuch  froportion    one 

to  another^   as  numier  hath  to  numhei\ 

a  C  being  found  the  greateft  common  meafure  a  j.  lo. 
of  A,B ;  as  often  as  C  is  contained  in  A  and  B,fo 
often  is  i  cbntained  in  the  numbers  Dand  E  ,  h  hijJef.j. 
therefore  C.A ::  i  .D ;  wherefore  inverfely  A.  C  ::     ' 
J).  I.  h  but  lifcewife  C.  B ::  £.E.  c  therefore  of  e- 
quality  A.  B  :;  I?.E ;:  N.  N.  r,  r.  to  be  dem. 

N4  PROP. 


^PQ  Tib  teM  Bnl\  if    'w 

A  ■  *         -^  C,4.    -rf,  if,  hav€  Juch  pro^ 

B ^ —       ;  Djti.^  /o'iiow  om  to  anotha 

4i  number  C  has  to 
MminDithfem^gnUttdetJyBfiaUhecomm^fmahk^ 
^fekioJS.  What  part  i.  is  of  the  number  C,  a  jtliatlet  E 
b  eonfir^  be  of  A.  Tberefote  besaufe  £.A  h ::  i  ^C.  and  AB 
p  7^/^,  ei:  G.D*  <j  therefore  of  equality  ihall  £•  B  ::  i.  p, 
^  zi.  $•  Wherefore  feeing  i  e  meajtures  the  numbet  t^j  f 
^  S^MOf.j*  likewile  £  ttieaiures  £^  but  itg  aKb  m&skfures  A, 
f  zo.def.j.  b  tberefoire  Ali^fi.  Wlisi  r^at  to  he  iem. 
g  confix. 
h  1^/40,  PRO*.   VIL 

j^ — ; ,  ,  Incommenfuralilc    magnU 

B  '^    f-"  ■  ■-  tudis  J\  Sf   iavi  not  tbati 

froportion  one  to   e^otBer  , 
which  nailer  has' to  maimer. 

a  6  10.        ^^  yo^  affirm  A.  JB  ::  Kf  •  N.  fl  then  A  "TP^  B 
'     *     againjt  the  Hyfothejis. 

PKO?.   tut 

A  "  Ijfftpo  magmtuiet  J^jhavt 

'    B  ■ not  that  froportion  one  to  ano* 

thery  which  number  has  to  num- 
ber^ tbcfe^  magnitudes  are  incommenfurable . 
a  5. 10.        Conceive  A  *xl  B/i  t^en  A*  B  :;  N.  N.  cen^ 
trary  to  ^hc  Hypothefis. 

PROP,    II, 


A —        The  fyuares  defcriled  of  right 

B — —  line^  ccunmenfurabU   iii  lengthy 

L,,  4.  have  that  proportion  one  to  ano^ 

F,  r.  ther^  that  a  fptare  number  has 

to, J  jfjuaytnumleu  And  fqitaYeSyVpmihaie  that  fro^ 

fortign 


»    * 

portion  <me  to  another^  that  a  [quart  numlit  has^o 
a  fquare  numher^  JfaU  djo  hofvel^thtir  fdticommen- 
fmhhmki^.  t^ pukfrnMrit  a^  are  ntadc  of 
$y^  UnH^ntontmnfufM$  vuifi^gd^  hime  not  th^ 
mporOdk  on^  to^noHm^  whuh  ttfiflure  fiwHteit 
iW  to  a  fijfuart  nunHer^  jhd  fputnvwhkh  hav$ 
notfiicb pofortJoik om iooMotheM  ^ a  ffiarg num^ 
hmhsut^  tk  f^iuH  numhar^  had^  Ho^  tltfrfidtt 
€ommenfuraHe  Jin  bffigth 

:!•  iHJpi  A.  TX  B;  I  lay  Aq^B?  • 'Qs  Q* 
For  ^kt  A^::  murixr  B.  nutitiber  Fv  t^MeSsfW    ^     . . 

g^  (?  g*  twice)  errzp  twxcc,  *  =  -jJ.   t  thcf cr  b  ze.  (<• 

foreAQ,BQ::I^.VQ:tQXl.iniciwastQbedm,  S^f^'^' 

§t^icer/|9)ir=-^*  =  f  twice,  ithiie-f  z^6; 

fore  A.  B ::  E.  F  ::  N.  N.  k  whcrcEprc  A  TX  Rg  f?[*g. 
Pheh  n^as  to  h  dm^  ,  i  ftA.22,<. 

}•  Itjp.  ATlC.  t  deny  tttt  Aq,  Bq;;  Q.  Q-v  g.  iL  ^ 
For  fuppofe  Aq^  Bq  ;:  O.  (J  then  A  nx  B,  as  ^ 

i^  ihewn  before,  agfiinfi  tho,  mf . 
^  4.  Hyf.  Not  Aq.  Bq ::  Q:  ^.  I  £ay  that  A tL 
B,  For  conceive  A  *n  B.  then  Aq,  Bq  ••.'  Q*  Q. 
as  above,  agait^lt  tU  Hyj. 

Corolla 

Lines  Tp.  ^re  allb  "l^-.  but  not  oa  the  coa« 
firary.  And  lines  *tX  are  not  thereipfa  "C>«  bu( 
•^  arealfo  "Cl,         ^ 


VKQtk 


•I  .•  ■    •        J       V  » 

f 


V 


/ 


zaz 


7ie]tmti  Bcoicf 


rt 
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PRO  P.   X. 
if  ft»r  magnitukt  ie  frofortioml  (CL 
J  ::  B.D)  atd  tie  fofi  C  be  commenfu^^ 
raUe  to  the  fecond  Ay  the  third  Rfiaa  he 
commenfwaile  to  the  fourth  D.  Jnd  if 
}      the  firfi  C  be  incommenfurahle  to  the  ft* 
-       I  Iconi  Ij  alfo  the  third  B  fiaU  he  ineowi- 
CAB  UmeiUufahk  to  the  fourth  D. 
t  J.  10.        If  C  13.  A>  tf  then  C.  A  v  N.  N  *;;  B.  D.  ? 
b6*io,    therefore  B^TX  D,  But  if*TLA,  cthen  fhall 
c  J.  10.    not  C.  A  ::  IS. N  :: KD.  d  wherefore  B  "txIX 
d  8. 10.    WT^ch  v^as  to  he  derti. 

Lemma  !• 

To  find  out  two  fUme  number  Sy  not  having  the  fro^ 
fortion  which  a  fquare  numb^  hath  to  $  fquare.    ''- 

Any  two  plane  numbers  qot  like  will  fatbfy, 
this  Lejpma,  as  thofe  numbers  which  have  fuper* 
-  particular,  fuperbipartient,   or  double  propor- 

tion 5  or  any  two  prime  numbers.  Seefch. 27. 8. 

To  find  out  a  line  HRy  to  which  a  right  Un^jpvcn 

KMhaththefroportienof  two  numbers  given  jf,  C. 
zfchio*6»    ff  Divide  Xw  into  as  many  eq\ial  parts  ais 

there  are  units  in  the   number  B.   and  let  as 
b  J.  I.      many  of  thefe,  as  there  are  unitjf  lb  the  nuutibcr 

C,  I' make  the  right  lipe  HR,   it  is  manifeff 

that  KM.  HR  .V  B.  a 

\  Lemma  ^* 

Tefind  out  a  line  Z),  to  thefauare  of  which,  the 

9izJemAoJV*^*^  ^^  ^S^^  ^»^  kjven  Km  hath  the  frofortion 
f  0,  ^/  *^o  numbers  given  3,  C. 

hii.6.        ^^^  B.  C  J ;;  KM-  HR.  and  between  KM 

c  io.  6.    It  9J5»  *  ^^  *  n^^an  proponional  D-  Thci-e- 

dconp.    f0«KMq.pqc.vKMvliRi/;B.C4 

PROP, 


EUCtlDEV  EJmtntsl  io| 

PROP.   Ta. 

B,za        Ti)  find  two  right  line^ 
Cyi6.    incommenfurahk  to  a  fight 
line  givpn  A,    one  D   in 
Ufjgtb  only,  tie  other  E  j¥       ^      , 
pover  alio. 
I.  Take  the  numbers  B,  C,  a  fo  that  therea  W«i,io 
l)c  not B.C ;:  Q  Q.  >  and  let  B, C  .v  Aq.  Do.  no.  '^ 

it  is  i^lain  that  A  Tl  D.    But  Aq  rf  tL  Dq,  b2./««,i,. 
yiiri^  WAS  to  he  done.  i  o, 

z.  i  Make  A.E ;:  E.D.  Ifay  Ag^Eq,  ForA.c  5>,  xo. 
P.vAq.Eq.  therefore  J5nce  A-n.D,  as  Before  :  /d  6Aq. 
therefore  Aq*T3-Eq.  Wlichwas,  to  he  done.  d  ig.  ^, 

e  ZQ,  (5^ 
PROP.    XIL  fio.10, 

MagfAtuies  {Ay  ^}  commenfurahle  to  the 
fame  magnitude  G^  are  alfo  commenfurahle 
me  to  the  other ^ 

.     Bccaufe  A  Tx  C,  ?nd  Cto-  B,  a  let  A.  a  J.  iq. 
i),i8.  E,8-      C ;:  N.N  ;:  D.  £,   and  C. 
!  F,  z.  Gi J.     B  ;:  N.  N.v F.  G.   *  takeb  4.& 
I  H,$.I,4.K^.   three  numbers  H.  I,  K,  the 
A  B  Cleaft  H-  in.  the  proportions  of  D  toE, 
a^nd  F  to  G.  Now  pecaule  A.C  c  ;:  D.E  c ::  H.I,c  eonjlr^ 
and  Q.  B  e::  "F.G.^  I.K,  <?  therefore  of  equality  d  zz.  {. 
A.B ::  H.K  .v  N.  N,  e  therefore  A  no.  ?•  Which  e  tf.  lokj 
Vdito  hedem. 

•  SehoL 
Hettcc,  Every  right  line  commcnfurable  to  a 
rational  line  is  alio  it  felf  rational.    And  all  iz.rc.tf»i 
right  lines  rational  are  commenfurable   to  one  def,  (^ 
another,  at  leaft  in  power.    Alfo,   eyery  fpace 
commenfurable  to  a  rational  fpace  is  rational 
too  :  and  all  rational  fpaces  are  commenfurable  def.  p. 
one  to  ailother.    But  magnitudes  whereof  one 
is  rational,  the  other  irrational,  are  incommen-  def.  7«  ^ 
iur^le  amongft  thonfelves,  ic. 

fllOP. 


A 

C 

9- 


■^  >■ 


MM* 


Tie  tmth  Bcfik  ef 


PROP.  UU. 

If  there  h  two  magnUuies  A^ 

J",  MitifM  dfthem  Acommenfur 

►    ralle  to  « third  C,  Jm/  fie  o/i&tfr 

X  incommhfurdbUy   tbofe  magf 


.  ifituies  J,  B  are  incommenfmahk. 
It  lyf.  Conceive  B  IX  A.  then  being  C  a 

b  tz,  la  therefore  G  -EL  B^  agaii^  the  Myf. 

PROP.   XIV. 


A.* 


b  2z.  6. 
c 17- $^ 

c.coy.  4^5 


ABC 


StJme  he  two  m^tuks  commenfurdbU 
Afi\  and  one  of  them  Jtncommenfuraile  t» 
any  other  m^nitudc  C^th  otJjer  alfa  fJiaM 
he  incommenpiraUe  totS$fame.C, 

Inaaeine  B  x^C.  thenfor  that  A  a  tx 
B,  h  tnere&re  AnOL  Cy  againjlthe  Hjf. 

PROP.   IV. 


A 
B 

e 


>MM«*WI 


^  foup  rMt  liMi  he  po^ 
foartional  {JL  S  ::  C.p;)  and 
thefirft  A  hein  pvm  m>r$ 
than  tbefeeond  Sty  the  fqmre 
of  a  right  line  commerfurAk 
Itritfelf  in  lemK  then  aifo  the  thirlC fi^llle 
tnorejti  power  t%an  the  fourth  D  hy  tbefauareofa 
W^  t«e  iiommenfurahie  to  iifelfm  length k  tut  if 
tWefirJl  A  he  more  in  power  than  thefuovd  S  hj  the 
Spare  of  a  right  line  ineommepfurahie  to  it  felfin 
f^^l^^  *^^^  Jpa^  the  third  C  ie  more  in  power  than 
tve  fourth  D  iy  thefquare  of  a  right  line  incorm^n- 
ftiraiit  to  it  felfin  length.  * 

For  becaufe  A>B  a ::  C.  D.  i  theiefote  Aq.  Bq  :: 
ei,J)q,  rther  fore  by  divifion  Aq  Bq.Bq:;Cq 
-•  Dq.Dq,  d  wherefore  V :  Aq— Bq.  B,v  V :  Cq— 
D.i.D.e  and  lo  inverfely  B-v/:  Aq  Bq::DV:CcL 
.  Dq.  /therefore  of  equaUty A.V-'  Aq -Bq:.cl 
V:Cq  ^Dq*  confequentlyif  A  TX,  ox  j^  V  A* 

Bq, 


EVCUDies  EUmmZ  20^ 

-^.'  J  then  llkewlTe  C  TX,  ot  13. 4^ :  Cq  ^^  io,  (a 

Oq.   JrJjf i  vtf f  to  he  iem,  * 


PROP.  xvr. 


tmma 


1— C         Jjf    ^0   magmtudes 


B  eommenfurahle  Ah^  2C» 

P  i^  cbmfofedf    the   whole 

magnitude  AC  ^Jball  he    ' 
etmmefffurtAk  to  each  of  the  farts  JBj  £C.  Jnd  if 
the  wh&k  magnmie  AC  he  commenfurahle  to  either 
of  the  farts  JB^  or  BC^  thofe  two  magnitudes  given 
tttfif  JS,  BCy  fiall  he  commenfurahle. 

r.  Hyj^.  a  Let  D  be  the  common  meafuie  of  a  J.iP^ 

AB,  B^ ;   ^  fo  D  mearures  AC.  am}  therefioireb  l^x.io* 
AC  T3-  AB,  and  BC.    Which  was  to  he  dem*       c  i4/e/.io% 

*•  '^52:  ^  ^^  ^  ^  ^^^  common  meafure  of  d  j.ax*io% 

AC,  AB.  ^  thcrcjfore  D  iheafures  AC  —  AB 
(BC)  and  ctuifcq\reiitly  AB  tjl  BC.  ITJirT^  wdt 
io  he  dem*   ^ 

CproU. 
Hence  it  foUorvrs,  If  a  whok  magnitude  com- 
pofed«f  two,  be  commenfurable  to  tny  one  of 
tjicm,  ttiefamc  ihall  be  conuBenfurabk  to  A» 
other  alfo. 

»  ROP.    XVII. 

If  tw0  incammenjiirai&     -  ^ 
magnitudes  JB,  SC^iecm'    \[.       . 
foHd^  the  whdei  mic^gmiudt        ; , 
.  •  ayo  JG  fiaU  heincommsMr 

fkrahie  to  jeither  of  the  two  farts  AB^  BC.    Jnd  ^ 
tte  vphole  magnitudje  JCheincmimenfuratleioone 
if  thhn.jBj^  the  magmtudct  pfigtvgn  4S^  BQ^ 
fiia%  be  incommenfurahte. 
_  I.  ^,  If  It  cag  be,  let  D  be  the  eomnon     ,  .  ,>, 

^  fti^al^^of  AC,  AB.  a  therefore  p  meaftti«sAd.,^*:ii 
^  AB  (BC)  1,  and  jherrfore  aJfo  ABtx  Bci^fSfffr 

1.  Ifyf4 


•  ■— 


-    »> 


^a$  72^  tenth  B^k  nf 

c  id,  lO.      i*  JJjt*  Conceive  AB  TX  BC.  c  thefefbre  AC 
'         •     TX  AB,  ngahnjt  tie  Ifyf.  .  . 

CoroU. 
Hence  alfo,  If  one  magmti^  compofed  of 
two,  be  incoaimetifurable  to  slny  one  of  thenri, 
the  fame  aUp  ihall  b^  incoounenfurable  to  ilit 
other. 

xvin. 

If  there  he  twet 
unequal  tight  lines 
JBj  GK  and  uf<m 
the  greater  AB  a 
faraUelogram  JDM 
ejual  to  thefduftb 
fdrt  i^  a  ffuare 
^  m^  .  viade  of  the  lefs  line 

fyure  hy  afpurejhe  applied^  and  divide  the  [aid  AB 
into  farts  commenfuratU  in  lefigth  AD^  Dd  i  then 
fiall  the  greater  line  AB  be  move  in  fever  toan  the 
i^s  GK%y^  the  fpsare  of  a  right  line  FD  cor^menfu- 
fahk  in  length  to  the  greater^  And  if  the  greater 
JB  be  m  pdwer  more  than  the  lefs  GK  hy  the  f quart 
tf  tJje  right  line  FD  ctmmenfurable  unto  itfejf  in 
length  J  andaparaUehgram  ADB  equal  to  tSefiurth 
fart  of  the  fauare  made  of  the  left  line  GKy  and 
wanting  in  figure  by  a  Jguarey  be  applied  to  the 
greater  AB^  thenjbaliit  divide  the  fame  into  farts 
ADy  DB  dommenfmable  m  length*      ^ 

a  Divide  GK  euUaily  iii  H,  and  h  make  the 
tc6fangk  ADB  GHq.  Cut  off  AF  -DB.  then  is 
4m^^  ABq  c-i  AD4i  d  (4GH<ior  GKq)  *  FD,  Now 
4*  z.  in  the  firft  place,  it  AD  iq.  DB.  tnen  Ihall  AB  e 
e  i&  10.  TX  BD  tf  LV  X  DB/(AF  DB,  or  AB—fD)  k 
g  con  i<«  therefore  AB  nx  FD.  Which  was  to  be  dem.  Btu: 
«a  fecondly,  if  AB  ri  FD,  h  tlien  Ihall  AB  4  AB 

k  ta.  10.  ^  F'D  (i  DB)  k  theirioie  AB     .  DB.  /  where-* 
1 1&  a4»  >  felt  AD  xlDB.    Which  w^s  to  be  dem. 


\ 

ftlOil* 

ka8.& 
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PROP.  XIX.    I 

'WiHete  le   iw9 

AB^QKy  find  to  th 
gUatet  AB  he  afflt-  ^ 
ed  a  faraUeiofffant 
JtDB  equal  te  tU 
fourth  fan  of  m 
fjuave  made  upon 
the  lefs  GRj  and 
wantinginfyurehyafquare^  andalfothm  affitei  . 
divide  the  faid  AB  intopaHs  ADy  Do  incommenfu^ 
tahle  m  length  ;  the  gf eater  line  AB  Jball  he  in  . 
gofper  more  than  the  kfs  GK  hj  the  fyuare  of  the 
r^bt  line  FD  incommettfurable  to  the  greater  in 
UngthAAnd.if  the  greater  Hne  JB  he  more  in  power 
titan  the  lefs  GK  hj  the  f guar e  of  a  r^ht  line  FD 
ineommenfurahle  unto  itjeifin  lengthy  and  if  alfo 
upon  the  greater  JB  he  applied  a  paraUJeigram 
ADB^eqmlto  tJie  fourth  part  cf  the  fyitare  of  tb^ 
IpfsGK and  wanting  in  ^ure  hy  a  fyuarej  then 
/ball  it  divide  the  faid  greater  line  AB  into  parts 
ineommenfurahle  in  length  AD^  HP. 

.  Suppdle  aU  the  fume  that  was  done  and  faid 
in  the  prec.  Pros.   Therefore  firft.   If  AD  "TV 
BB,  a  thenlhall  AB  1x  DB.  »  Wheiefore  AB  a  xt*  fO« 
Tl  X  DB  (AB  —  ED)  c  therefore  AB  ^X3L  FD,  b  i  j.  lo. 
Whichwoitohedem.  ccor.tl* 

^econdiy,  If  AB  TL  FD,  then  AB  13.  AB—  lo. 
FD  (z  DB  3)  <^  wherefore  AB  Ti.  DB,  ^and  coil-  d  x ^  lo. 
Uiuenay  AD-xu  DB.   Which  wm  to  he  dm.  .  e  17, 10. 


io8  Zhs  fenfi  S^oi  pf 

A  YeSavjf€  ED  compr9» 
hendni  under  Ji^t  lines  BC^ 
CD,  rational  andcom^enju^ 
rahkinif^th^  aceordhig  td 
one  of  ihefonfaid  ways^  ii 
rational.     \ 

a  ^.i.  athc  fqwwe  BE  described  upotiBC.Bccaufe  DC.* 
i)  1.6-  CE  (BC)  *  :«BD.  BE.  and  DC  e  n.  BC,  i 
c  hff.  fb^eicm  &til  the  re£{angle  BD  be  ix  Tquaie 
^  to.  10.  B£.  wheiefoffe  fiaeiiig  tbeiqti^u^e  B£  « ix  Aq^ 
c  i^.  tffiiibiU  alfio >Bpl)e  nx  Aq.  and  iothcM^&mfft 
p/e/.ia  BDispr.    Wiicbwoftoie  dem.  ^ 

iiz^  U.  /  Note,  rZ>fyc  are  ihrse  kMU  6f  Unes  rationd 
emimexfkwUe  4)m  p  dmtUv.  Pw  either^  of  UfH 
Unet  rational  commei^aibk  in^kfigtihone  4ei^ 

oihrjOneM9€^aJiQiie^atim^llimtfr$fou!ndei^or 
neMer  of  tim  is  equal  ta  if,  no^tmtfi^nMi^  hotk 
of  tbm  ^Meu!onmm^ahle4o  it  ki  loiigtb  ;  or  iaftk^ 
ioih  of  ikemar^  eommenfiiraUe  to  the  rational  lino 
gmn  ofdyinpovptr.  jhi  thefc  ^e  the  ^mms  r$h%A 
eke  frof Of tTSeoremfioaksnf 

In  numbers,  J^t  t*eM!  beKJ  ^8  {%  ^z)  ^ 
CD  V  sd  (?  ^/^)  thcnrihaUthe  wftangle  8l>=; 

PA<3P.  ma. 

If  a  ra^mai^Sat^ 

Diheaffliod^  a  'ra- 

i^neAUne  PC,  jtvii^ 

theheadth  timeof€R 

^     rational^  and^commenfU' 

^     rallf  in  length  to  that 

iifie  D€j  whereto  DB  is  afflied. 

Let  Q  be  propounded  L  and  the  fqtiare  DA 
defcrlbed  on  BC.  becaufe  BD.  DA  ::  a  BC  CA  ; 
d  ID,  10.  ahdJSDj^.DA  t  ztejA  (;  and  fo  Ti.,  d  therefort 
tfei.  to.  BC  -XL  CA.  but  CD  (CA)  is  f.  e  thcrefoie  BC 
io%  u  L    Whr^h  was  to  he  dem* 

.     Id 


ai.& 

}^hyp* 
c/ckn. 
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In  numbers,  let  these  be  re£langie  DB^  tz. 
iind  QC,  V  8-  then  fhall  CB,  V  i8*  ^^  V  ^^ 
=r  J  ^  *i  and  v^  8  r=  i  x  V  *• 

A  ■■—  io Jffii out  two  right  lines  ratiih 

B    I        i^^—    it/ii  eommenfurahlt  only  in  power. 

C  — -—  Let  A  be   propounded  p.  a  a  tt.  to» 

Take  ^  "^A^  tf  and  C  -^  B.  ^  it  if  <6lmr  diat  bfib.  tt» 

B  and  C  are  the  lines  required.  iti 

PRO  pi    XXtl.  ' 

.  ^  HBangle  tio  coni^ei^ 
Mended  wider  figftt-^hnei 
rational  DC^  C£^  eiommenr 
furalfle  in  power  only ^   ii . 
irrational :  and  the  right  ? 

line  H9  which  containeth  that  reB angle  in  power 
ii  irrational^  and  called  a  Medial  line. 

Let  Q  be  the  propounded  ^,   and  the  fquare 
DA  defcribed  on  DC*  artd  let  Hq^DB.  Becaufe      • 
AC  CB  a  ::  DA,  DB.  h  and  AC  *Tl.  CB,  e  ftiali  i  I*  d^* 
be  DA  Tx  DB  (Hq,)  J  but  Gq  ix  DA.   eb  l)f.     - 
therefore  Hq  "TX  Gq,  /  wherefore  H  is  f,  IKhich  Q  Ip,  lOi 
W4U  to  he  denu  and  let  it  be  called  a  Medial  line«  d  fyf,  and 
becaufe  AC.  H  ::  H.  CB-    '  9  jJef.104 

In  numbers,  let  there  be  DC*  5.  and  CB,  -^^6;  e  ij.  10* 
then  ihall  the  reftadgle  be  DB  {E^ /^  s^,  { ii.  t<u 
wherefore  H  is  v  V'  54. 

The  note  of  a  medial  line  is  (jl^  of  a  medial 
feftangle|E<f»  of  more  together  (K«. 

'  Si:hoL 

Every  reftangle  that  can  be  contaihed  undet 
two  right  lines  rational  comiAehfuraUe  only  ill 
powr,  isn^edial,  altho^itbecdntaineduiidertwo 
fight  lines  irrational :  and  every  medial  reftingk 
In^  be  contained  under  two  right  lines  ratloaal, 
ionmenTurAble  only  in  tower,  aa  for  example. 


aio 


-  the  tenth '  IBook  of  - 

, the  V  H  ^^  l^^»  becaufc  it  is  contaificd  %ini&  yf 
•J,  and  ^/  .8,  which  are  p,  T^.  altho'  it  tbay  be 
contained  under  9  V  6,  and  v^  ^6  irrationals  ^ 

P  R  O  P,    XXIIL 


.'•X  . 


?▼ 


lO. 


If  the  teBangle  ED 
made  of  a  medisi  line 
J^  he  applied  on  a  ra- 
tional line  WCyit  makes 
the  breadth  CD  ratio* 
Halyand  incotnffenfwra^ 
Meinle^tgfihf&tJk  tine 
BC^  whereunto  the  reBangle  tD  is  applied.        « 

Bccaufe  A  is  u,  tf  thcrefote  ftftill  Aq  be^iial 
to  fome  reftangle  (EG)  contained  under  EF  and 
b  u ax.  I.  FQ  P  ICL^  b  therefore  BD:=-EG.  e  Whence  BC. 
c  1^6.  EF ::  Fa.  CD.  d  therefore BCq.EFq::  FGq.CDq, 
d  ir.  6.  But  BCq  and  EFq^e  are  p<e,  /  and  fa  "CL  •  #  thcre- 
t  hyjD.  fore  FGq  "rx  CDq.  Wherefore  being  FG  is  L 
{feR  It/  h  therefore  CD  fhall  bej.  Moreover,  bccauie 
lo.  EF.  FG  k :;  EFq.EG  (BD;)  for  that  EF  ^tx  FG, 

fio.  10.  e  fhall  EFq  be  *Ti-  BD.  But  EFq  m  TL.  CDq.  n 
fck  1 2.  therefore  the  reftangle  BD  -n.  CDq.   Whence 
lo.  being  CDq.  BD  o ::  CD.  BC  p  Ihall  CD  be 

k  I.  <.      BC.  therelore,  &e. 
1  lo,  to. 

PROP.    IXIV. 


xo. 

n  1%.  10. 
OI.6. 

p  lo.  la 


•  II.  6. 

b  hyp.  , 

C2?.  10. 
4  !•  6. 
%hyp. 


Aright  line  Beam* 
mtnfurableto  a  me^ 
dial  line  A  is  alfo  a 
medial  line. 

Upon    CD    p   # 

^     make  the- reftangle 

*"  ^  E     CE=^  Aqi  a  and  the 

fca:angle  CF^^Bq^  Becaufe  Aq  (CElis  ^jl'and 

CD  L  e  therefore  fhallthe  latitude  DE  be  f  T^ 

CD.  Biit£[tf  thatC£.GF  d::  ED.DF.  and  C£  ^  tu 


\ 

A 

. 

£ 

' 

EUCLIDEV  Elemtntf*  a; I 

•^r,  /  thetefore  ED  Xk  t)F.  t;  therefore  DF  xsttOi  i# 
^  -CL.  CD.  /^  wheqce  th^.  ic^angje  CF  (Bc^)  isg  li.  ani 
f«f,  and  f o  B  is  |t/   Itbicfwas  to  he  dem.  t  J^  *•* 

Obf.  That  the  note  IQ..  far  the  moft  partfigmficih  zz^  tot 
tommenfitrnhle  in  power  omy^  as  in  thu  and  tbepe-- 
€tdent  dimonJirat}onsi  9^Ch  ,  .^ 


! 


d^rott. 


Heietiy  it  is  liianifeft  tbit  a  fj^ace  comi|ieiiruft 
table  to  a  medial  £pace»  ;is  alfo  mediaL    ' 


Lemvta. 


%  •  <  > 


A  ""'   '  i.^  —        to  find  out  two  rigk  likei  medidt 

g.'  .1.    '  -         Jy  By  commeitfuYAble  in  length^and       , 
'."■  .'  ■'  alfo  two^  Jy  Cf  commenfurahleon* 

ly  in  power ^ 
fl  Let  A  be  afty  ^,  h  take  B  tx  A,  and  ^  C  *  fe»ii  iii 
"^  A.  ^  it  appears  td  be  done; '    ^  i<d,  ^xi 

P'RO^P.    JDCV.  hi/eili*!©. 

D  ,      B     '    itreSarigleDi^tonfiihedun  c'itfM.iik 
■^     &r  DC,  Cif  fhedialri^ht  lines  ij^f  / 

contmenfuralk  in  levgSl^f  is  msr  dcoii^r,^^ 
dial.  -'  z^^i^K 

"     UpbnDCdefdribethefquare     * 
^  DA.  Being  AC  (DC.)  CB  a ;:  d  t  i  & 

I)A.m  and  DC  TX  CB  i  i  Ihall  DA  txCB*  b  icfc  <& 


•.-^^ 


;.? 


/« 


t* 


ti%Q% 


V  ».       1 


\  i 


•^•h,-:' 


21Z 


^I't ,: 


'  «    • 


The  tenth  Book  of 
PROP.    JCXVI. 

if    L 


H   KM 

J  nSarigleJC  comprehended  undei"  medial  rigi^ 

tines  A^y  fCxommenfuraUe  only  infcmer^  is  eitbe^ 

ratibnal  or  medial. 

a  46. 1.        Upon  the  lines  AB,  BC,  /i  defcribethe fqpares 

AD,CE;  andupen  FG  p  make  the  rcftanglesPH* 

b  cpr.16^.  ^  AD,  *  and  IK— AC.^  and  LM=CE, 

the  fquares  AD,  CE,  that  is,  the  teftaneles 
c  hyp.  6f  FH,  LM,  c  are  i^t  and  -TO-,  therefore  OH, KM, 
24.  io.  having  the  fame  proportion  d  areo,  e  and  ix. 
d  aj.  10.  /therefore  GH  x  KM  is  ft.  But  becaufe  AD, 
e  iQ.  10.  ACfCE,  that  is,  FH,  IK,  LM,  ^  are  -rf  ^  *  and 
f  10.  IO.  fo  GH,  HK.  KM  alfo  r? ;  k  thence  HKq=GH 
"  -  —  IH 


1 IX.  10.  he  dem. 
<n  aa  10. 
n  aa.  io» 


A  •  E 


tfJdndEU 
nx  flf»/y,  Then 
0  fiall  Ji, 
a  hyp.  andEfj  Jj-^Eqj  Jq^Eq  a  tl  .  Jndfecondfy  Aq,fiq> 
io.  la  Aq-nEg.  Aq-Eq  "XL  AE  and  a  E.  For  A-Ei:: 
lii..6.  Aq.  A£  h  ;;  A£.  £q.  therefore  feeing  A  c  TuE, 
c  hyp.  d  fhall  Aq  "ix  AE,  «  and  a  AE.  alio  ^q  d 
^  f  o.  IO.  AE,  e  ahd  a  AE.  wherefore  becaufe  Aq-^Eq 
« 14.  IO,  Aq  and  Eq  ;  and  Aq  —  £q  no.  Aq  and  £q.  / 
f  14^  10.  therefom  ftall  Aq  h-  £q.  /aad  Aq  —  £q  be  'IX 
'  AE,  and  a  AE. 

Him 
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Jffene9  alfo  thirdly^  Aq.  Eq,  Aq  -+  Eq,  Aq— Eq, 
z  AE  #'TL  Aq-+Bqi-xAE;    and  Aq -HEqffi4.it 
^  » AEf  and  Aq  ^-  Eq -+  2  A£  'to,  Aq-h  Eq  &  ij.tdi 
—  X  AE.  *  (Q:  A  —  Ej  lMar.7.iz^ 

PROP.    XXVII. 

J  rneiial    reSdfigU 
AB  exc^gdeth  wt  a  m^ 
iialreSangle  AC  hi  S 
national  reBa^gkDB. 

Upon  EF  ^,  a  m^Ucora64. 
EG  =  AB,  a  and  EH 
=  AC.  The  reftangles 
AB,AC,  2.  f.  EQ,EH,  kb  fyf.  . 
are/«t ;  tf  therefore  FG  c  7?.  tew 
and  FH  aref  ^EF.  Whence,  if  KQ,<i^i.  e.DBd  j.«.t. 
be|K^  ^  then  {hall  HG  be  tx  HK ;  /  wherefore  e  ai,  10.  , 
HG  ^  FH.  ^  and  confequently  FGq  *tl  FHq.f  13. 10. 
But  FH  15  f.  £  therefore  is  FG  ^»  but  FO  wasg  im.  i& 
/»  before.    Wbkb  ii  canttaiiSory^  10. 

hfchtu 

S4hh  ^^\ 


>     !d      E 


a 


F    D 


r^ 


^ 


1.  ^  raticmal^  nSangU  AE 
exceeds  a  rational  nBafigU  AP 
i/  d(  rational  reBangle  CE. 

For  AE  tf  TX  AD.  >  there-  a  ij(f/ 
fore  A£  no.  CE.   tfwhetcforebfar.it 
CE  Ish.  Vlncb^  &c.  la  * 

2.  A  rational  reBaf^U   A  Dc  /d&«  is 
joynei  with  a  rational  reBangle  io»    ^ 
CTF  wtfibef  a  rational  te&angk 
AF. 

A      Fbr  AD  a  TX  AF.  >  where-  a  /r  J^  u 
fofe  AF  TX  AD  aiid  GF,  c  10. 
a^d  fo  A^  js/r,   ^//icjft  was  to  h  dm.  b  i€  .t 

0?  PROP*  10- 


V4 


/ 


i  Im.  zi* 
(;  12. 6. 


1 
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« 

PROP.    X JVIII. 

To  find  out '  viedial  litjet  (C  dni  DJ, 
which  contain  a  rational  reS angle  CD. 

a  Take  A  and.B  «  "C-,  h  make  A.C:; 
C.R  ^  and  A,Bv:  C,  D.  I  fay  the  thing 
required  is  done.   For  AB  (Cq)  d  is  fAr^ 
,  i  whence  G  is /u.  but  beteg  that  A-  B^ 
1 ::  C,D.  f  therefore  C  TJ-  C  ^andconr 
d  12. 10.  Jl  C  B  DfequentI)  D  is  jt/.  Moreover  by  iiivc|-r 
^  ^(?«/r-  lion  A.C ;:  B.D.  i.  c.  CB  ;.•  B.D,  h  thcfc- 

*«o.  10.  fore  Bq^Cp.  But  Bq  is  ft,,  h  therefore  CD  ispV* 
**  i4f  10.  jS^ftfi  i^as  to  le  done* 
11*  6»        In  numbers,  let  A  be  v^  z ;  and  B  V^*  therpr 
'Ji^f  I2,fer^  C  is  V  v'  i^'  make y  A.  V  ^ ::  «  V  i2.  Df 
?!  .  \     ,P'^  /  4*  ^Vj^  ••  ®  V  I vD.  then  (hall  D  be  9  v^ 

ic8.  buti;y^i2  X  rv'ioSsrv  V 13196=  V?^* 

=^6.  therefore  CD  is  6.  lifewife  C.  D  f:  i.  V 
3.  ivjiefefpye  C  "5I D. 

PROP.  XXIX.  ^ ; 

To  find  out  viedial  right  linu  co^r 
menfurahle  in  power  only*  D  and  E^otk- 
taining  a  medial  reSangU  D£. 

a  Take  ^,  B,  C,  i  "U-.  make  Ai) 
;  I ::  D.Kc  and  J6.C ;:  D.  E^.  I  fay 
t^ie  thing  defired  is  p^^rformed. 

For  AB  d  z=z  pq.  and  AB  c  is^fiv% 


*«' 


11 


I 


li 


10 . 

^  I2v($r 

d;I7.  pt    A  D  B  G  E therefore  D  is  ^  j"  and  B  /  -ij  'C, 
c  2^,  20.  ^.whence.  J)  'B- -P*  therefore  i  E  is 

{iV'Jk-&  M.  Moreover  B,  C /  ::  £)»  t..  ind  by  inyerfion B. 
1 10,  10.  B/.-C. E.  a.  e.  D.  A  :;  C.  E.  /  therefore  DE ^ 

5  ^h ' eL>  •^^'  8"?  AC  «  is  ^vp  ibwefipTe  Df  isp.  ^rJiirf 
f^cmjtr.&  ^as  to  he  don^, 

r«t  4?  5'      Inmiitoberfc  let  A  be  za  ^d  B^j^  i6o,andC, 
^^T  ^r      V'  80.  Therefpre  D  is  -v/  V  9f»900 ;  and  E  t>  V 
^  lit  ^t    12800,  Therefore  DE  =3^  V  V  ioz4Of90<->o  =3 
j;tooa  aod  JP'E  ••'  V  ^o.  2,  \rhwref9rf  I)  *gl  JE. 


J..,: 
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-       .  • 

,1  »  »  ♦  •       . 


A,6.    '  t ,  12.  Jo  ^«i  «!*  {Um  T^wiif^r  Kto 

B,4.        D,8.  or  unlike. 

AB,  24-  CD,96;  ,  Talce    any    f^r   numbers 

^        '^  proportional  A.  B  ;;  C.  D,   it 

A  A    ..  C^5,.  isnj^ifeft  that  AB  and  CD 

£,4,y      Dj8.-  are  Bke. plane  numbers.  And 

AB,  24.S  eD,ia  yew  i^ay  find  out  as  many  un- 

•    ^  like  plane  n\unbers,  as  you 
pleafe,  |b]^ifaelpof&//dif^27t8. 


r  ' 


'  Hafini  out  two  fyuare  mmhers  {DEq  and  CDw) 
fo  that  the  numhr  cap^ojid  of  them    (CEq)  h 

fquarc  alfo.  .  .         ,        ,  n    ^_*  v. 

Take  AD,  DjB  like  pjane  numbers  (of  which 
Jet  both  be  equal,  or  both  odd)  viz.  AD,  24.     ;. 
andDB,6.  The  total  of  thefe  (AB)  is  ?o;  the 
ditfcEwe  (FD)   la  bait  of  which  (CD)  ^$9. 
a  Now  the  like  plane  numbers  AD,  DB,  have  %  re.  8# 
€>ne  mean  number  proportional,  nam?!^?   DE. 
therefore  it  is  evidcatthat  every  of  thoCe  num- 
bers  CE,  CD,  DE,  are  rational,    and  by  confe- 
quence  CEq  (iCDqi'DEq)    is  the.  fquareb47.T, 
munber  required;  ^   ^         •     r 

Whewhy  it  will  be  eafy  to  find  out  two  iquare 
fiuo^as,  the  excefs  of  which  is  a  fquare  or  no^ 
a  fquarc  uuipber,  namely  by  the  fanae  cpnftru- 
(ftioir  fliall  CEqr- CDq  be  =  DEq.  cj,«..F^ 

But  if  AD,  PB  be  plane  nuinbeifs  unlike,  the 
*  O  4  wcdial 


r    ■ 
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medial  proportional  line  (DE)  ihall  not  fie  a 
rational  number,  and  to  neither  fhaU  die  exceTs 
(D£q)  of  the  fguare  numbers,  C£q,  CDq^be  a 
iqyattt  number. 

r 

faetHfHA  2* 

^«  To  find  auttwo  fueh  fyuttre  mmyers  B^  C,  ^ 
the  numhet'  eomfounitd  of  them  D  is  notffMare^ 
Jifo  to  divide  a  fpMre  number  A  \niO  two  numkets 
$f  C/  naf  fquares, 

A,  3.  B,  9.  C,  ?^   Of  45' 
I.  TaHe  any  fquare  number  B,   and  let  C 
be  t=:  4  B,  an4  D  nr  fi^  C.  I  fay  the  matter  is 
dpne. 
For  B  IS  Q.  by  the  conftr.  likewife  becaufQ 
^  z4«  8,     B. C  •'.*  1. 4  •:  Q.  Q.  ^  therefore  C  alfp  fliall  be  4 
fquare  number*    But  becaufe  P  -^  C.  (D)  C  :.* 
\kw^z^8^  ^  4  ;;  not  Qt  Q*  ^  therefore  fhall  not  D  he  1^ 
fquare  number.    Which  iif^asio  he  done, 

A,  36.  B,24.  C,  II.  p,  ^.  f;,z.  F,  I. 
z.  Let  A  be  fome  fquare^number.  Take  D,E, 
^,  plane  nuipbers  alik^,  and  let  D  be  :=  £  -4-  F. 
inake  D.  £ ::  A.  B.  a(td,D«  F ::  A.  C.   I  fay  tbe 
thing  lequired  is  done/ 
For  becaufe  D.  J  -♦•  F ::  A.  B  -|-  G.  and  Dtr 
It  14.  J.     E  -»•  F.  4  therefore  (hall  A  =:  B-f-  C,  Nowfup- 
}^ii  Jrf.j.  pofe B  to  be  fquare,  h  then  A  and  B,  c  and  con- 
C  ^i^^'.   ic'q^ently  D  and  £  are  like  plane   numbers. 
Which  ii  contrary  to  the  ihp. 

The  fa(ne  abiurdity  will  follow  if  C  be  fuppQ- 
fed  a  fqua^ie  nuq)ber.    Therefore,  fife* 

\ 


tROF, 


.  •••    5. 


I 

V 
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EUCLIDEV  Ekmmts:  ziy 

PROP.    ZXX. 

Tofnd<natwofuchfati§m 
not  right  lines  JB^  JF^  com- 
menfwaik  onh  in  fcmHj  m 
the  greater  Jo  JbaU  he  in 
Power  viore  than  the  left  JP 
hv  the  fquare  of  a  right  line 
-     C  •••t  E  *••••  ^  ^^  commenfurahle  in  let^th 

to  the  greater. 
Let  AB  be  the  line  giyen  J.  4  Take  the  Tquane  a  t.  lem^ 
numbers  CD,  CE,  fo  that  CD-CE  (ED)  be  not  xq.  iq. 
Q.  *  and  let  there  be  CD,  ED ;;  ABq.  AF<^  In  b  g.  lenu 
a  circle  defcribed  upon  the  diameter  AB  c  araw  ^o.  10 
AF,  and  alfo  BF.    Th^Q  t  fay  AB,  AF,  are  the  c  r.  4. 
lines  reuuired.  .  d  conjir. 

For  ABq.AFq  li.vCD.ED,  « theiefcrc  ABq-CL  e  d.  tQ. 
AFq-  but  AB  is  p.  /therefore  AF  is  alfo  p.  But  f  fch.  la 
becaufc  CD  is  Q:  and  ED  not  Q:  ^  therefore  ihall  i  ©. 
AB  be  "xi.  AF.  Moreover  by  reaion  of  the  h  right  0010 
.  angle  AFB,  is  ABq  k  =  AFq  -l^  BFq  5  thetefore  1^1.  \^ 
feeing  ABq.AFq;:  CD.ED.  byconveiiionofpro-]^  lm\l 
ponion  ftall  ABq.BFq :;  CD.CE ;;  Q.  Q.  /  thcr^  j  «/  ,0, 
Ipre  AB  T^  BF«    Winch  was  to  he  done. 

Ip  numbers,  let  there  be  AB,  6;  CD,  9;  C£,4; 
wheiefpre  £D,5.  Make  9. 5 ;:  g6.  (Q6)  AFq.then 
AFq^ll  be  20.  aadconfequently  AF  V  lathere- 
.  tore  BFq  :=  26  —  lorr  i6.  wherefore  BF  is  4. 

PROP-    XXXI. 

Tofiniouttworatumallmt 
JB^Jfeotim^nfurable  only  in 
power ^  [0  that  the  greater  JB 
jbaU  he  infcfwer  more  than  the 
lefs  AF  hi  the  fquare  of  a 
€.«.....••£..•.  D      right  line  BFincommenfurabie 

in  length  to  the  greater. 
Let  AB  be  the  line  given  p.  a  Take  the  fquat e  a  i.  km. 
numbers  CE,  ED,  fo  that  CD  rr:  CE  -••  ED  be  i^  lo, 
not  Q.  and  in  the  reft  follow  the  cpnftrudion  of 
the  pf«ced,  Prop*    I  fay  then  the  thing  required 
p  done* 

Eof 


iig  7i^  tenth  Bo^»f^  ; 

"b  •  la.  For,  as  above,  AB,  AF,  a«e  J  -^^  ^Ifo  ABq.^ 
.BFq :;  CD..jeD.  tMeretore  being  pX it  nptQ. 
AB,  BF  y  ibaU  be  puV  Wln^ki^as  to  hi^. . 
V.  in  nmnbcwv  Ifet  there  be  /yg,  r.  CD,  45/viE 
'E=:36,  EDr^p.  Make  45. 9-  ^S  (^%)  5{4.^) 
flierefoie  AF  n:^  y  s.  confequently  BPqrrijLj  ;- 
'25  :=::  20,  wherefore  BF  rr  v'  20.  ^ 

PROP.    XXXIL 

,  ,  B '  ■'■■■^.  ■"■■        lines  Cy  Df  eamniinfut^hle     ' 

O,..^,   ,   ..,.-— —i*  onlyinpoweTy  compeheni" 

P^M,  ^^.^^    '  '  'f»^-  a    rationalr  'reclaji^t 

^  Cle  mori  in  pother  than  the  kjfipr  D  by  thefquafp^^f 
•  ^  Pi^^^  ^^^^  commenfurahle  in  length  to  tJje greater^ 
a  %o,  10»      a  Take  A  andB  p  *^  ^  fo  as  V  Aq  ^  Bq  n. 
b  I?.  6.    A,  h  and  jpake  A.  C  .v  C.  B,  c  and  A.  B  :-•  QJ>. 
c  12.  6.     I  fay  the  thing  is  done* 
-d  con/i'.       jfoT  becaute  A  and  d  B  are  figh*   ^  therefore 
fc22.  lo,  IhallC  C/V  AB)  be/!/.^andtheiicealfoC'^D. 
f  17*  6.      fr  Therefore  D  is  likewilc  ^.  Furthermorcwhcie- 
g  10. 10.  ^s  A'B  d ::  C.p ^  and  inverfcly  A.C  ;.•  B.D.v  CXB  } 
h  24. 10.  and   Bq  is  }v.  therefere  &aU  CI)  (k  B^y  be  ^, 
k  17.  6.  rLaftiy,  becaufe  V  Aq—Bq^  TL  A,  /ftally'Cq 
1  15.  lo^   — Dq  be  rx.  C.  therefore,  8ee.  But  if  v' Aq—^Bq 

Tv  Aq,  then  fliall  ^  Cq— Dq  be  *XL  C. 
In  numbers  ^  let  there  be  A  8,  B  v'  48  (y' :  , 

64  —  16)    therefore  C  rs  V  AB  -izz  v  ^  ^^7^* 

mid  D  ^=:  t;  V  ^7^8.    wherefore  Ctti==  y  V 

5308416  :=^  V  *i°4' 

PROP.    XXXIII. 


D '  lines  d\  £,  cmm^vfurahh 

B  — -—•-——•  in  fewer  only,  comprehend^' 

C  — —  -i: -»  iifg  a  medial reBangieVEy 

E— ,^--*'  fo  far  that  the  greater 'JX 

JbaU  he  mofe  in  power  than 
'ffc  lefsE^hy  the  fyuate  of  a  right  lipe  cemmeifti^ 
talk  to  the  greater  in  knph* 
"—  4  Take 


EUCUDtV  Elements:  '219 

a  T^t  A  and  C  p."g-,  To  tharv^  Aq— Cq-XL  a  30. 10. 
A.  h  take  alfo  B  "^  A  and  C;,  arid  make  A^  J)h iem.  21, 
^ ;;  D.  B  d ::  €•  E.    then  D  zAd  E  a|e  the  li;ies  10. 
fought  fpr.  -      r  '  -  c  17,6. 

For  becaufe  A  and  C  <r  are  j!,  e  and  B  ^  Ad  11. 6. 
yid  C,  /therefore  fhaJlB  be  /,  aitd  l)  (y^  AJB)  ^e  covfir. 
AaU  be  ^..But  becjiufe  A.D.v  CE,  thcrefoJeio-f/^A.ii, 
▼eucly  A.C ;;  D.  E.  wherefore  feeing  A  ~C.  C,io. 
thetefbre  D  fh^U  be  '^-  E,    thereiore  Eis  /t*.g  22.  ro. 
Furthermore// being  D,  5  ;;  C«E.  andBC  is  fjLuh  lo.  10. 
alfo  DE,  equal  10  it,  is  (jlh.    Laftiy,  becaufe  A.  k  24.  ro, 
C.vD.E.  ^  feeineVAq-Cq  xx.A.  therefore  I  22.  10. 
V  Pq  ^  Eq-rt  D.  therefore,  to:,  Butif  y' Acj  m  16.  d, 

—  Cq  *TL  A.  then  V  Dq  —  Eq  4i.  Eq.  n  15. 5^ 
la  numbers,    let  there  be  A  8,  C  ^^  46.  B  v' 

gl.  then  D  x>  V  3072.  and  Ev  V  588.  wiercfore 
.  .E  .V  2f.  ^  3.  and  1)^':='  ^  1544, 

PRQF.    XXXIV. 

To  find  out  two  righi 
lines  JFy  BF^  incommen* 
furahlp  in  power^  wbof^ 
fquares   added   together 
make  a  rational  figure ^ 
£-  S    and  the  rtS^ngle  con$tLin-  a  ;  '•  lo^ 
ed  under  them  mediaL      b  10.  i. 
a  Let  there  be  found  AB,CD,  p  "5- ;  fothai  c  28. 6. 
*  ^  ABq  ^  CDq  ^TL  AB.  divide  CD  equally  \^  d  12.  6. 
G.  c  make  the  reftangle  AEB  =:  OCq.   Upon  c  c&r.^  ^ 
^B  the  diameter  draw  the  femicircle  AFB,  c^  &  17.  6p. 
reft  the  perpendicular  EF,  and  dyraw  Af,#F**'  7*  5- 
tliefe  are  the  lines  required.  e  19.  ro. 

For  AE.  BE  ^^.  BA  x  AE. AB  x  BE.  But  BA  Fio- 10, 
X  AE  e^  AFq ;  and  ABx  BE  =:n  FBq.  /ther^.  k^t^f.^ 
fpre  AE.  EB;;  AFq\  ^Bq.  therefore  heiQg  A5  g  4^I, 
•TX  EB,  ^  AlFq  fhali  beTLFBq.  MorcQver  ABa  Iconir^ 
(k  AFqn-FBq)  I  is  pV.  Laftly,  EFq  i[  =  AEB/S  m  i^^.n 
CGq.  w  therefore  EFmCG.  therefore  CDxAB  «  21.  id 

—  ,2,  EF  X  AB,  But  CD  X  AB  «  is  fcr«   0  there-  o  24. 10. 

fore  ABxEF,f  prAFxFliSMy.    Wikb  wof  pfcbjtJ^H, 
tohpdem,  •  ^  Th' 


22Q  3'be  temb  Bnk  of 

The  Explication  of  tie  fame  tynumters* 
Let  AB  be  6,  CD  V  !*•  then  CG  =V  '1= 
V  I.  but  AE  =i -+  V  6,  and  EB=  i^^6. 
whence  AF  ihall  be  ^:  i8-(-  zi6.  and  FB  4/  18 
^  V  ii^*  Aifo  AFq  -4.  FBq  is  j6,  and  AF> 
FB  =  V  io8- 

But  A£  is  found  in  this  manner.  Becaufe  EA 
(4)  AF  ;:  AF.AE.  therefore  6  AE— AFq— AEq 
-f-  J  (EFq.)  therefore  6  AE  —  AEq  rs  g.  Put 
5  -+  c  :r=  AI.  then  18  -♦•  6  e  —  9  -^  6  e  —  ee,' 
that  is,  9  —  ec!=  f.  or  ee  :=  6.  wherefore  e  =: 

V  ^  ^n4  fo  AE  =  J  -*•  -v^  6. 

PROF,    XXXV. 


(y 


To  find  out  two  right  liees  JE^  EB^  incommenfu^ 
rack  in  Power ^  wbofefquares  added  together  mflke'a 
medial  jigur^^  and  the  reSangle  contained  under 
them  rational, 
a  jXi  10,  a  Take  AB  and  CF  (jl  tJ-,  To  that  AB  x  CF 
bcjr,  and  ^  ABq  —  CFq  TX  AB,  and  let  the 
reft  be  done  as.  in  the'  prec.  Prop,  AE,  £B  are 
^  *  ^he  linf  required.        ^ 

Fcft,  as  it  is  ftewn  there,  AEq  ^rx  EBq.  aUb 
b  eanflt^  ABq  (AEa  -+.  EBq)  is  /^cr,  and  laftly,  AB  x  CF 
cfch  ia«-  fr  is  hi  e  therefore  alfo  AB  x  D£,  that  is,  AE  H 
4fct^i4.ie£y  U  pr.  therefore,  &c. 


.  } 


P^OP, 
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£ 


¥ROP.  xxxyi. 

Td  find  out  two 
right  lines  BAy  AC, 
incommenfurahle  in 
power  fWhofefyuans 
^  added  together  make 
C  a  medial  figure  , 
and  the  reSangle 
alfo  contained  mitf  tUm  medial^  and  incomrHer^vr 
rahle  to  the  fgwe  compfid  of  the  fquares^ 

a  Take  BC  and  EF  /t*  ig-,  fo  that  BC  x  EF  »  JJ-  «•- 
be  (jLf.  and  ^  BCq  —  EFq  'cl  BC.  and  fo  for- 
ivard,  as  in  the  prec.  BA,  AB,  ihall  be  the  lines    ' 
fought  for* 

For  (as  above)  B Aq'Tl- ACq.  alfo  BAq-«- ACq 
isuy.  and  BA  x  AC  isur.  Laftly,BC^  "ixEF,and  b  '«»A* 
i:  fo  BC  Tl EG,  like\rife  BC.EG i^.vBCq. BC x  c  ij-  lo. 
EG  (BC  X  AD,  or  BA  x  AC)  e  therefore  BCq.  du6. 
(ABq-i-ACq)  ^TX  BA  x  AC.  therefore,  &e.      e  i4- 1^ 


€4- 


l     B 


K 


To  fid  out  two  medial  lines  incommenfuraUe 
ioth  tn  length  and  power. 

a  l^ke  BC/A  andletBAx  ACbc^MKy^ABdia.a  )&  lo. 
BCq  (BA4-4-ACq  »inake  BA.  H ::  hTaC,  then  b  jg,  6. 
IfayjBCaad  H  ai:e^-g..  ForBC  is/i^,  aandci?;^ 
BA  X  AC  (c  Hq)  is  fir.   vberefbrft  Hh  alfo  u.  d  14*  td^ 
i  Likewife  BA  x  AC  'tl  BCq  i  therefore  Hq 
(Cq^  thenfore ,  £f <« 


Were 


la  Jfc  the  tmtb  ^|  cf  ^  ^ 

titte  hqin  tke  finarie^  ^  lines  irrationai 

bj  coMfvfition. 

PR  of.    XXXVII. 

J    I  X     — -p,         IftworAtionallinejJ^i, 

A  ^  B  ^      ^C"^    comrHenfurahle  only 

.        infowevj   he  aU^  toee^ 

ther^  the  whole  line  JC  is  irrational^  andls  caUei. 

'•  a  binomial  Une^  or  of  two  names.  ^    ^ 

«i  hfP'  For  becaufe  AB  ^  "tx  BC,  thence  J  Ihall  ACq' 

B  Um.  2&be  *xl  AB<1*   ^^t  AB  ^  isa  p,  i:  therefoi;ci  AG 

to.  is  f ,    JWitfiB  wtfi  ^0  leiem. 

10.  PROP.>  X3txvm. 

,     "   V .         tftwomeiiaiiiHtiAM^ 

_  ,  . ,  .    ,A  ^  CJ   '  j5C,  o«/;y  in  power  comment, 

furaUeJkecomfoun^^ni 
ftoMtain  a  rationatreSafigle^  the  wh$le  line  JC  is  ir-^ 
rational^  and  called  a  firjl  himedial  line. 
i  hh  JFor  being  that  AB  tf  ni-  BC,  h  Ihall  ACq  be 

b /c»fc  »*• 'TX  AB  X  BC,  fF.  c  therefore  AC  is  p.    Wh$tt 
10*  was  to  he  demi 

c  II.  drf^ 

A  reSattgU  A  C« 

tional  Mnt  At  antf 

an  irrational  line  MC^ 

jsirrationaL 

For  if  th«  reftask 

_Ji     gle  AC  be  affirmed 

tl]!^       fr,   aihtB  being  A§  is  p,  £  the  breadth  S«| 


1 


z'- 


1?&Q%. 


J 


EUCLIDE'f  EUmnts,  2t| 

t  K  O  P.   XXSX. 

J(f./aro  mtilalliiift 
AK^Cy  commenfuYA" 
hie  only  in  fotver^con" 
tainir^  a  mtdialrt^- 
Of^ky  he  eomfoufl4e4f 

tbembokHneJCJbaf 
he  irrational^  and  i 

called  A  ftcvnd  hitfte- 
&  F     dialline. 

^   Uptofi  the  prD|)oiinded  line  DJi  i  a  make  th«  a  ^^•^M^ 
reftangle  DF  - ACq-,  h  and  DG  -ABq-^BCq,'    -b  47-i*cr. 

Becaufe  ABq  c  TO-  BCq,  d  therefore  ABq  -\  ii*  6. 
BCq,  2.  <?,  DG,  iL  ABq  :    biib  ABq  e  is  ^^r,  e  c  ^/p» 
therefore  DGisf/tr,  but  the  reftangle  ABC  is^i^-io* 
takeoftf  5  eand  confequently  z  ABC  (/HF)  is«2'4«'Q* 
/xy.  #  therefore  EG  and  GF  are  L  Being  alCb  that  f  4-  ^* 
DG  J&  ^TL  HF  ;  and  DG.  HF  ::  ib  EG.  GF  ;  /g  x?-  lOw' 
therefore  EG  xuGF,  wi  therefore  the  wholeEF  ii  ^«w.  ^^^ 
is  o,v«  wherefore  the  reftangle  DF  is  pr^  o  there-  lo. 
fore  v^  DF,  i.  r.  AC,  is  p.  V^icb  wot  to  he  dem.  kt.6. 
.       *  1  la  ia« 

P  R  O  P.    XL,  "^,^7.  ^o. 


If  two  right   lines  AB^io^ 


A.  B  ^     BC  commenfurahh  only  in 

foipery  he  added  together ^ 
'making t^at  which  is  eomjofed  of  ihm  fquares 'ra^" 
tionali  and)  the  reSangle  contained  under  them  me^ 
dialy  the  whole  right  line  AQ  is  irrational^  and  is 
9aUedn  Ma^or  line.  ^  iyp^ 

For  whereas  ABq.-4.  CBqji  i$h,  and  h  "^  t  b^^w^ 
ABC  CUV  5  and  fo  ACq  (d  ABq-vBCq  -4.  2  ABC)  10. 
€  ^XL.  ABq  -4-  BCq  fV,  /  thertfjN^e  ib^U  AC  he  p.  q  hyp.  ani 
Wiieh  was  t9  he  ietK  24.  lo, 

d4i2. 


aa4 


th  tenth  B^ok  of 


fROP.   XLL 


M 


M'^^ 


•*    CT,    ifictmmeniuYt 


gether,  having  that  t^hkh  is  fhadej>f  tieirfyu^a 
added  together:  medial^  s^  tU  reSangU  conta^ed 
under  them  fatwnaly  the  whole  right  line  JB  Jl^aU 
le  irrational  J  and  is  caUei  A  lini  containing^  in 
^fOTper  a  rational  and  a  medial  reSa^le.  „   ^ 

A  hyp,  and''  f^^  ^  reftangles  ACB  a^vyhTx.  ACq  -»•  CBq 

feh.  i».io.^  ^y.  d  therefore  z  ACB  d  ^TL  ABq,  wherefore  # 

bfch.  x%*  AB  is  ••  WKcb  was  to  he  dem.    . 

fo. 

c  ^  PROP*   XLIt 

d  17.10*^  £         D  T 

t  II.  ief* 


tm. 


U 


if  two  fight  lines  GHj  Hitf  ineommenfitrdik  h 
power  be  added  together^  hawing  hoth  that  which  it 
comfofed  of  thevi  huares  mediitly  and  the  reSangle 
iantained  under  tlem  medial^  and  incommenfurahli 
to  that  which  is  con^ofed  Of  their  fquares.  the 
whole  right  line  Git  is  irrational^  and  is  caUed  a 
line  containing  inpOwer  twomedial figures. 

Upon  the  propounded  line  FBp  make  the  teB:" 
angles  AF^GKq,  and  CF=:GHq-i-HKq.  Being 
GHq-*.HKq  (CF)  a  is  (if,  the  breadth  CB  i  ftafl 


c^  z*      _ 

d  z.  6.  be']7  Alio  lecaute  x  reftangles  GHK  (c  AD^  a 
cxaio.  jsa^,  thereforc'ACi&all  bep.  Moreover  b«^ 
f  ??•  10.  caufe  the  reftangle  ABa^u.  CF,  d  and  AD.CF 
g  km.  j8...  AC.  CB.  e  th6nce  Ih^  «f  AC  be  to.  GB.  / 
J^'  wherefore  AB  is  g  p.  therefore  the  reftaiigle  AF- 

h  21,  def.u  e.  GKq  is  p%  ;  h  and  confequently  GK  is  p. 
^*  jiFliaVi  if4f  to  he  dm. 

PROP- 


EUCLIDE*/  Ettments. 

PROP.    XLin. 

Id 


"I 


AC       F  JE  D  £ 


^  Hffc  oftwo  nams^  dr  hmomialj  JB^  can  at  &M 
point  only  V  he  divided  into  its  names^  JD^  DB, 

If  it  be  pofOble^  let  the  binomial  line  AB  be 
divided  at  the  point  £,  into  other  names  AE» 
£B.  it  is  manifeft  that  the  line  AB  is  in  both 
cafes  divided  unequally^  fince  AD  nx  DB|  and 
AE  ^TL  EB. 

Becaufe  the  reAangles  ADB,  AEB  a  ^tCfjiMl^  17.  to« 


ADB 

(«r  exceeds 


jS|5v.<itherefore AEB-ADBispr.thereforc ^y^i.  ix; 
ceeds  fiy  by  fu    t  Winch  is  ahfurd.      '         204 


PROP.    XLJV. 


•  V*^o. 


Jfirfi  himedial  lint  AB^  is  in  one  point  only  D 
divided  into, its  names  JD^  DB,  ^ 

Conceive  AB  to  be  divided  into  other  names 
AE,  EBy  whereupon  every  one  ADq,DBq,£Bqy  a  j8.  to. 
will  be  a  iuet*  and  the  redlangles  ADB»  AEB,  b  fcb.  zj*- 
tnd  the  doubles  of  them  p^.  h  therefore  1  AEB  10. 
—  1  ADB.  ci.e.  ADq  -^  DBq  ^  :  AEq-»-EBq  cfch,  j.z#, 
hh*    Jfhich  is  aifmd*  *•  ^di7.io. 

^  f  PROP* 


r     ^ 


izS 


Tie  taah.Sotkof 
PROP.    XLV. 


A  feeond  himeiial  line 
*^JB^  u  divided  into  its 
names  JC^  CBj  only  at 
one  point  C. 

Suppol'e  there  were 
other  tiames  AD,  DB. 
Upon    the   propoui^ded 


I    .  «H  =  ACq  -*-  CBq,  as  alio  EKzi:  ADn-*.DBa, 


a  59.  i®^ 


EH  =  ACq  -^  CBq*  as  alio  EK:=^  ADq-4.DBq. 
Becaiife  ACq,  bCq  tf  are  ^5£«  *x:.  ^  h  ACq  •4- 
b  1 6.  andC&q  (£H)  Ihallbe  ^iw  c  therefore  the  breadth 
x^  TO.  FH  is  pi  a  moreover  the  redangle  ACB,  d  and  Co 
c  x^  10.  z  ACB  (e  IG).  is  «r.  c  therefore  HO  is  »lfo  p. 
d  2J4.  xo.  Andfince  EH  is/Ti.  lO,  ^  and  EH.IG ::  FH- 
«  4.1.  HG.  h  therefore  FH,  HG  fliall  be  "G..  j(i there* 
f  lew.  id.  fore  FQ  i%a  binomial,  whofe  names  are  FH^' 
f^o.  HG.  By  the  Tame  reafoa  FG  is  binomial,    and 

9  S.4.       the  names  of  it  FK,  KG  ;  eontra^  to  the  4)*  pf 
nio.fo.  this  Mookm  , 
k  j7.  to; 

PROP.   XEVL 


AC 


X)E 


J  Major  line  JB  is  at  one  foint  only  H  4i^id0t 
mto  its  najfus^  JD^  1)B. 
imagine  other  names  A£,  £B«  whereupon  tiic 
a  40,  to.   reftangles  ADB,  AEB,  are  a  i4^.  a  and  as  well 
b  fch.  17.  ADq-r^DBq,  as  AEq  -♦•  EBq  are  U.  h  theceford 
10.  ADq  -♦■  DBq  - :  AEq  '|  -  EBq,  x  U.  z  A£B  — 

c  fch.  5.  2. 1 ADB  is  pv*    Wbkh  is  iimoMk. 
diy.fx:,.  ^  ..     ^  PROP. 


EUCUdE'i  EUmmtu 


2iJ 


tROP.    fflLVIt 


jl  line  JS  ^dff* 


rational  and  a  me*- 
ilklfyure  is  divided  at  brie  point  My  D  into  its 
iUtmts  JD^  DB. 

Conceive  other  Mines  AE,  EB.   thcti  both 
AEq  -4-lBB<|9and  ADq  -♦-  DBq  are  ^«  a  and  thea.  ^t*  to* 
ifedlangks  AEB,ADB  are  fa*  I  the.etoie  z  AEB b  fcbi  ip 
—  z  ADB,  c  i,  e.  ADq  -e  DBq  -:  AEq  -h  EBqio. 
is  fy.  d  Jf^ich  is  ahfurdt  c  fctj»  $.  i« 

d  ly.  lOf 
PROP*    XLVIIL 


^JC 


LI 


A  lint  AB  66ntaimng 
ififower  two  rftediil  reH^ 
angles^  is  at  one  poiy'tt 
omy  C  divided  into  its 
names  AC^  CB*  , 

IfyouwiUdiTldfeAB 
■^      -     -         ihto  other  names  AD,^ 
jK  H      G  PB,  draw  upon  the  lino 
propounded  EF  p  the  re- 
ftangles EG— ABq^aftd  EH-  ACq  ^-CEq^and  EK 
r=:ADq-4- DBq.  then  becaufe  ACq-- CEq,  namely, 
EH,  a  is  uv^  h  tht  breadth  FM  fhail  ht.L  A  Kb  be-  a  ^,  to^ 
cauiez  ACB,cihatiji,lG,isrf'uv,  HGi'lhallbeb  zr.iQ, 
l*?.^^,'S/v^^^'^«*'^*^»  ^hereasEHtf -TL  iG.an'dc  4. 1, 
S5:  JP^'^--/H.HG,  thence  FH  e  fhalj  be  ^  d  1.  6. 
^.   UV^l^JS.'^  FQKahitioTiiiaUahd  the  names  •  td.  ic^' 
ctf  It  FH,  HG,  In  like  manrier  FK,  KG  ihall  bef  ti.  10^ 
til*  ii^mts  of  it,  tf^tf  itz/  ^/^e  4^  cf /7>ij  ifooib- 

Seco7id  Definitions. 

ARatibnal  line  being  propbunde^,  aiid  the 
binomial  divided  into  its  names,  the  gteat-^ 
tit  6f  wl5or<5  names  js  more  in  ffo\trertllaij  th^ 
fcfs  by  thefquareota  right  line  cominenffurablc 
t*  the  flitter  in  length  i  then 

*  »  .  I.  tf 


u8  .Tit  tenth,  Boak  tf 

L  If  the  gimter  xmat  be  camamifurible  in 
length  to  the  tational  line  prc^unded,  tke 
wjxtle  liiM  is  called  %  Grft  biDomUl  line. 

IL  But  if  the  iefler  name  be  commenruiabk 
in  length  to  tlie  lational  line  propounded,  tbt 
whole  line  is  called  a  lecond  binomial. 

IIL.  If  ntirhcr  of  the  naones  be  commenfuia- 

bk  in  length  to  the  lational  line  ptopounded, 

it  is  called  a  thiid  binomial. 

•    Funtiennore  if  the  greater  name  be  moltr  IB 

power  than  the  lefs,    by  the  fquare  ofz: 

right  line  incommenfurable  to  the  gieaiei 

in  leiigth,  then 

IV.  If  (hegfcatei  name  be  commenfilrable  to 
the  propounded  rational  line  ia  length,  it  is  ^ 
called  a  fiwnh  bitiomiaL 

V.  If  the  lef&r  name  be  fo,  a  fifth. 
VL  If  neither,  a  (Ixih. 

PROP.    XLII. 

9.feh.  ip.E . O       a  Take  AB,  AC,  "^re 

,  to.  numbers,   wfaofe  tjfxu  CB 

hx.iem.   H F  isnot  Q.  letDbepropound- 

10.  la       ed/.  h  Take  £F  tl  D,  and c  make  AB.  CB  c: 
ci-km.   BFg,  FGq.'  then  EG  fliall  be  a  i.  bin. 
la  10.  iheteFore  £F  is  i.  /alfo 

d«n/Ir.    E  steFGisalfof.  liXcwife 

e  6Mf.io.^  ^:-.  Q.noi  Q-  ibtheretbie 

f  &  10.     E  auCebycoQverfionofpro- 

g  fch.  II.  Pi  «;:AIi.AC::Q,Q  thence 

10;  E  3  —  FGq.  I  theieFore  EG 

h  9. 10.     U  hich  woi  to  he  done- 

kskio.  Jet  there  beOaEFtS. 

1  iMf^.  A     ,  ,  re    becaufe  51.  $  ::  j6.  20^ 

■o,  therefore  FG  is  ^  zo.  and  confequently  EG  is 

.    .  PROP. 


EUCUDE'i  Elemeftts.  aa^ 

P  R  O  P.   L. 

t  . 

A^w^C^jSB  To  find  out  a  fecimi  tmh 

D I.    »       mal  line^  EG. 

£  '  1    '•  '  ■  N    •  d       Take  AB  and  AC  fquaie 
^  niUDbers  ,    the    excels   of 

H— F  which  is  CB  not  Q.  ^^^PtM^itM 

be  the  line  Piopoundcd^fZ^J 
take  FO  TO-  D,  arid  make  CB.  AB::  FQo.EFq.  '**''^* 
then  EG  will  be  the  line  defired. 

For  FG  Tl  D.  wherefoie  FG  is  f.  Alfo  EFq 
-n.  FGq.  thetefbre  EF  is  p*.  Likewife  becaufe 
FGq.  EFq  ::CB,  AB  ::  not  Q.  Q.  thence  FG  n 
TL  EF.  Laftly,  feeding  CB.  AB ::  FGq.EFq.  and  ,    . 

invcrfely  AB*  CB ::  EFq.FGq.  therefore  as  in  the 
foregoing  Prop.  EF  tx  V  EFq-FGq.  awhere-  ^^<^#48i 
by  EG  is  a  z.binoniial.    JThieh  vas  to  h^  ^nc.     ^o^  .. 

In  numbers ;  let  there  be  D  8,  FG  lo^  AB  9, 
CB  $y  then  EF  is  ^  180.  wherefore  EG  is  ig-»- 
V»8o. 

PROP.    LI. 

To  find  out  a  tbiri  hi'-  - 
Tiomial  line^  DF;  x-, ,  • 

a  Take  A  B»  AC,*  M  ^P* 
fquare  numbers  ,     the  ^^* 
excefs  of  which   B  C 
is  not  Q.   and  let  L  be        ' 
a  number  not  Q,  next 
greyer  than  CB,  viz.  by  a  unit  or  two.  Let  G 
be  the  line  propounded  j8.  h  Make  L,  AB ::  Gq, 
DEq.  b  and  AB.  GB  i:  DEq-EFq.  then  DF  ihall  b  j.  Im. 
be  a  5.  bin.  "    lo-'io. 

_  For  becaufe  PEq  e  xi  Gq,  d  DE  is  f.  alfo  Gq^  confir.  6. 
DEq::L.AB::  not  Q.  Q.  « therefore Q^rL  DE.io. 
Likewife  being  that  DEq  e  tl  EFg,  d  alfo  EF  is  d  fci.  «• 
f.  Moreover  becaufe  DEq.  EFq  ::AB.CB::Q.  notio. 
Q-  i?isDE  TJ.  EF.  and  being  that  by  conftr.and  e  6.  icw 

Pj  of 


0  ^ 


f  9.  lo.     of  equality  Gq.  EFq  ::  U  CB ::  not  Q.  O.  (fof  f 

^fcb.ij. 8,h  and  CB  ate  ncjt  lilj:^  Bta0$  timbers)  I  there* 

%  p,  10.    fore  ihall  G  be  alfo  ^3- jEF,  Laftly,   as  in  tfte 

prec..Fr.ot.  V  I>$q  -  ERq  nx  Dg..t  tjieftefort 

k  ^<^r/•48»  PF  is  a  5  bin,  ff^cb  maf  to  he  done. 

96,  In  nmnteus ;  let  there  be  AB>  9*  CB»  5.  If*  6$ 

Q,8.  tbeft  ftatt  be  DEv^  96,  and  EF  V  "*?% 

wbwfQteDF  =  V»6-*V^y^^      ' 

PROP.   UI. 
3  C  ......  if  3  3rp  Jf«4  out  s  fourth  hi* 

eLfch.  z9,  B  -^ P     « J^Hf  ^  ^ny^  fqw^r 

•1  numbei  AB»  and  divide 

*^'  ji^, ^  E  it    into  AQ,    CB    npt 

.  fquatest    Let   G  be  th^ 

b  1.  lem.  line  prepounded  e.  i  taHe  PE  Ti.  G,  c  andm^kc 
10.  AB.CB::DEq,EFq.  theoDFlbaU  bea^bin.    ^ 

c  ?.7«w.  For,  as  in  the  49oftWs  Book,  DF  wy  be 
1  o«  lOt  ibewn  tp  be  a  bipcxou  ^nd  alfo  becaufe  by  conftrt 
d  0.  ro.  and  conveifion  of  proportion  DEq,  DEq  — EFq 
Wm.48.::  AB.  AC  ::  dlW  Q.  4  ft^l  PB  be  ^  ^  PE^ 
tl  -  I^Fq-  ^  therctprc  DF  is  a?  4  bin.        ^^  ^  ,^ 

In  w»be«>  1"  G  be  8,  PE, 6.  t^en EFibatt 
be  V  H-  ibeipcfore  PF  is6  -*•  V  ^^^ 

PROP,    LIIL 

-      A..,5CM...r6E  To  find  outajifkh  hmor 

(J ,--^  -niMllineyDF, 

P  ^-iM--w.  --— .  y  Take  any  fquare  nun^* 

^  bcr  AB,  whoVe  fegmenw 

H r—  E-  .AC,CBarenotQ..  ie!?9 

be  the  line  propounded  p. 

I«}ce  EF  *n  O;  and  make  CB^  AB ::  Efq.  DEq* 
^li^n  ^all  PF  be  a  5  bin, 


fPl 
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.¥or  DF  ihall  be  ^  bin.  as  in  the  50.  of  this 
Book,  and  becaufe  by  conftrufHon,  and  invcr- 
iion PEq,  EFq  ::  AB..CB.  and  fo  by  converfion 
jOf  proportion,  t)Eq.  DEq  -EFq  ::  AB.  AC  ::  Q. 
»ot  Q.  a  therefore  fhall  DE  be  hcL  v^  DEq  —a  9-  »<>• 
SFq,  £  therefore  DF  Is  the  5  bin.  Wlicb  wot  toh  %dif.^ 
le  done.  lo* 

In  numbers,  let  there  be  Qj.  EF,5.  then  DB 
ib^ll  be  ^  54.  wherefore  DF  is  6  -h  -4/  n% 

PROfi.    LIV. 

A .....  5  €..«••.. 7  B       7b  /»<2  out  afixtb  hinomial 

1^4.^^^^  line. 

6     _^-^ —  Take  ACiCB,  prime  num- 

t)    ■  '■■;■,  ,  .,.  -.F    bers,  fa  that  AC  -»^  CB  ( AB) 

be   not  Q.    take  alfo   anj 
H        „m^. %  number  fquare  L.    Let  Q  be 

the    line   propounded^.   « a  3.  few. 
amd  make  L.  AB :;  Gq.  DEq.   and  AB.  CB  ::io«  ^^* 
DEq.  EFq.  then  DF  fhall  be  a  6  binomial. 

For  DF  may  be  demonftrated  bin.  as  in  the 
S^j.Qf  thia  Book,  and  alfo  by  reafon  that  D£ 

and  EF  "Ti-  G.  laftly,  likewile  becaufe  by  conftr.      ^ 

and  conxerjBoa of  proportion  DEq,  DEq— EFq:: 

AB.  AC::  not  Q.  Q.    (For  AB  is  prime  to  AU* 

h  and  fo  unlike   to  it)   c  therefore  D£  ^o.  y^  bfsi,zj.8* 

DEq  -  EFq^  d  therefore  DF  is  i  6  bin,    WJAch  c  9. 10.    - 

WOf  required.  d6Jef^9» 

In  numbers,  let  there  be  G  6.  DE  V  48.  then  la 
EF  ihall  be  v  iS.  whewfore  DF  is V  4*  •*  V     *  ■>   - 


F  4  .      ,,  Xemma^ 


ZiZ 


"1 


.  iie  tenth  Bo^k  &f 


i. 


9L  28.  6. 
b  lu  I. 


B 


^   and  the  fides  timof  JjC  du 
*  I    vi4ed  unequally  in  E ;  alfo 
let  the  lejfer  portion  EC  be 
.equally  divided  in  F^  upon 
-  _    -,      r    tie  line  AE  a  make  thereff- 
nTjTb  angle  AGE  —  EFq,   and 
from  the  points  G,  £,  F  b 
draw  GIfyEJ,  PK^parallel  to 
AE.  c  Let  the  fquare  LM 
he  made  egual  to  the  reB an- 
gle AH^And  upon  OMPpro^ 
auced  thefquare  MN:=rGI^ 


-X 


r  «  ^  *r «      ^     "r  and  let  the  right  lines  LOS. 
1ST,  NRS,  NPT  he  produced.     . 

1  fay  T.MS,  MT, are reBangles.  Tot  by  rcafoh 

^  i  f,  ^l^^^  ^"S^^^  ^^  ^he  fquares  OMQ^,  RMP, 
•Mij.i.tf  fliall  QAIR  be  a  right  line,  h  therefore  IRMO, 
b  I  ?•  2,     Qi^Pj  are  right  angles,  wherefore  the  parallelo- 
grams MS,  MT  are  reflangles. 
c  2.^^*21.     i-  Hence  it  is  plain  that  LS  c  =  iT,  ani  con- 
sequently that  LN  is  afauare. 

1?  ^'  P^  y^^^^^/«  my  MT,  EK,  FD  are  equal 
*  Ahf^       "^  becaale  the  rectangle  AGE  i  =  EFq.  e 
c  17.  6.     thence  ftall  AE,  EF ::  EF.GE.  /and  fo  AH.  EK 
f  1 .  6.       ::  EK.  GL  that  is  by  conftr.  LM,EK:;EK.MN. 
gfch.izSg  but  LM.  SM ;:  SM,MN.  therefore  EK  fcrSM 
h9.  S-r    ^  =  FD/=:rMT. 
k  36.^.         I*  Hence  LNm  -=:  AD. 
1  4?.  r.       ^5.  Beivgthat  EC  is  equally  divided  in  P.  it  ii 
m  %,  ax.  T .  plain  that  EF,  FC,  EC  are  tx  . 
n  16.  tp.       6.  If  AE  "H  EC,  and  AEnd.  V' AEq-ECq, 
o  18.  ando  then  ihall  AG,  G£,  AE,  be  no.  alfo,  becaufe 
id.  re.      AG.  GE ::  AH.  Gl.  p  therefore  fhall  AH.QL 
f  10.  iQt  ?'.<?•  LM,  M]>f,  be  -g-.  Likewifc  thereupon, 

%0K 
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>  OM  TL  MP.  For  by  the  Hyp.  AE  TL  EC. 
f  therefore  BCnxGE.  q  wherefore  EF^tl.qi4.ta 
tSE.  but  EF.  GE  ::  EK.  GI.  r  therefore  EKTL  r  la  lo. 
GI,  that  is,  SM  •xltMN.  but  SM,  MN ::  OIL 
MP.  r  therefore  CM  nx  MP. 

a  If  AE  be  fuppofed  "n-  V  AEq-ECa,it  isf  19.  mI 
apparent  that' AG,  0£«  AE,  are  "nc   wnence  17.  io» 
LM  Tz-  MN.  for  AG.GE;;  AH.QI;;LM.MN. 

Theft  being. well  c^nfidere4j  wt  fiaU.^^y  di^atcb  . 
the  figc  following  Profofitiotif^ 

PROP.    LV. 

If  a  3ace  JD  h  contained  under  a  rational  line 
My  and  a  firft  hinomial  line  AC  (JE  -»-  EC)  the 
right  line  OP  which  eontarneth  that  ^ace  in  fowev 
is  irrational^  and  caUed  a  Unoviial  line. 

All  that  being  fuppofed  which  is  defcribed 
and  demonft rated  in  the  next  foregoing  Lemmas 
it  is  manifeft  that  the  right  line  OP  containeth 
injpower  the  fpace  AD.  j  Likewile  AG,  GE,aiKP**"^ 
A£  are   tx.    therefore  feeing  AE  is  f  Tx  AB.lem.s^io. 
e  fliall  alfo  AG  and  GE  be  ^  xl  AB.  d  there-  b  hyP. 
{ore  the  reftaiigles  AH,  GI,  that  is  the  fquares  cfco.  12. 
IM.  MN  are  ^««  therefore  OM,  MP  are  /  e  T^ .  la 
/andconfequently  OP  is  a  binomial.    Wiicb  d  2,0.  io» 
wof  to  be  dcm*  ^  ^^^  $+• 

In  numbers,  let  there  be  AB  5.  AC4-«-  V  ti*to» 
wherefore  the  rci^angle  AD  ^  lo  -*-  v'  joo  rr  f  }7-  ^9* 
to  the  fquare  LN.   therefore  OP  is  ^  i$-h  ^ 
;.  namely  a  6  binomial. 

PROP.    LVI. 

If  a  J^ace  JD  be  comfrehended  under  a  rationat 
Hne  ABy  andafecond  binomial  AC  {AE  +  EC)  /ff 
right  line  OP^which  contains  that  ^ace  AD  in  fower^ 
i  irrational,  and  called  a  firft  medial  line% 


y 


2|^  7%t  taai  BooJeef 

tTbe  fortfaid  i»w«'«  ofthe  J4  of  this  StfeKbe- 
S  h«  Mlag  again  fuppofed,  then  (hall  OP  ije  =  v'  AJB 
faw.54.I*..4  alfoAE,  AQ,  QEare -ij- thereSbre  fince  AE> 
h  hyp.  iai  Te.  AB,  Ukewifc  AG,,  GE  c  flialt  be  £  Tt 
c/f  A.  II,  AB.  therefore  the  raftangle  AH,  GI,  i.  e.  OMq» 
^o.  :  MP<l.<^areu«.  e  Moreover  OMT^  MP.  Laft. 
8  Im,  54.  ly,  EF  tl  EC,  and  EC  f  -q.  AB,  g  wherefoici 
10.  .  EK.  i.  e.  SM,  or  OMP  is  pF.  S  Confequeniiy  OP 
fb/f.ti.  is  afirft  bmedial.  I^iV&  vat  to  bt  am, 
»o.  In  numbers,  let  there  be  AB,  J ;  and  AC  ^ 

fio.  10.  48:+6.  then  the  redangie  AD  =  ^:  1100  -*  10 
J8.IO,  =OPq.  therefore  OP  IS rV^yS-^vV  7S.''«- 
a  fiift  bimcdial. 

See  Selxmt   57. 

PROF.  tvil. 

Jf'^J^i'ctJDiecmtainei 
uniet  a  rationnUmeJB  and 
a  third  hinomial  lint  AC 
(JE*EC)  the  right  Use  OP 
wlnih  eontaint  in  power 
the  §aee  jiD,  is  irratioTiat, 
etid  called  a  fecond  himediat 
line, 

Asabove,  OPq^AD; 
pair©  the  reftangles   AH,   ■ 
GI,   that  is  OMP,  MPa  ' 
ihp.and  are  mi.    a  Likewife  £K 

ZI.IO.       '  or  OMP   is  i^.   itherc- 

biaio.  J"""       o    T  *°"   OP  is  a  [econd-hi* 

■**  ^        medial. 

In  numbers ;  let  there  be  AB5.  AC  t/  jt  -\- 
V  H-  wherefore  AD.  is  V  800  )-  v*  <5oo=:OPq. 
mi  fb  OP  is  o  V  4JP  -HF  v"  19-  thas  is  a  i. 


■ 


EUCUDE't  mmmi, 
BR  OP.  LVIIL 


*it 


lfa§ac^  AD  It  eon^hte* 
hendei  under  a  rationanine 
JB  and  a  fourth  hinomtal 
JC  (J£  H-  EC)  the  nght 
line  OP  containing  tbej^ci 
AD  in  fower^  is  that  irra* 
'MiXJjt.'D  tionalline  which  is  called  a 
'Major  line.  ^ 
'  For  again,  OMq  ix  TL^kn^  S^b 

pMPq:   and  the  reoianglexo. 

■*^AI,  i.  e.  OMq -*  MPq  Jb  lyf.tni 
is  fr.  e  alfo  EK  or  OmP  20.  iqJ 
is  up.  d  therefore  OP  (v^c  *jjfp.  and 

tAD)    is   a  Major  line.  x>  10 


Jf^h  wac  to  he  dem.  d  40.  X0» 


In  numbers;  let  there  be  A6  5*  and  AC  4  -V" 
^8.  then  the  rectangle  AD  is  xo  ^  ^  %o%.    ' 
wherefore  OP  is  v'*  20+  v'  *^- 

PROP.    LII- 

Ifa^ace  AD  he  contained  under  a  rationc^lling 
4B9  a^  O'  fip^  hinomial  AC^  the  right  line  OP 
w^ch  contains  the  fpace  AD  in  fower^  is  that  irra^ 
tionalline  J  which  is  a  lipe  containing  a  rational  and 
a^medial  reBangle  in  Power* 

Again  OMq  'icl  MPq.  and  the  reAangle  AI 
or  OMq  *^  MPq  isuF.  a  Likewife  the  re^angle  zAsinth^ 
EK  or  OMP  is  or,  I  therefore  OP  (V  AD)  con- wr. 
tains  in  poorer  py  and  /ur.  Which  was  to  he  dem.    0  41.  iq» 

In  numbers,  let  there  be  AB  5.  and  AC  z  •\- 
V  8.  then  the  r^ftangle  AD  :=  10  -|-  V  *^  ^^ 
pPq^  wherefcre  OP  is  V:  la-i-  ioo, 


VKOt. 


2^4  ,  Tie  tmtb  Boik  9f 

PROP-  Lr. 

Jfa  tpace  AD  he  eontamei  'wnitt  Jt.  ratimal  lhi$ 
ABaniafixth  Unomial  JC  (^JE-^rEC)  the  line  OP 
€(mtainmg  (the  fiace  AD  inpa^er  is  irraticn^l^ 
whieh  contain^  in  power  two  medial  veSangles, 

As  often  before,  OMq  "n-^  MPq,  and  OMd 
r4.  MPq  is  fif.  and  alfo  the  reftangle  (£K)  OMP 
•  4a.  f #•  ^yL».a  therefore  OP  =  V  AO  contains  in  po\f  er 
i  406-    Vhieh  wot  to  he  ion. ' 

In  mimbcrs,  let  there  be  AB  5.  AC  i/  i  z  =4- 
^  8.  therefore  the  reftangle  AD  or  OPq  is  ^ 
100-^^  ZQO.  ^d  fo  OP  is  V?  V  job -♦.  .^^  xod. 

Lemmcti  \       ^ 

^'Let  a  right  line  AB 
le  \  unequally  div^ed  in 
5  C,  and  let  AC  he  the 
grfoier  portion^  and  uf» 
on  fome  tine  DE  apfljf 
the  reSangles  DF  b=: 


-  ABq,  and  1)H  rr^  ACj[^ 
^  andJK^  CBq,  and  let 


HJCW 

LG  he  divided  equally  in 
JUf  and  alfo  MN  drawn  faraVel  to  GF. 

z^%.ailii    I  fay  I .  The  rcftanglc  ACB  is  -:  LN  or  MF. 

3.  tf#.  I.  «  For  I  ACS  ==  LF. 

b  7-  a-         ^.  DL  cr  LG,  for  DK  (ACq-V-CBq)  he  LF 

c  I.  &      (z  ACB)  therefore  being  DK,  LF  are  of  equal 

4i<>io.  altitude,  rDLihall  beer  LG. 

3.  If  AC  g-  CB,  d  the!)  Ihall  the  reilanglc 
DK  be  -XL  ACq  and  CBq. 

t  kwu  *d.      4.  Ai/o  DL  "tx  LG.  tor  ACq  -1-  CBq  e  Tiz 

10.  ACB,  7.  e.  DK  tx  LF-  but  DK.  LF  e ::  DL. 

(  10.  i«b  LQ.  /ihereforc  DL  *T1.  LG, 

ft.  6.         f.  Afareover  DL  "d.  ^  DLq  —  LGq.  For 
17.  &    ACq.  ACB  g ::  ACB.  CBq.  that  is,  DH.  LN  :.•< . 
kffyf.      LN.IK.  e  wherefore  DLLM  ;:  LM-  IL,*  A/ 
1 10.  to.  therefore  Dl  xlLrzLMq-  tbeiefoie  feeing  ACq 
tti&io.ib'ExCBq,  thatis,  DH  *Ti.  IK.  and  i  fo  DI 
ox  IL.  m  fhali  DL  be  nx  V  1^9  —  ^Gq. 
WKchwas  iff  heirn^, 

•  «  6^  But 


EUCUDEV  iutmms.  ^yr 

6.  But  ijACqiepa  *TL  CB,  ntbcnfisBDL  I»  n  19.  i«w 

7^7/  Lemma  is  fr€faras$ry  to  the  foiomif  Pn^ 
pofiiions. 

P  ROP.    LXI. 

■    •  .  » 

/  7%f  /fti^r^  of  a  iiiiomial  line  (JC-^CB)  afpliti 
unto  a  rational  line  DEy  makes  the  breadth  DG  a         . 
frfihinomiallineu 

Thofe  things  being  fuppofed,   which  arc  dc-*  hf^ 
fcribed  and  deinonilrated  in,  the  next  |^rec€ding ^  ^'"*  ^, 
Lemma ;  becaufc  AC,  CB  «  axe  p  nq.,  h  the  tcS-  lo- 
angle  DK  ihall  be  na  ACq^  ^  and  fo  DK  is  f  fr«c  fcl.  ta; 
i^  cberetbre  DL  "□.  D£  0.    but  the  ledacffk  ^  ^i-  xo> 
ACB,  aad  (o  %  ACB  (LF)  e  Is^n  /thereiorce  zi.a»I 
the  latitude  LG  isj  Tx  D£.  ^therefore  alfo»4-»o^ 
DL  Tx  LG  alfo  DL  ti.  V  DLq  ~  LGq,  ttom^^h  «<^ 
whence  k  it  folbws  that  DO  is  a  firft  blAoiaiaLS  ^h  ^^ 
Which  wju  to  be  devu  n  m»<Sob 

10- 

10. 

The  f^uare  of  a  ftrft  Hmedial  line  {AC  -^  Ct)  he- 
wg  apphed  to  a  rational  line  DE^  makes  the  breadth     . 
DO  a  fecond  binomial  line. 

The  aforefaid  LrvimA  being  again  fappofed^  ^  ' 

the  reilangle  DK  -a.  ACq.  a  therefore  DK  ««  M-'*- 
M*  h  therefore  the  breadth  DL  is  •  'xi.  DE.  ''^i*  '«*• 
Butbecaufe  the  leftangle  ACB,  and  fo  LF  (x  «  %•  ^"^ 
ACB)  e  isjvi  d&zVi  LG  be  p  TL  DE.  ^  theri-M- "•^^^ 
fore  DL,  LG  arc  tx  /  alfo  DL  tx  ^  DLq  —  d  i-  io- 
LGq.  f  from  whence  it  is  dear  that  DQ  is  a  «  *?•  *•• 
(«i^ond  bioomiaL    WTnch  was  to  he  dem.  ilm.\Om  . 

10. .. 

g  ^J4^ 
.         lot        ^ 


PROP.    LXIL 


PROP.^ 


»|S  72»  tttab  Bool  »f 

PROP.  ixm. 

Ttbe,  fyuare  of  afeconi  HmeHalline  (JC-^CBy 
affiled  to  a  rauenafline  DE  makes  the  headtb  DQ 
a  third  binomial  lim* 
t  Iff.  and  As  in  the  prec«  DL  is  p  ^n.  DE.  Further- 
;^.  i#.  more  becisiufe  the  reftangle  ACB,  and  fo  LF  (i 
b  ^^  la  ACB)  a  is  yiv.  h  theitfoTe  ibali  LO  bej  nx  DE« 
c  few.  60.^  Moreover  DL  nx  LG.  and  alfo  DL  'TX  4/ 
ft,  DLq  — ^LGq,  <i  therefore  DG  is  a  third  bino- 

d  }•  A!f.48*nQiaI*    Winch  was  to  be  i^* 

PROP.    LXIV. 

Thefyuare  of  a  Major  Ihte  (JC-^CB)  applied  t6 

a  fational  line  DE,  makes  the  headlh  DG  a  fourth 

binomial  line* 

a  hyp,  And    Again  ACq^CBq.  i.  e.  DK  a  is  Iv  b  therefore 

ft*.  T».i©.DL  is  /  TO.  DE,  alto  ACB,  and  fo  LF  \z  ACB) 

l>zi«  le*  c  is|tr*  i  therefore  LGis  p  *n.  D£,  e  andcon- 

C  hf*  tf «<i  ^equently  DL  "TL  LQ.  Laftly^  bccaufe  AC  ^ 

*  X4. 10.     BC./  fhaU  DL  ^)e  •xu  DLq  -  LGq.^  whence  DG 

d  a  J.  xo.  is  a  filuith  binomial.    Which  was  to  be  detH. 

e  12. 10.  

ffe«,6a     N  PROP.    LXV^ 

ta  thtfpsdre  of  a  line  containing  in  power  a  ta* 

fl^^Jef^^^ional  and  a  medial  reSangle  {AU-y  CB)  applied 
to.  to  a  rational  line  DE  makes  the  breadth  DQ  a 

a  »:»   f  rt.  fiM  fi^miaL 


d/m.*4k)  therefore  DL  ^n.  LG.  Jlikewifc'DL  na.  V 
1^.  *DLq— -LGq.  ^  and  fo  by  cohfequence  DQ  is  t^ 

«  i*ddu&  ^^^^  binomial.    Which  woe  to  be  dem. 

^  PROP-    LXVL 

The  fquare  of  a  li^ne  containing  inpowtr  two  medUt 
feS^angCes  (AC^  CB)  applied  to  a  rational  line  DS, 
Mfkee  she  breadth  DQ  a  fatti  hnomidlinei 

Mb 


EUCLIDE'i  tUmmts, 


t}9 


As  before,   DL  and  LQ  ate  i  TL  OE.   Butt  hp. 
fei  that  ACq  -m  Cfiq  (OK)  »  Tl.'ACB,  h  andb  iL  lo. 
Co  DK  -IX  LF  (1 ACB)  and  alfo  DK.  LF  e  ::c\X 
XH^UG.  iltberetDre  flull  DL  be  ^n.  LG.  «d  icto 
l^ftly,  DL  •;cu  y  DLq  -  LQq.  /by  which  it  c  /«.  (Jo. 
«ppe»s  ch«t  DO  u  »  fixui  Buionual>  lo. 


A 


G 
1 


m  m 


S 


F 

^1 


A 
D 


I- 
B 
1 


-C 


Let  Mt   DE 
je.DP. 


u 


md  mtkt  J8,J>£:: 


I  fay  t.  AC  XL  DF.   as  appears'  by  ro.  lo. 
aUb  CB  -a.  FE.  a  beoaufe  AB.DE  .•;  CB.FE.     *  ,-  , 

1.  AC.  CB  .V  DF.FE.  For  ACDF ::  AB.  DE  s    "*  '* 
CB.  FE.  therefore  InverfelyAC.  CB .-;  DF.FE, 

3.  Thtreaanglt  ACB  -n  DFE.  For  ACq.ACB 
%  ::  AC  CB  f  .•;  DF.EF.vDFq.  DFE.  wherefore  h  .  < 
by  inverfion  ACq.  DFq  .v  ACB.  DFE.  ther<^re  "  I'll, 
bdngACq  -n.  DFq.  ilWl ACB  be  a.  DFE.     a  VTI 

4.  ACq  -*■  CBq  TL  DFq  •*•  EFq.  For  becauft 
ACq.  CBq  e :;  DFq.  FEq.  therefore  by  addition  .  ,,  a 
ACq  -^  CBq.  CBq  :s  DFq  -}-  FEq.  FEq,  there-       * 


10. 


*A0  8^, 


■^. 
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» 

prop;  lxvii. 

A  ■■  1  ■         B  A  IjmDE^  tommttf 

C  furaUeinltngtbto  ahi* 

D  ■      ■■'■  -—1  -^—  £    nomial line (JC-^ CB) u 

;         .  F  iffelfahinomialline^ani 

of  the  fame  order* 
Make  AB.  DE ::  AC.  DF.  a  then  are  AC,DF 
a  Um^  66.  no.  a  and  CB,  F£  'tl.  whence  being  that  AC 
ic  a&d  CB  (  are  p  19.,^  thence  DF, F£  p  ;;q.  there- 

b  hyf.  fore  D£  is  a  binomial.  But  for  that  ACfcJB  a  :: 
c  few.  6(5.  DF*  FE*  if  AC  na  or  tx.  V  ACq  -  BCq.  i 
touindfih.tlitn  in  like  manner  DF  tx  or  c  v'  DFq  — 
12*  10.      F£q*  alfo  if  AC  x^  or  *XL  p  propounded,  e 


d  f  $.10.  then  fhall  DF  be  no.  or  "n.  p  propounded.  But 

/,  likewifc  F£ -D.  or  CL  j5. 


e  li.  10.  if  CB  *Ti-  or  *ix  ^ 

0ni  JA.10.  If  both  AC,  CB,  HcL  p.  p^  that  is,  whatfoevcr 
fhyiief^S.  binomial  AB  is,  DE  ihau  be  of  the  fame  order. 
!••  Jflficb  was  to  be  dem. 

PROP.    LXVIII. 

J  line  DE  commenfurabte  in  lengtb  tO'  a  himedhl 

^e  {AC-^CB)  ii  alfo  a  himcdial  Une^  and  of  tbe 

fame  order.    . 

^^^  £         Make  AB.  DE ::  AC.  DF.  b  therefore  AC xl 

h  /#M  k<  DF  and  CB  tx  FE.  therefore  feeing  AC  and 

,J|^'"*^CB<rare^,aalfoDF,  arid  FEfliallbe  ja,  and 

c  bfp.*  *^'  ^^^  ^^  *  3"  ^^*  *  therefore  FD  g^  FE. 
A  i?i  Vr  /  therefore  DE  is  2  u.  Wherefore  if  the  redan* 
e  lof  10    i^  A^^^^  h  becaufeDFE*  T3L  ACB,  ^Jike- 

f  ^s!  ic!  ^^^  ^^^  ^  ^'^^  ^^  ^^  ^^^^  ^^  ^^*  ^  ^^^  ^^^^ 

fi/c£.  iz!»  ''^  ^^  ^^^*  ^  ^^^^  ^>  whether  AB  be  i  bimed. 
\l^   *       or  »  bimed.  DF  ihall  be  of' the  fame  order 

PROF. 


BUCLtDE'f  BUmemu  7.4^ 

PROP.   LXIX 

JH.  "^'  ""   \       •    '^       AKne  DJ?  commenfitrnhk 

t) i E    if  it  f elf  a  Major  Une^ 

.    F  Make  -A?.  JDE  .v  AC.     ^ 

PF.  Becaufe  AC  m  ig-  CB,   h  thence  DF  ^  a  »^. 
f  £.  Alfo  ACq-^^CBd  a  is  fp^  and  fo  being  DFq  b  fern.  66. 


r^-FEq  *  rcL  ACq-fGBot  c  alfo  DFq-*-FEq  isfy.  lo. 
iaftljr,  the  reftangle  ACB  aisfut.  d  therefore  the  C  fch  il. 
iwftanglc  DFE  is  >«#•  (becaiic  Dt*E  is  »  to.  Jo. 
ACB)  ^  wherefore  D£  i^  a  Major  line.  d  24,  f  o. 

e  40*  ID. 

r  A  Ihit  DE  commenpuraUe  to  a  line  containing 
in  vower  a  rational  and  a  medial  reS angle  (JC-^ 
CB)  is  a  line  cQntaining  infower  a  rational  and  4 
mdialr^Sangle* 

Again  m^ke  AB.  DE ::  AC.  £)F.  Becaufe  AC 
tf  '^  CB,  ialfoDF  *Ti.  FE.  likewijc  becaufe  a  hyp,  -. 
ACq-^CBq  ais  i(M^€  therefore  DFq-FEq  ihall  5  //„,  ^^ 
lie  ptM.  laftly,  becaule  th^  reftancde  ACB  a  is  pvMo^ 
i  alfo  DFE  is  pp.  Therefore  JQE  contains  in  q  2.4.  xob 
power  fr  and  ^.    Wiicb  was  to  he  dm.  d  [ch.  rz« 

prop:   tlXI.  r4X.iou 

A  -I     I  ■    B       -4  'i«^  D£  eommenfu- 

D '    1~->E    27^  ftj^o  medial  redangles 

f'  in  fwer  ,(^CHhCiJ)    i* 

^-  .^.  I  alfo ^a  line  containing  in 

fOTOfer  two  medial  re&Angle,s.^ 
t  Divide  DE,  as  in  the  p^ec.  Becaufe  AC<I  a  "12.  a  hyp^ 
CBq,   i  thence  ifciall  DFq  be  "d-  FEq,  alfo  for  b  km.  66. 
that  ACq-».CBq  a  iSfM$tC  Aall  Df  q-+  Ffiq  be  alfo  10. 
icfv  And  ii\  likeoianner  becaufe  ACB  /i  is ^.  ^  alfo  c  24.  lo. 
V¥Eis(if.  Laftly,becaufp ACq-hCBq  Ta.  ACB^d  14. 10. 

Q,  ^ftiall 


Z^t  Tie  tenth  Book  ^ 

1 14. la  «>fliall  DFq-^^^FEqbe ^ DFE-  / from  whente 
£41. 10,  it  follows  that  D£  contains  lo  potver  x  |mi« 

W^bith  was  to  he  dem. 

PROP.   LXXIL 


<3 


B 


A 

B 

If  a  rational  reSr 
angU  J^  and  a  me- 
dial B^  hecomfofed 
together^  thefefoUf  * 
inational  lines  will 
he  made\  either  s 
hinomialj  or  a  firfi 
himedialf   or  a  ma^ 


jor^  or  a  line  tontcnning  in  fower  a  rational  and  a 

medial  reBangle, 

Namely,  if  Hq— A 1  B.  then  H  fliall  be  one  of 

the  four  lines  which  the  Theorem  mentions.  For 
aror.i^Aupon  CD  the  propounded  L  a  make  the  reiEtati- 
b  2.  axA.  gje  CE  —  A,  and  FI  cn^  B.  *  and  fo  CI  :=;:  Hq* 
c  zi.  lo.  w  hereas  then  is  A  / r,  likewifeCE  is  }f.c  there- 
d  &;*.  la  ^^'^  ^h^  latitude  CF  is  p  no.  CD.  and  becaufeB 
"e  i^  10.  is  i"**  alfo  FI  ihall  be/ta.  i  therefore  FKisJ  IX 
f  }7.  10.  CD.  e  therefore  CF,  FK  are  p  XL.  and  lo  the 
g  1.6  whole  CK/is  blnom.  wherefore  if  A  c"  B,  ?•  r. 
.  h  rights* CE  c-  FI,  g  then  CF  tr  FK.  therefore  if  CFti- 
16.  V  CFq  -  FKa,  h  lik^wife  CK  Ihall  be  a  i  bin. 

it  5^  10.  and  confcquently  H  n=  V  Ct  fe  is  a  bin.  If  CF 
1  4Jef.^S.  be  fuppofed  ^tx  V  CFq  -FKq,  /  then  Ihall  CK 
10.  be  a  4  bin.  wherefore  H  (\/  Cl)  m  is  a  ma)or 

m  58.  Id  line.  But  if  A  -td  B,  ^  then  /Oiall  CF  be  ry  FK, 
n  tMf.j^  confcquently  if  FK  no.  7  FKq  -  CFq,  » then 
10.  ihall  CK  be  a  z  bin,  o  wherefore  H  is  a  firil  zu. 

c  s6.  la  laftly,  if  JFK  Tl  V  FKq  -  Cfa;  P  then  CK 
p  ^Jef.AS.  fcall  be  a  fifth  binom..^  whence  H  OwH  contain 
.10.  in  power  fv  and  fci*    yv^if/;  wtf*  to  he  dem. 

PROP. 


pkat 


Mr 


IftwovuiiaUeS^ 
aiiglei  J^  B^  income 
mcnfurabU  to  ond 
anothtr  h  comfofti 
together,  the  two  re- 
nf^amii^g  •  inationai 
lines  are  made^either 

_      afecondHmedialfOf 

a  line  containing  in  pown  two  fkedialfeSat^et. 

As  H  containing  in  jpower  A  ^  B  is  one  of  the 
bid  iriational  lines.   For  upon  CD  propounded 


f  dfaiw  there^anygle  C£-r=:A,aiul  tlzzB^  whence 

FK,  inaii  oe  p  to.  i^vi  ^40  w  *5'*"» 
becaufc  CE  tf  Tl  FI,  and  €£•  FI  ^  a-  CF.  FK,  t  i.  6. 


bqsrCI.  Therefore  becaufe  C£  and  FI  a  areiM.  ^  ^^    ^ 
}  the  latitudes  CF,  FK,  (hall  be  f  ^xu  €!>•  »l(o  b  z?-  loi.' 


a  therefore  CF  ^  FK. .« therefore  CK  is  a  j.bin.  d  10.  to^ 
namely,  if  CF  tx  V  Ctq  -  FKq*  whence  H  c  J  A/.4aL 
=-  V  CI  /  (hall  be  a  fecond  a  u.  But  if  CF  Tl  f  J7-  «<». 
V.tFq  - FKq,  ^  then  CK  (Jiall  be  a  ^  binom.  g6Jif:4Bi 
£and  confequently  U  contains  in  power  z  ^;io« 
]r%ici  vtfx  to  he  denu  h  6o*  ta 

Sttre  legin  the  Senaries  of  tines  inationai  Ij 

SubtraSion^ 


S" 


PROP.   LXXiv. 

If  from  a  rational  line  DF  A 

F    rattonal  line  DE,  commenfura-i^ 

hie  in  fower  only  #0  the  whole' 


DF,  he  taken  away,  the  refidiie  EF  is  inationai^ 
and  is  called  an  Afotojne  or  refidual  lin^. 

.  For  £F(|  a  Ty  DEq;  b  but  PEq  is  pV  y  e  ihtxt^  i  leftu  i6i 
fore  i£  is  p.    |i^;yi  wtf*  /o ^  dem, ,.  .10., 

.  In.niiibb«rs,  let  therebe  1)F,  x^  D%J^i  thenb  iypi 
tFlhalH^i^Vi-  -  cicx^irfv 


244  .  ^^  *^^^  J^  ^ 

I 

i?  ROP-    tJXV. 

V    ■  ..  ■  ■i    ■    viedial  line  DE  eomfneMfUrdhle 

onPf^inJower  tdthi  whole  DF^, 

kni  cMifreJkniifig  wit^'tM  whole  uF  a  rational 

reBan^h  he  ic^en  away^iJje  remainier  EF  is  irrayo^ 

iialy  and  is  caUed  afitfi  i^fidunl  line  (^n  me^aU 

a  Teh.  1(5.     For  EFq  i  io.  to  the  reftangic  Bt)?;  thearcT 

iL  fore  feeing  FDE h  is  pV^  c  BF  fhall  be  ^,    r^icil 

b  lyyf.  •     «^^i  ^«>  ^<^  ^^^^  ,   ,  "      '**^' 

c  ao.  iifei    ^'^  numbers,  let  DFbe  t^^  54,  and  DE  v  // 
1 1 .  def.i^.  ti*  therefore  EF  is  i; V  S4  —  t'  a/  ^4* 
^  PROP.    LXXVI, 

i>  E       F    ^  -^^^^  a  medial  line  DF,  d 

'>*«.  ■' '  "" ,  medial  lint  DE  ie  taken  awm^' 

:      -  heing  iitcontmei^raUe  only  jii 

foiH^er  So  the  whole  DF^  and  cotitprehendiT^  together 

ivith  the  whole  line  DF  a  medial  reS angle ^  the  rt- 

mainder  EF  is  irratiouai^  aid  is  eiUed  a  fscond  re« 

fidual  of  a  medial  line. 

i  hyp:,         Becaufe  DFq  atid  DEq  i  ar^  uk  tj^i  i  there^ 

b  16.  le.  fore  ftoll  DFq  -*.  DEq  be  tl  DEqi  c  wherefore 

c  14;  10.  DFq  |- DEq  is  ^r.  alf©  the  reftarigle  FDE,  c 

d  co>.  7.r.and  fo  z  FDE,  j  is^y.  therefore  Ei'q  (i  DFqn- 

fei7.  loi  DEq—  zFDE)   e  is  py;    wherefore  EF  is^; 

JFiicJb  was  to  he  dem. 

In  numbets,  let  DF  bexr  V  i8»  *nd  DE  if  ^ 
8;  then  LF  v  ^  iS^-^  v  ^  S. 

PROP.    LXXVII. 

If  from  a  right  tine  AC  hi 


A  B        C  •  taken  away  a  right  line  JBht^ 

wg  incommenfurahle  in  fowtr  to 

the  whole  Bd  and  niakif^  with  the  whole  AC  that 

which  is  comfojed  of  their  fquarers  rational^  and  this 

re^angle  contained  under  tiemmedial^  the  remainder 

$.  hyp.        Be  is  irrational^  and  is  called  a  Minor  line, 

h  fch.  tti      For  ACq-^ ABq  a  is  pv^  but  the  tcdangle  ACB 

10.  a  is  ay,  h  therefore  i  QAB 1Q.  ACq  h»  AB^  (r  c 

c  7;  Jr.  ^  -" ' " 


EUCLlDE'i  E/e^;:  54y 

CAB-*.BC(jO  <*  therefore  ACq-».ABq  TL  BGq.  ed  17. 10. 
therefore  BC  is  p.    FSwi  »^  /o  ^e  dem.  e  if    i^#/; 

In  numbers,  let  AC  h?  %/:  18  -h  4/ 1«8 ;    AB  lo,  ' 
y;  18  —  V  io8»  tlic4  BCuyiig^f  ^loQ  ^ 
v;  i8  r-  V'  «<38. 

PROP.  Lxxvni. 

,p^„     ,  ,,  E^--— >  F       J^ffoma  right  line  DP 

^  iT/Kfc^  away  a  right  lin^ 
t>Bf  hiitg  incommmfuifaHe  in  power  to  the  n^Me 
line  DFj  and  with  the  whole  DF  nktkiffgtl^at  which, 
is  conifofedf  of  their  ffmre^  n^ialt  and  the  re^angle 
tentatnid  urd^  the  fame  lines  rational^  tie  line  re^ 
nsainiiig  EF  is  inattonal^  aifd  is  called  a  line  makiT^ 
kvihoie  /pace  medial  with  a  rational  fpace* 

For  z  Ft)£  a  is  or.  h  a^d  DFQH-D£q  is  fAp.  c  a  hp.  and 
therefore  z  FDE  no.  PF(]i-»-DEq  d(z^\%  ^E¥q\fch.  12.1  o. 
e  therefore  EF  is  ^.    KH^teh  was  to  he  denL  b  fyp. 

In  numbers,  let  DFbe y';  \/  zi6-h  j^  jz-^  DE  c0).  I2, 
'^:  V  2-16  —  V  7i«  thttfdS^re  UP  u  ^^i  ^  zi6  ^  10. 

V  7:^  -^  V*  V  *«<  '-^  -vf  n*  d  7.  z. 

e  fch.iz^ 

PROF.    LXXIX,  io.&*u, 

ief.io^ 

B  JK        If  f*'om  a,  right  line  DF  ^e  /^ ikeo 

nMj  •i     dfwat  a  right  line  VE  incommenfu' 

rahte  in  power  to  the  whole  DE^  an4 

which  tmether  with  the  whole  wakes  that  which  is 

iompofej  of  their  fyuamwedi^  oM  the  uSangle 

contained  under  tnem^  alfo  medial  aid  iiicommeiyu' 

ndile  to  that  which  is  cqiupa^fed  of  their  f^uaresy  the  • 

Remainder  is  irrational,  ar^ducaUed  a  bne  v^/king 

S  whole  fp^e  medial  with  oiifiedialfpace. 

fox  z  FDE^^nd  FDqH^PEg^  are  ^e;i  there^ a  hyp.  ani 

fete  EFq  {c  DFq-^DEq-  z  FDE)  isfv.  rf  anci  24. 19, 

lb  i:onfeqiiently  £F  is  p.  Which  was  to  he  deny,    h.^j.^eo. 

In  mambers,  kt  DF  be  V:  V  1 80  '|-  ^  60.  DE  c  c$r.  7*  2. 

V:  V  180  -  ^.69*  *cn  EF  ft^ll  bp  v-  V  iSod.  ir.  ^«f» 


^f^"^ 


i: 


-.-.,-, 


»>  ? TU    ii  i' 

CI         I  H"— — ' 

Jfihire  he  tlejameexeefs  tetmeen  tlefirfi  magm^ 

gde  io,  and  toefeeond  C  (MG}  as  is  hetwet^  the 
ird  magnitude  DP  and  the  fourth  H(EFi)  thin 
'alternately y  the  fame  exeefsfball  he  hetween  the  firfi 
magnitude  BG  and  the  third  DP j  as  is  h§tween  'the 
fetbndC  and  the  fourth  If . 
P  hft*  -  For  bccaufc  that  a  to  the  equals  BM,  DE, 
are  added  the  unequals  MG,EF,  that  is,  C,H  $ 
hUfhsctftht  excefsof  the  wholes  BG»  DF,  h  fiiall  be 
equal  to.  the  ei:cefs  of  the  parts  a^dcd  C,  H. 
fntich  waf  to  U  dm, 

CoroUm 

Hence,  Four  magnitudes  Arithmetically  pro^ 
portional,  sure  alternately  alfo  AritbmetiCiiUy 
jprpportiona}*  ^ 

JP  R  O  p.    LPX. 

B     D      O       To  an  Jfotm$  w  r^ 

A..  ■        •!— •! ^    dual  line  JB  only  one  r&* 

•  "  ■  tionaX  iigkt  line^Cj  >#- 

a  t^  lOf  if^  commenfi/irable  infower  only  to  the  whole  AB^ 
f  z%,,  10.  if  congruent^  6r  canhe joined^  ' 

^  cor. 7,2^*'  Jf  it  bepoffib^,  letfqraeother  lineBD  be ad- 
^  /p;  79-  ded  tb  it  r  Jr  then  the  reftangles  ACB,  ADB,  h 
^©v  '  and  fo  cdnfequehtly  the  double  of  them  arc  «iii, 
il^hyf,  ^nd  vrherefdre  feeing  At^-^-BOi-^z  ACB  tf=ABa^ 
^7*  lb.  '  !=:' ADq'-4.  iDBq  >-^>  ADB.  ther'efcre  alternat^ 
f/fl*-?».  AGd^^BCd^rABq^DBq4'::iiA0B--:iADB. 
io/  ""  ButACtf-+.BCq-^ADq'-^UBqeispr./ther(B§Drc 
g  >7^  T?t  i  ACB  is  *  ABB  is^ivi   Which  is  ahfmi.  ^       ~ 


/ 1 


EUCLIDE'*  Elemtntu 


a47 


f  RQP.  tjaoo. 


To  a  firft  m4i4l  refiiual  lint 


A       B    DCJB  onfy  one  medial  i^ght  line 
"'  JBC,  being  eommenfurahle  ofdjf^ 

infO0er  to  the  whole^  and  comprebending  w}tk  the 
whok  line  a  rational  reSangk^  can  he  joined. 

Conceive  BD  to  be  fuch  a  line  as^may  l>e 
joined  to  it ;  then  bectufc  ACq  and  BCq,as?veU^ 
aysADqand  WOq a  are «»-CL.I' alfo  AQq^ BCq,» ^-      . 
and  ADq-».BDq  fhaUbew*-  cbut  the  reaanglesP  «o- ««« 
4CB,ADB,  d  and  fo  z  ACE  and  i  ADB  are  p*.H:  ^^• 
f  therefore  z  ACB  ^i  a  ADB,  /that  i?  ACq -f^  ^^• 

PROP.    LXXXII.     ■     ^     ..  ,,^ 

-w  CTwro  fl  /vott  J  medjano^ 

•ii^  y^relidual  hne  JB  only^J*^*^!^ 
^*^— ^o«e   w^i/ifl/  ri^^f  lineicin.79^io^ 
SCfCommenfurahleonlyZ  ^^*^iO. 

in  power  to  the  whol§^ 
and  with  it  containing 
a  medial  tfSangle^  can 

-  he  joined. 
as     Ifitbepoffible,l(5t 
^fpinepthjBrlineBDbe 


d  fcb.  tu 
lo. 

e  fch.i7p 


ADoH-BOq.  likewifeEI==ABq-NQWiAUi^v-    t 
^  Abqr=  ACq  ^  BCq==Ea.  therefore  feeiiigEI  ^  W^ 
=  ABq,  a  alfo  GK  ffii^ll  be  =  z  ACB.  iporeoyer  c  ^1^  lo. 
ACqandBCqt are wHEL-^  therefqre  EP {AC^^ ^p^^ 
:^  CBq)  is  >a.  d  thereFoie  the  breadth  EH  js  p  |  W-  , 
^«EF.  e  Further,  tlie  reftangle  aC?  /and  fo  V^4- »^ 
a  ACB  (KG)  is  ixp.  d  therefor!  KH  is  ijlfo  B,  ^^^^^'^  *^  ' 
EF.laftly,becaufc  ACq-HBCq(EG)^  -D-  i ACB  lo- 
i'lrrsx  ^Ja  vn  vn  7»..  FH    TCH.    t  theretore"  '••• 


2^9  32^  tinth  Book  if 

alfo  fhall  KM  ^  congruent  to  the  UijdEK'Vbic^ 
is  repugnant  to  the  ^.  Wfc^.  of  ttii^BooK         '  '  '' 


PROP* 


^^#^1 


#« 

■       ^ To  a  Minor  line  AB  onlj 

Jlk     B       PC    one  right  line  BC  ion  te  ic^' 
,  4d  h^ng  incommenfurdU  iJr 

power  to  the  whole  ;  and  making  togcthep  w^i  ijtg 
whole  line  that  which  is  compo/edof  thiir  fyiioret 
rational,  and  the  reSangle  which  is  eontafn^f  under 
then  medidk 

^  Conceive  any  other  BO  to  be  congruent  to 

n :  therefoK  whereas  ACq  -f  BCq,  «nd  ADa-i- 

a  hyp.       DBq  a  are /*,  their  exceK(i  I  ACB-i  z  AI»> 

i)  Im.  y/.c  is  pV,  iP7wA  is  alfurii  beca^ufc  ACB  and  APjB 

«>.  arc  (:«6  by  the  Hyp. 

5^-^ ,  PR o  e.  Ljxsiv. 

a  27*  10. 


•m 


l7ii/o  tf  line  (JB)  m 


A      B       P      C    TVith  a  rational  Jpaci  a  .^.^^ 

km  ec^an  he  joined,  tei^incmmenfmahle  inp^er 
to  the  whok,  and  making  t(g4tktr  witi.$Hi^ 
that  which  u  compofedxof  thw  fquares  mbiM^ 
stnd  the  reSar^k  winch  is  contained  under  them 
ratvmai.  -  ;  ^ 

a  hf.  ^S^PPofe  Tome  other  tD  to  be  congruent  aUb 
b /».  i2.J^'4^*«»*^^^*ngJ€s  ACB,a|)B.  iand 
11  ^°  *  ^^o^^  I  ^^  »^«  p**.^^th«efore  i  ACB 

cfcii,  rar*  A^».i^^*^/s,  ACq^BCd-tADgH-BIM 
«.  79.J  ,s  ^  J«  „  ahfurd:  Uct  A^q  i^  BCq,  aol 
<lM27,-^^«  +  2^««A«ibytheH^p;  - 


?&01$ 


/ 


.( 


»4? 


PROP.  Ljqtxv. 

^fifi/i^  j'  meij^/r/  /pace 
makes  a  vholc  jpai$ 
meiidl^can  lis  joinif, 
only  ope  tfgh  line  JBC^ 
incommefipir/rHi      Hi 
fover  to  the  wMe^arA 
maldttp' tPttb  the  vhole ' 
ikftb  tm  which  iicom^ 
fofedof  their  /huarek 
TttedicdyflpdtJ^Yeaar^li 
mtUh  i contain^  vniet  tJxp'meiitfiafdini^omm^rf^  . 
foraWto  that  j^ehii  eotnfofedoftbeiffptaltet.   ' 
Thofe  things  being  fupt)ofed  which  are  donfe 
and  ihewn  in  tne  8i.^  Prop,  of  this  Book ;  it  i^ 
dear  that  EH  and  KH  arc  §  *tl  J^F.  Bcfid^ 
being  that  AOq-4'CBq,  that  ik  the  reftangle  £^ 
ilr  13 ^  ACB.  I  and  fo  EG  'xL  z  ACB  (KG Oa  i^ 
^tfl  ?d.RGf  .-rEH-Kft :  ftall  EH  l)fe  TL  Kffb  i^^ioJ 
therefore  EK'is  a  refidual  line,  and  the  line  con-  c  !•  6*  ^ 
gnieiit  to  it  is  KH.  In  like  manner  vnxf  KM 
Se  ihewn  to  be  congruent  to  the  faid  tefidnaA 
IS^  againft  the  8^.  Prop,  of  this  Book^ 

Tiird  D^rfitvms^ 
Rational  liiie  and!  ^i  refidual  being  prd« 
_  poinded,  if  X\a  ivfaole  be  ihore  ill  pQw|r 
ati  the  line  joined  tp  the  refidual^  bf  tile 
f^are  Of  a  right  lioi^  cO^Uiieiifutable  unto  4t 
&i  kngch  4  th^ 

L  uthe  whole  be  cbnuheiffutable  inlengtfi 
to  the  rational  line  pic^ounded,  it  U  called  a 
firft  refidual  line* 

II.  Btit  if  the  line  adjoined  be  coamiQofurabte 
i^  length  to  the  rttional  line  prom>vnded^  it  ia 
called  i  fecond  reJGduai  line.  - 

'  III.  if  neither  the  whole  nor  theline  adjoined 
It  toaaonenfunible  in  length  tolrhe  I'attonal  lij^^' 
pii^FQMndedy  it  U  called  a  Otaxi  lefidual  line.' 

#  r  Hore^ 


Tit  faat  BmI  of 

MoKOTCTi  if  the-wholebeinmorepowertlu* 

the  line  idjoiocd  I^  thoC^uaie  of  a  ligltf 

T      lioe  incommenrurablc  to  it  in  length,  tlifn 

IV.  If  ti)»  whole  be  conunenruntble  in  teng^ 
to  the  latipnal  lioe  propounded,  it  is  e»U^  i 
feuitb  lefidual  line. 

V.  But  if  the  line  adjoined  bg  pomnimfuntUe 
in  length  to  the  ratippMll  UiW  ]?ropounded,  it  is 
*  fifth  refidual, 

VI.  If  neither  the  whole  bof  the  line  adjoined 
1)e  conunenfurable  in  length  to  the  tational  line 
piopovnded,  it  is  teimeda  fixth  relidual  Une> - 

PROP,  LXXXVI,  87,  88,  89,  50,  91. 

A».4C.««.S£       To  ^out  apfJttmd^hiri, 
P — fourth,  fiftbf  and  fixtb  re^al 

Relidual  lines  are  found  out 
H  -  -  O  byfubduaing  the  lefs  namei, 
01  parts  of  binomials  Irora 
the  greater,  tx.gr.  "Lett  -*■  ^  zohta.  fiift  bi- 
oom.  then  fliall  tf  —  ^  zo  be  a  firil  refiduU.  E^ 
that  it  is  not  neceffary  to  repeat  more  .^oWiexa-. 
ing  the  Boding  of  them  out 
Litmvta. 


K^  m    FCSl 


Let  AC  he  a  reSav^  em^ 
tained  under  tht  rig&    lines  ~ 
JB,  AD.  Let  AD  be  drawn 
forth  to  E,  and  DB.  tqualh 
divided  in  F,    and  let  tit  rtS* 
nvgle  AGE  he  =  FEq,    end 
y-l  \  tin  uSawlu  4IJBKM,  i4- 
^^^ed-  TBen'Ut  tlefyvareLM 
P^AMliemaie.andtbefguart   ' 
Qm=:GIi  (indtbelinetNSR, 
OSTf  frodttced. 

I  fay  I.  the  reflangle  Al 
=  LM  -r  NO  =  TOq  ^ 
SOq.  which  appears  by  thf 


i»rw 


**^¥0^. 


EUCLIDE'f  Etmrnts.  mfi 

t.  The  teSofigU  J)K -=:  LG.  For  bccauTc  the 
veftanele  AGE  a  -^  FEq-  h  thwx  are  AG,  FE,a  conjlr. 
GE,  -Hrandfo  AH,FI,Qlfr,  rfthatis,  LM,FI,b  17.6. 
NO 4};  but LM,  LO,NO  4  aw-H,  (herefgrec  1.6. 
n  =  «  LO  /  -  DK  =r  ^  NM-  '-  d/ri&.5X/F, 

-K^=ri?.  J {^6.t. 


A.  hit  is  mmfefi thatS>P, FB,  P£,  are-tx.    g  45. 1. 
J.IfJE'^  DE,  and  ^J?  TX  V  ^%-DJSf  ,h  16. 10. 


J^  /i5f »  j»/iS  JG^  GE,  JEie-n.  k  i8.  ani 

'  is;  udftf^,  fetftftt/^  JE  I  Tx  D£,  91  tbence  fiattio.  10. 
ifj?,  rafc  TL.  » ii»J/a -iT,  FJ,  that  is^  LM'[  I  byf. 
JfQ  anitX>  arp^'xx.  0113.  lew 

7.  iJe^tfijf^  -rfG  *  "TCL  G-B,  nJbaU  AH,  GI,  that  ni.6.ani 
iSfLJlf^mteTL.  ■         .      .    ^0'^P-  . 

8.  ^«^  peeauf^  JE  I'tl  DE,  c  ther^or^  fiatt*  leforc 
WE,  GE  he  ^,  n  dftdfo  the  reBangU  ^FI  Tl  G/,q  14.  !#. 
that  u,  IX)  Tl  tfO.  wherefore  feeing  LO.NOf  ::p  r.6. 
fS.  SO.  q  therefore fiaUTSy  SO  f«  "xl.  q  10.  la  - 
^  ©•  //i<£  le  pif-CL.  ^/  JEj  -  DjBj,  r  thentisi.io^ 
paM^VB,  JEfeTL.  ij.  10. 

10.  /  Wherefore  thet^angks  Jff^  QI9  that  w,f  i.  6.  ani 
:fOf^  SOf  fiaUiff  n^L.      ~  10.  la 


VROf. 


sy« 


fit  tenth  BeifJk  if 

?Rop.  xcn. 


*^    , 
□  u.  u. 

c  lo.  lo; 

dim.  SI. 

CO. 


[    ff  a  Ipaee  JC  U  eanfm^ 
ujidtr  a  national  line  jfg,  and 
a  prjl  rtfidual  Hv  JJ)  tjs 
~  DE)   the  right    ImeTS, 
which  tojuaim  the  fMce  JCm 
pwer,  it  a  ttfidualline. 
i    Vie  the  foregoing  lemrn/i 
f  foi  a  iseparatory  to  tbe  de- 
monftration  of   this    Prtw 
jTberefore   TS  ^  V  AC 
AiroAG.GE,A]fewc-n.j 
therefore  fince  AE  tr  3  AB 
p.  h  aUb  AQ  ai^d  GE  IhaU 
-be  ti.  AB.   c  therefore  the 
•    -r-r.       .  ««  *rea>nglc8  AH  ud  GI,  ttmt 
o.  w,  TOq  tnd  SO<i  are  ;«.    i  LUtewifc  TO,  SO, 

74.  to.  MC  |J  ~p..  e  and  Conrequently  JCS  ia  »  icnduu 
line,    m^b  mat  to  be  iem,  ■  ^^ 

PROP.    XCIU. 

Set  the  ptceiing  Scheme. 

■  F  'fp^"  -*C  he  eotaaitud  utijer  a  ratmallin* 
AS  and  afecojid  nfiiual  AD  {AE  -  DE)  the 
right  line  TS,  contamine  the  [baffe  JC  in  potter. 
u  a  Srjl  medial  fefiiuai line.      ■■■    •  ' 

Again,  by  the  foregoing  I.<mwrf,  AG,  GE, 
f  "/i"  AE  Me  TL.  theretbre  a  lince  AE'is  i  "Ti.  AB, 
b  ij.io.  ialfo  AG.QE,  ihall  be^  Tl  AB.  JthcKforc 
c  M.10.  the  reciangles  AH.QI,  ihatis,XO«i  SOq  are  w 
d  Urn.  j^d  likewile  TO  "g.  SO.  Laftly,  iMcaufe  OE  « 
'•:  tp.  ABJ,  /the  right  angle  DI,  and'the  half 

e  W-  thereof  DK  or  LO,  that  is,  TOS  ihall  be  Lv.  g 
t  K.  16.  ftom  whence  it  follows  that  TS  (v'  AC)  is  » 
%  IS- 10.  firft  medial  lefidmJ.   WMti  vai  to  bt  iem. 


xhff. 


PROP.   XCIV^ 
See  Scheme  6i. 

* 

' .  if.aipac0  JC U etmtainffl  unAf  a^taimal  Ihm 
'M  anid  Wni  rtjuhtal  JD  {M  *-  AE)  tU  righk 
Me  T8  containifig  in  fower  tbe  ffaci^  AC  is  a  flh        ' 
coni  mediai  refidual  linei 

As  ittthe  foiTiifer,  TO  and  SO  s*e  w.  Ther^ 
fttcbecaufcDE^is/^.AB,   1^  the  reftanal^  a  i5f». 
m,  rand  fo  DK,  or  TOS,  fhaU  be  fj^v.  d  time-  b  ii.  la^ 
mt  TS  =  V  AC  is  a  fecbnd  medial  refidual,  c  14.  lo- 
Wmckii^jto^lc  imi  *  d  76. 10; 

PKOP.   XCV. 

.  Sec  SeVmt^t:, 

If'cffpHt  JC  h  contained  under  a  rational  Ut^ 
JB  and  a  fcfurth  refidual  AD  (AE^DE)  tie  rfgbf- 
fine  TS  containing  tbe  /£ace  AC  in  power f*  ua 
Minor  line. 

^  As  before,  tbaTy  60.  Theiefoie  becaufc  a  tem.  §u 
AEh  is  f  -XL  AB,  c  ffiall  AI  (TOq  n^SOq)  be  10. 
1^.  but,  aa  before,  the  reaangte  TOS  is  uv.  dbbtp. 
tfcwefore  T8  =  V  AC  is  i  afinor  line.    Vbieb  c  lo.  i«: 
JM J 1^  te  defnt*  'd  77.  to* 


•  ♦ ' 


PKOp.  s!cv;i. 

Ifahdee  AChe  contain^  nnht  a  f&ti(mallm 

Manda^thrcJiduMiAD  \AE---DE}  th  rigb^ 

Ivne  IS  cmta%mng  in, power  the  /pace  AC.  ud 

\  me  which  makes  with  a  rational  /pace  the  wholl 

fpacetkediaU 

For jgain T0 1^ SO.  therefore Ciice AEaht  m 
I  *XL  A&,  h  alfo  AI,  that  is^  TOq-fgOq,  fhall  b  z%.  .^ 
be  ^v.  But,  as  in  the  53^.  the  reftangic  TOS  is^,f.  c  7*,  to. 
c  whence  TS  =  V  AC  is  a  line  wMch  with% 
Itokes  z  whole  j^r*    Jfl)ich  was  to  *r  denu 

.PROP; 


to. 


s 


P  ft  O  P.   XCVIL 


"  -  ffaU  AC  hi  ctrntainti 
I  ratimal  lint  JB,  ant 
teJiAtal  Ati  UE-r 
he  right  line  TS  eoft- 
j»  power  the  fiace  AC, 
ne  makii^  mtb  a  Kt-, 


|teii  above,   TO  *g. 

.0,  as  in  96.  TOq  +■ 

fir.  but  t&e  lefhwsle 

ft  tn*.  91.  :  ffyii  in  94.  dLaftlT, 

f.  /SOq  TX    TOS.    » 

b7$Ma  le  TS  =  ^  AC  is, 

■i  ItrWe  fi^    Wiieh  wai  to  h  iem.] 

';.  and  &r  QL.he 
nJS,  avathelme 
nparaUeitoGF. 
I.  The  reffangld ' 
dCg-i-BCf.  ai  the 
in  manif^i,  .  . 
«a»!/^.  irMK.  ForDK 

b  7. 2,      a  =  ACq  ■*  BCq  i  =  i  ACB  -»•  ABq.  but  ABq 
c  I.  tue.  I.  a  •=  DF.  therefore  CiK  c  —  1 ACB.   and  i  con- 
d 7.  dx.  i.fequcntly  GN  or  MK  =  ACB. 
«!.«.  3.  i'fo  ^*i^aw/e  DIL  —  MLq,    Fpt  bri»ufo 

'  J7.  &     ACq.  ACB  e ;;  ACB.  BCq,  that  is,  DH,  MK  .V 
'  MK.IK.  «theiiceisDl.ML.vjtfl..IL./th«e- 

Satt  nii^— MTyj 

4.V 


4.  IfjK!  hetokgn  -q- M,  thtn  DKfiai  he  ta, 
JCq.  For  ACq  -*•  BCq  (EOO  ^  TO.  ACq.  g  i«.  Ub 

sMkemfe  DLna.  V  I)I-g-QLq-  Foibectufc 
DB  (ACq)  nx  IK  (BCq)  6  thedde  flutU  DI  be  h  10.  la 
nx  iL.  k  therdbre  ^  DLq-^-GLq  XL  DL.      k  iR  ib* 

6.  Jlfo  DL  11  QL.    For  ACq  -J-  BCq  Tl  /I  b».  a& 
i  ACE.  that  is,  DK  TX  OK.  m  therefore  DLia 

*VL  GL.  m  f  o.  tob 

7.  But  if  AC  he  taken  X-  'C,  »  /i(ni  VL  fiMu  19.  tew 
heTX^^DLj-'GLi. 

XCVIIL 

Tie  TftMrre  c/ii  rrjC* 
iuallineJBija-K) 
yplied  to  a  rational  Sn€ 
DBf  makes  the  hteadtb 
DGafirft^p^iling.  ^i^ 

Do  as  is  injoined  in  u  ^  ^ 
the  JUmmtf  next  V^^^q^  ^* 

alfoDK(ACqH^BCq)fludIbc-rLACq.cthcie.aIi  wo. 
foie DKis>.i  wherefore  DL  is i-n-DE.  «e^I'!S 
Likcwife  tfce  reftangle  OK  (2  ACB)  is  f^.  /^JT^ 
therefore  GL  is  p  Tl  DE.  g  and  conrequently  f  v^  *a. 
DLtLQL-*ButDLqTi.GLq.  *  therefore '  ,5,* 
DG  is  a  refidual,  /  and  that  of  the  firft  order  f  rA^V 
(bccaufe  w  AC  TX  BC,  and  theirfore  DL  XL^/ 
^  DLq-GLq-)    r*wi  Wi  tg  he  dm.  ^  i^*     ^^ 

liMfAs^ 

10. 


>*OPf 


FR6P.    XGO, 

,    .  $!c  tiefoSowitig  Sehtme. 

Ttel^reofgfrjtiaeiialre^ittaltint  At  (jq 

r*  SC)  applied, to  a  fatiotial  {^«  OE,  makii  tie 
hrtadih DO  a ficoni refidttal line.  '■'  . 

^^*r^  ■  .anflEC  aSz^n^^y-C^'MX  ftaliPK  (ACq-^ 
k  Um,  97.BCq)  be  -Q-  ACq.  c  whetcfgre  DK  is  ur.  i 
io-  therefore  DL  i>  ^  T3-  DE.  e  aUb  GK  (i  ACB) 

c  24. 10.  jc.jj,,  /  ilietefore  ^CSt-  is  i  ^  DE,  ^  wherefore 
dij.Kx  DL'-cLGL..tButDLqTLGLq.  fc  thertfore 
e /yf.  aniljjQisarefiduaUinc:  and  becaufe  DL  is  ~U-4 
fch.  ii.io.0Lq  T-'Cjtq.  in  therefore  fiiaJlIXl  be  afecdnd 

i 

ic. 

>  74.10.; 

to. 

m  uAf. 

I*  ^ifJ"-  * 

«I.fi,d«i  - ,     ,      —  .   ---       bDKti. 

'^.  to.  QK.  e  wherefore  DL  *u.  QL.  d  but  DLq  tl, 
d  fch  ft.  <jLq.  e  therefdre  DO  is  a  refidual  line,  and  that 
io.  t)f/thethirdorder,f  becauTcDL -Q.  VPM 

,e  74.  K>t   —  dLq.    JPiStf  j&  wfii  to  he  dtm. 


^1   K&iluak    WTiith  i»atto  it ievtt 


7j« 

S  a  mi 

10. 

iS&«.j>7. 


PROP.    CL 

Set  the  foregoii^  Scheme, 
nefyuare  tf  a  Mitar  tine  JS  (,4C—BC)  affie^. 


EC7CL1DF/  ElmSkii:  257 

to  d  rafjonal  line  D£,    makes  the  hreadth  DG  a 
fourth  refiduaL 

As  before,  ACq  -*•  BCq,  that  is,  DK  is  h.  az  it-  ic, 
therefore  DL  is  p  -d.  DE.  but  the  rcftangle  ACBi*  hyp 
and  fo  GK  (2  ACB)  *  is  f^v.  h  wherefore  GL  isb  iT lo.' 
P^na^DE,  c  therefore  DL    "rx.  GL.    ^butcirio 

thence  ftall  DL  be  -ex  V  DLq  -  GLq,  /there-io. 

fore  DG  has  the  conditions  requireci  to  afourthe  Urn.  07. 

refidual.    Wliich  woi  to  he  dtm.  t«. 


,« ««  ^  ^  *  4»def.8<^ 

'  PROP.   CIL  lo; 

&«   ScJ^me   100. 

th/quare  of  a  line  AB  {AC--  BC)  which  makes 
with  a  iationalfiace  the  whole  f^ ace  medial^  applied 
to  a  rational  line  DE^  makes  the  hreadth  DG  a  fifth 
refidual  line*  ' 

For,  as  above,  DK  is  ^,^4  a  wherefore  DL  is  p*^  zj.  loi 
^  DE.  alfo  GK  is  py.  ^whence  GL  isp  Tal^  i'.  10. 
DE.  ^therefore  DL  'a.  GL.i^butDLqTxGLq.*^  »5-  ^o* 
^^y^  PL  e  ^  V  DLq.-  GLq.  ^^erefored  M  "• 
DG  /  js  a  fifth  f efidual;    Wlnth  was  to  he  dem.    ^  oi 

e  lem.  p;; 
PROP.    CUL  10. 

f  $.def.8s. 
See  the  Itift  Scheme.  .     loi 

.  The  fqiiare  of  a  line  AB  (ACS'C)  makingmt% 
a  medial  f^ace  the  whole  ff  ace  medial^  Applied  to  a    ' 
rational  line  D£,  makes  the  breadth  DG  dfixth  fe^ 
fidual  line* 

^  As  above  DK  and  GK  are  ^  5   a  wherefore  *  2^  ioj  . 
DL  and  GL  are  ^  Ti-  DE.  allb  DK  ^  -XJ-  GK;  ^  hyp.  and 
'c  whence  DL  "tL  GL,  <f  therefore  \^Q.  is  a  re-^^"*- $>7.io# 
fidual.  i  And  whereas  ACq  "dl  B^.  and  fo  DL  ^  10.  lo. 
Ja-  V  PLq  —  GLq,  e  therefore  DG  Ihall  be  a  ^  74- 10. 
fixth  refidualt    Winch  was  t0  he  dem.     '  e  <SjgfSs^ 

104 


s 


;^;S  Tie  tenth  Bgpk  of 

PROP.    CIV. 

Jim,    ■  ^^1       .    O       J  fight  line  DE  corn* 
•B  menfurahle  in   length  to  a 

D"'.  1 F         re[\dual  JB  {AC  —  BC)  is 

E  '  it  felf  alfo  a  tefidual^  and 

of  the  fame  order. 

'  Lemma. 

Let  AB.  DE ::  AC.  DF.  and  AB  TX.  DE. 

I  fay  AC  -I-  BC  -n.  DF  -+  EF.  For  AC.  BC 

a  ::  DF.  EF,  therefore  by  addition  AC  -h  ^C. 

. .    BC ;:  DF  h-  EF.  FE,  therefore  by  inverfion  AC 

1  kitu  66.  ^  BC.  DF  -1-  EF  ::  BC.  EF.  a  but  BC  -cl  EF. 

lo-  *  therdfoie  AC  -1-  BC  TX  DF  -j-  EF.     Vlicb 

b  10.10.  voi  to  U  dtiii. 

a  12. 6.  a  Make  AB.  DE  ::  AC.  DF.  h  therefore  AC-h 
b  /m.ioB.BC  -n.  DF  -«-  EF.  therefore  feeing  AC-1-  BC  e 
i^*  is  a  binoihial,  d  DF  -|-  EF  ftall  be  a  binomial 

5  -k^h  too,  anJ  of  the  fame  cider,  e  wherefore  DF  — 
d  67. 10-  EF  is  a  refidual  of  the  fame  order  with  AC  -J 
^  h   ^^f^BC.    irhich  was  to  he  dem. 

85.  lOi 

PROP.    CV^ 

« 

A      ,  B        C        J  right  line  HE  comiHenfu^ 

■ '  ■'  ■■— I-*-- rahle  To  a  medial  iefidual   lint 

|..i.^--       M   CJC^BC)  is  it  felf  a 

D  '.   E       F  -    medial  refidual^  and  of  the  fame 

order. 
t  fZi&      ,  Again  a  inalce  AB.  DE  ::  AC*  DF.  h  ^/^hence 
b/ew.  103:  AC  >-H  BC  Ti.  DF  -^  EF.  c  therefore  DF  h-  EF 
io» '         is  a  bimedial  of  the  fame  cfrder  with  ACh-BC,^ 
t  68i  10.  d  and  confequently  DF  —  EF  fhall  be  a  medial'* 
d  75.  ««</ refidual  of  the  fame  order  withAC-^.BC.  Wliich 
74.  ic»    ,  wot  to  it  demonftratedi 

PRQPi 


BUCLID&f  EUmht^ 


m 


A 


D 


^ROP.    CVI. 

fe  C    .    J  right  line  Bis  contikn^ 

I  -  furahle  to  n  'M^nor  line  At 

\ —  {AC"  £C)  U ^it/elfa^o'a 

E         ¥  Minor  Una.  I  • 


Make  AB:  DE::  AC.  DF.A^htn  is  AC^BC*  lem.iOi: 
.  JL  DF-f  EF.  But  AC  -*.  BC  ^  is^  Major  lin^  ; » o-      - 
c  therefore  DF-h  EF  is  alfo  ajiistjbr  line  5  rf  and  '^  '^* 
confequently  DF  -^  EF  is  a  Minor  line.    Whicb^  ^9-.  «o. 
ipjj/o  *^i/^»i;  d77«  to. 


'I  >F' 


$ 


PRO?.    CVU. 

C         Aright  tine  i>E commenfu'* 
~"      rahletoaline  AB  {AC-^SC)  \ 
which  makes  with    d  rational 


i  -&    x"         fface  the  whole  J  face  vudial, ' 

If  itfelf  Mf9  a  line  niakir^  with  a  rational  fpaee 

the  whole  [fact  medial.     /  -- 

.   For,  accordingly  as  in  the  former,  'we  may 

fliew  DF  -hEF  fo  cpntairi  in  power  h  and  /^ty.  /^^-o  *^* 

whence  DF  —  ^FJs  a  line  making,  &c.  y^  *^* 

PROP,  cvmi 

wT  Be        A  right  line  DE  conimenju^ 

—^ -1  — -    raUe  to  a  line  AB  {AC  ^BC) 

V  ■      "-^ Ic—    )i7/;?irA    with  a  medial /pace 

t)  iE    F    makes  Ihe.whok  f2aee  medial^ 

.  .,  ^  ..    isit  felf  a  line  making  with- 

in meiial  /face  the. vphole  [pace  litediaL 

For  a(;cordirig  to  the  preceding  DB*-i-£F 
Ihall  cojitain  in  power  z  jm«.  4  therefore  DF-r  a  .c^'  .i^ 
IF  Oian  be^^fts,  in  the  Piop*  P'     • 


«^   / 


/  ♦  «. 


7f 


z6o^ 


Tie  tenth  Bo^k  cf 

PROP.    CIX. 

w  ^     ^.  weJitf/    reBani" 
0 1         i     V^^*"  ^    ieivg  taken 

from  a  rational  reB^ 
avgle  A-^B^  theriglf 
line  H  which  contaifif 
in  power  the  ff  ace  re-^ 
niaining  di  is  one  of 
thofi  two    inational 


lO. 

1  P5.I0. 


lines f  viz.  either  a  rejidual  line^  or  a  Minor  lihei 


Upon  CDp  make  the  reftanglcs  CInr  A-^-B, 
a  |.  fliii.  and  Fl:=:R  whence  CE  irr  Arr:fiq.  wherefore 
b  %.  ^«4tiecaure  CI  h  is  oj^.  r  therefore  CK  is  p  tx  CD. 
rowjfr.  but  beiiig  tl  *  is  Air,  d  jfhaU  FK  be  ^  'n.  CD.  r 
c  ir,  10.  whence  CK  tL  FK.  f  therefore  CF  is  a  refidual 

4  2  J- 10.  line;  Wherefore  if  CK  be  ti.  V  CKq  -  FKq, 
c  ij,  to.  ^then  CF  ihall  be  a  firft  refidual,  ^therefore  V 
f  74-  *©•  CE  (H)  is  a  refidual  line.  But  if  CK  'tx  -/ 
g  iJcfAs.  CKq  —  FKq.  k  then  CF  ihall  be  a  fifth  i^eti- 
to,  dual ;  and  cbnfequently  H  (V  CE)  /  Ihall  be  ft 
h  91.  Id.  Minor  line,  Winch  was  to  he  dem  .^ 
'k4»def.Sii 

PROP.    ex. 

See  the'  frtc.  Scheme. 

J  rdtjonal  rcBan^le  B  leing  taken  away  from 

a  medial  re3apgle  J^B,  other  two  irrational  lines 

are  madCf  namely  either  a  firft  medial  refidual  line^ 

a  ;j  dx.  I.  or  a  liHe  making  with  a^  rational  fpace  the  whdc 

D  hmandfface  mediah 

tokfir,  ^        Upon  CD  the  propounded  p  make  the  teftan-, 
c  25.  la   gles  CI^A-^B,  and  B'l— B,  a  whence  CEzr  A 
d  zu  lOi  — Hq.  Therefore  becaufe  CI  i  is  up,  c  Ihall  CK 

5  I?,  yoi  be  p  ITL.  CD.  but  bticaufe  FIJ  is  pV,  ithencc  FK 
f  74-  lo.  f  ia.  CD.  e  whencef  CK  ^tx  FK.  /  therefbi-e  CF 
gzJefSs.  is  a  refidual,  g  and  that  a  fecond-  If  CK  'TX 
;w*  V  CKq  --  FKq,  h  then  H  (J  CE)  is  a  firft  me;- 
Ji  93;  10.  dial  rehduah  But  if  CK  nx  </  CKq- FKq.  Ik 
k  s,rfc/.8s.  then  Ihall  CF  bfe  a  fifth  refidual  5  and  /  confe- 
jo.           quently  H  W  CE)  fhall  be  a  line  making  uw 

PROft 


\ 


EUCLIDE'x  Elamntu  S^i 

PROP.  cxr. 

See   the  fame  Scheme. 
.  A  medial ^ace  B  heivg  taken  awayfiovt  a  meiial 
3ace  A-^B^  which  is.  mcommenfutahh  to  the  whole 
A-^B^  the  other  two  ittationai  lines  are  made^  viz.    , 
either  a  fecond  medial  rejidual  lincy  or  it  line  makivg 
msb  a  viediatj^ace  thrwhele^ace  mediaL 

Upon  CD  p  make  the  re^angles  CI^=:  A  ^  B,  a  j,  ax.  t* 
and  FI:;:rB.  a  wherefore  CE=  A=rHq,  Becaufe  b  ij.  io« 
therefore  CI  is  ^y,    h  thence  CK  is  /  ix  CD,  c  i^. 
and  in  like  manner  FK  p  no.  CD.  Likewife  be-  d  xo.  ic* 
caufe  CI  c  "tl.  FI,   d  therefore  CK  "n.  FK,    e  e  74.  ic, 
wherefore CF  is  a  refidual,  /namely  a  third.  lii-iJefAK^ 
CK  TX  V  CKq-FKq,  g  whence  ft  U  CE  fhall  10. 
be  a  fecond  medial  refidual,   but  if  CK  *tl.  V  g  94.  to» 
CKq— FKq  i&  then  Ihall  CF  be  afixth  refidual.  h6.Jf/,8j» 
k  wherefore  A  fhall  be  a  line  making  ^y  with  f^.  10, 
Which  was  to  he  deni.  ]c  97,  lo. 

PROP.    CXII. 
A >>  i  ■  ■ —  4  refidual  line  J  is  not 

D E  the  fame  witb  a   himedial 

Upon  BC  propounded  f 
make  the  rectangle  CDrr: 
Aq.    Therefore  feeing   A  a  98*  la 
is  a  re&dual,  a  BD  ihali  be 

^  fitlli  refidual,  to  whichlet  D£  be  the  line  con .  b  74. 10. 

gment|or  that  may  be  adjoined.  Ir  wherefore  B£,ci.</e/.85. 

Iffi,  are  |  ng^.  c  and  BE  tl.  BC.   If  you  con-  10. 

cu\t  A  to  be  a  binomial,  then  BD  is  a  firft  bin. 

whofc  names  let  be  BF,  FD  ;  and  let  BF  be  c"  d  ^7.  fo. 

FD.  d  therefore  BF,  BD  are  p  -^  ;    and  BF  ^  e  i.def.^S* 

•tL  BC.  therefore  fince  BC  tx  BE  f  fhall  BE  be  lo. 

•*ti-  BF.   g  and  thence  BE  TL  FE^  h  thcrefpre  f  iz.  lo. 

FE  is  p.  Likewife  becaufe  BE  nx'DE,  k  fhall  gcor.i6.io 

F£  be  nuL  DE.    /  wherefore  FD  is  a  refidual^  h  fcb.  iz. 

andXb  FD  is  p*  but  it  wa$  (hewn  ^,  which  are  lo. 

Repugnant.    Thetefotf  A  is  ialfly  conceived  to  k  14.  ro. 

IieaoiagffiiaL   JKbiob  was  to  he  deir^    ,. .  I74*i9f 

''■•    '"   ■     ^%  The 


i..'   ' 


Ji^  tenth  Bool  of 

J1)0  names  of  *Sf   t-;  inat^ofial  line^  ^^fering 
.   one  from  another. 

!•  A  Medial  line.  -   > 

2,  A  binpmial  line  }  of  which  there  are  fi^p 

fpecies. 

3.  A  firft  bimedial  line, 

4,  A  fecond  bimedial.  \  ^  ' 

5.  A  Major  line. 

&  A  line  containing  in  power  a  rational  fu- 
perficies,  and  a  medial  fuperficies. 
.  7.  A  line  containing   iii  poorer  two  medial 
fuperficies, 

8.  A  rehduai  line^of  which  there  are  alio  S  kinds. 

9.  A  firft  medial  refidual  line. 
10;  A  fecond  medial  relidual  line. 

.   ?i.  A  Minor  lifae. 
12.  A  line  making  with  a  rational  fupjBrficics 

the  whole  fuperficies  medial. 
I  J,  A  line  making  with  a  medial  fuppificies 

'  the  whole  fuperficies  medial. 
Being  the  differences  of  Ireadih  do  argue  dlffk^ 
nneesof  right  lines;  whofe  /quarts  are  applied  to 
Jome  rational  line:,  and  it  is  demoriprated  inthcptee. 
^opofitions  that  ilie  hreadths  w^Jch  arife  from  up- 
flying  of  the  fquares  of  thefe  15  lines  do  differ  on0 
from  another^  it  evidently  follows  that  the fe  13  hnes 
do  alfo  differ  otic  from  another*  ^ 

PROP.    CXIIL, 
•te^     in       ^    y^«  fquare  of  a  rjf- 
^     ^      J^tionalline  J appli^  to 

a  iinomial  3C  (BD -^ 
DC)  maUs  the.  treadtb 
EC  a  refidual  line  ^hofe 
Ttamps  jB  Iff  CHy  dri 
emmenfuraile  to  tb$ 
^ms  BD,  DO,  of 

iH  Unmiai  limt  and 


\ 


N 
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in  tie  fame  fro^ortion  {EH.  BD ::  CH.  DC.)  and 
moreover  the  r^ual  line  EC  whkh  is  niadey   is  of 
thejame  orier  with  BC  the  hnomial. 
'    \Jf6n  DC  the  Ids  name  a  make  the  reftanglea  ro»-.i6,(f, 

^DF  =  Aq.  =r  BE.    whence  BC.  CD  h  ::  FC.  CE.  hid.  6. 
therefore  by  divifion,  BD.DC::  FE.  EC.  And 
-whereas  BD  tf  C"  DC,  d  thencie  FE  fhall  beer  c  Zy^f. 
Ea  Take  EG  =:EC,  and.aiake  FG.  GE  ::  EC.d  r4.  ^ 

.  CH.  Then  EH,  and  CH  fhall  be  the  names  of 

.the  refidual  EC,  ^v'hereunto  all  is  agreeable  that 

is  propounded  in  the  Theorem.    For  being  that 

by  addition  FE,  GE  (EC)  -.:  EH.  CH.   therefore e  n.  j, 

FH,EHe::EH.  CH  /::  FE.  EC/::BD.BC,f  Ac/or^r. 

.  wherefore  fince  BD^  t^-  ^^-  ^^  ^^be^ce  fhall  EH  g  hyp. 
be  "g-  CH.  /;  and  FHq  "n.  EHq.  Therefore  be-  h  10.  ro, 
caufc  FHq.  EHq  ;;  FH.  CH.  h  fhall  FH  be  nn,  kcor.zo.'g, 

-CH,  /  and  fo  FC  -xu  CH.  Moreover  CD^  is  f,  1  16. 10. 

-and  DF  (Aq)  g  is  pv»    m  therefore  FC  is  p,  tx  m  zt.  lo. 
CD.  whence  alfo  CH  is  p  nx  CD.  n  therefore  n  fch.  iz, 
EH,  CH  are  f  and  ng. .  as  before,  0  therefore  EC  i  o. 
is  a  refidual  line,  to  which  CH  may  be  joined. o  74. 10^ 
Furthermore  EH.  CH/::  BD.  DC.  and  fo  by 
inverfion  EH- BD  ::  CH.  DC.  whence  becaule 

iCH  /-XL  DC,  p  fhall  EH  be  to.  BD.   But  fup-  p  lo.  10. 
pofeBD  XL.  V  BDq— DCq,^  then  fhall  EH  be  q  15. .10. 
"TLV^Hq— CHq.  Alfo  if  BD  xl  p  propound- r  12.  lOk 
«d,  then  fhall  EH  be  xu  to  the  faiiMi  p.  /  that-f  iJef.A9. 
is,  if  BC  be  a  firft  binomial,  /  EC  fhall  be  a  firft  10.  ^     ^ 
iefidual.  ,In  like  manner,  if  DC  be  to  the  xl  t  iJef3i* 

:propounded  p.  r  then  is  CH  XL  to  the  fame  p.  u  10. 
that  is,  *if  BC  be  a  fecorid  binomial,  x  EC  fliall  u  zMf.^^ 
bea  fecond  refidual;  andif  thisbea  third  binom.io. 
then  that  fhall  be  a  third  refidual,  gfc.    But  'yiyii.def.Z^. 
BD  be  ^XL.  V  BDq  -  DCq,  y  the;i  fhall  EH  be  10. 
'n.  ^  EHq  —  CHq,   therefore  if  BC  be  a  4th,  y  15, 10.  \ 

5th,  or  6th  binomial,  EG  fhall  be  likewife  a  4tb,  \ 

5th  9f  ^tb  refidual,    ^hicb  w^  to  he  dem^ 

1^4  PROP, 


/ 

I 


z6j^ 


The  tenth  ,  Book  of 
PROP.    CXIV. 


Thefyuarc  of  a  ratio* 
nal  line  A  applied  to  a 
fefidml  line  B  C  {BD 
—  CD)  makes  the  hreddtb 
BE  a  hinomial  \  whofe 
names  BEy  GE  are  com- 
mdnfurahle  to  the  names 
BDyBC  of  the^  refidual^ 
line  BCy  and  in  the  fame 
-proportion^  and  moreover^  the  hinomidl  line  which 
is  made  {BE)' is  of  the  fame  order  mth  the  reftdual 
line  (BC.)  '  -^      • 

a  cor. 1 6.6.  a  Make  the  reftangle  DF  :=:  Aq.  and  ?F.  FE 
b  12. 6.  h  ::  EG.  GF.  whence  for  that  DF=Aqi=;CE,  ^ 
.c  14.  6.  therefore  BD.  BC  ;:  BE.  BF,  therefore  by  con-^ 
d  19.  5.  verfion  of  proportion  BD,  CD ::  BE.  FE ::  EG 
e  hyp.  GF  ::  rf  BG,  EG.  but  BD  ^  ^  CD.  /  therefore 
110,10.  EG  *^  Gjg.  therefore  becaufe  BOq.  GEqj?** 
gcor.xo.6.BG.  GF,  h  ihall  BG  be  tx  OF.  fe  and  lb  BG 
10.  to.  Ti^  BF.  moreover  BD  e  is  p,  and  the  reiSanglc 
cor.  16.  Dl?  (Aq)i^  is  pV  /  therefore  BE  is  /  rL  BD:  w 
\  ^JlJ^refore  alfo  BG  is  }  -a,  BD.  n  therefore  BQ, 

1  21.10.  GE  arep  ^.  e  wherefore  BE  is  a  binomial, 
m  12.  lo.Lajftly,  becaufe  BD,  CD::BG.GE.  andinverfe- 
nfch.  12.  ly  BD.  BG ;:  CD.  GE.  and  BD  tx  BG.  p  thence 
10.  fhall  CD  be  nx  GE.  therefore  if  CB  be  a  firit 

o  37. 10.  refidual,  BE  ihall  be  a  firft  binomial,  &c,  as  in  ^ 
P  !©•  10.  the  prec.  therefore,  gff»  T 
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If  a  S^au  JB  he  contained  under  a  refidual  lint 
J€  {CE-^  JE)  and. a  binomial  CB^  whofe  nanus 
CDy  DB  are  cammenfurahU  to  th  names  (pE^JE^  of 
the  refidual  line^  and  in  the  favie  proportion  (CE. 
AE  ::  CD.  DB )  then  the  right  live  F  which  contains 
in  power  that  j^acc  JSy  is  irrational. 

LctGbep,   and  make  the  reftangle  CH  = 
Gq;  ^  then  fliallBH  (HI- IB)  bea  refidual  Jinfc,3^  txr^  lai 
and  HI  ^  HD.  CD  i  'o-  CE,  a  and  Bl^ra.  DB  at  *«>. 
and  MLBI ::  CD-DB  h ::  CE.EA,  therefore  by  in. 
verfipn  HI.  CE ::  BI.  EA.  c  therefore  BH.  AC ::  c  ip,  5. 
HI.  CE::  BLEA.  c  therefore  BH.AC  ;:  HL  CE^rd  12,  iq. 
BI.  EA.  wherefore  fince  dHl  -n.  CE,  e  thence  e  10.  to. 
BHtx  AC.  /therefore  the  reftangle  yC  xlBA.  f  i.  6.  aniji 
But  HC  (Gq)  h  is  py,^  therefore  BA  (Fq)  is  fp :  g  fih  iz^ 
and  confeqvently  F  is  p.  WJ^ich  wot  io^  be  dem.       lo. 
"^        ^      'Cow/// 
Hereby  it  appears  that  a  rational  fuperficies  may 
be  contained  under  two  irrational  right  lines. 

PROP.    CXVL 

^  ^     Of  a  medial  lipe  JB 

are  produced  ir^nite  ina* 
tional  lines  BEy  EF,  &c* 
whereof  none  is  of  the  fame 
kind  with  any  ofthepe^ 
cedent. 

pfOp^;ain4ed  f.  aiMi  AD  a  itftangle 


/" 


^^  Tht  tenth'  Book  of 

contained  under  AG,  AB.  a  therefore  AQ  is  fp^ 
a  few,  }8.  Take  BE  ■=V  AD,  ^  then  ^Eisp,  and  the 
lo.  fame  with  hone  of  the  former.    For  no  fquarc  of 

b  II.  io»  any  of  the  former  being  applied  to  L  makes  the 
breadth  medial.  Let  the  redrangie  DE  be  fini^^ 
ed,  a  then  D£  ihall  be  pp.  and  ^confequently  £F 
(J  DE)  ihall  be  p^  and  not  the  fame  with  any 
of  the  former,  ^r  no  fquare  of  the  former  be- 
ing applied  to  /,  makes  the  breadth  BE.  there-' 
fore,  &iu 

P  R  p  P.    CXVIL 

/  Let  it  ic  required  tofiew  that 
in  fquare  figures  Bi),  the  diameter 
JC  u  incommenfuraUe  in  length 
to  the  fide  AB, 

forACq.  ABq  aixz.  ihiz 

not  Q.  Q.    tf  therefore  AC  *tl 

f  f  •  ^^*     AB.  Which  was  to  he  deni.    This  Theorem  was 

of  great  note  with  the  ancient  Philofophers-^ 

So  that  he  that  undeiftood  it  not  was  efteemed 

hyPb^oundefeiviDg  the  name  of  a  Man,  but 

.  ^aither  to  be  reckoned  among  Bifutes* 


W  P 
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pefinitlims. 

Solid  is   that  which  h»th  kpgtlj, 
breadth,  and  thicknefs. 

II.  The  term,  or  extreme  of  a  folid 
is  a  Superficies. 


Ill,  A  right  line 
AB  is  perpendiculax 
Xo  a  PI  arte  CD,  when 
it  makes  right  angles 
ABD,  ABE,  ABF, 
with  all  the  r^ht 
lines  BD,  BE,  BF^ 
that  touch  it,  and 
are  draWn  in  tke 
faid  Plane. 


IV.  A  Planer  ABy 
is  perpendicular  to  e. 
Plane  CD,  when  the 
light  lines  FO,  HK, 
drawn  in  one  Plane 
AB  to  the  line  oi 
common  feftion  o£; 
the  two  Planes  £B, 
and.  making  Vight  anp- 
-^  glcs  therewith  ,  da 
Ifo  fflikciigltt  ^glcs  l^ltb  the  gtbcrflaaf 


i4^ 


{ 


/ 
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V.  The  inclination 

of  a  right  lint  AB  to  a 

Plane  CD,   i^  when  a 

perpendicular  AE    is 

drawn'  from    A   the 

higheft  point  of  that 

line  AB  to  the  plane 

^   CD,  and  another  line 

X>  EB    drawn   from  tht 

point  E,    which  the  perpeiidicular  AE  makes 

.in  the  Plane  CD,    to  the  end  B  of  the  faid 

line  AB  wjiich  is  in  the  fame  Plane,'  whereby 

the  angle  is  acute  ABE  which  is  contained 

under  tne  iniifting  line  AB,  iind  the  liqe  drawa 

in  the  plane  EB. 

VI.    The  inclina- 
tion of  a  Plane  AB, 
to  a  Plane  CD,  is  an 
acute  angle '  F  H  G 
contained  under  the 
right  lines  EH,  qH, 
.which  being  draw^i 
*^  in  eitherof  the  Planes 
AB,  ClXto  the  fame  point  Ji  of  the  'common 
feftion  BE,  make  right  angles  FHB,GHB,  with 
the  common  feftion  BE.  ^ 

VII.  Tlanes  are  faid  to  be  inclined  to  other 
.Planes  in  the  fame  manner,  when  the  faid  angles 
of  inclination  are  equal  one  to  another. 

VIII.  Parallel  Planes  are  tKofc  whiCli' being 
prolonged  never  meet.         ^  .      . 

IX.  Like  folid  figures  aife  fuch  as  are  cpntain- 
ed  under  like  Planes  equal  in  number,'     '         v 

X.  Equal  and  like  (olid  figures  are  fufh  as 
Alt  contained  under  like  planes  equil  both  in 
multitude  and  magnitude.; , 

XL  A  folid  anglfe  is  tlie  inclination  of  more 
than  two  right  lines  whicli  touch  one  another; 
90d  are  not  in  the  fame  fuperficies,  ^    ^ 


4 
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Or  thvs'^ 

A  folid  aiigle  is  that  which  is  contained  tinder 
more  than  two  plane  angles  not  being  in  the  fame 
fuperficies,  but  confiftmg  all  at  one  point. 

XIL  A  Pyramide  is  a  Iblid  figure  comprehend-* 
ed  under  divers  planes  fet  upon  one  plane, 
(which  is  the  bale  of  fhe  Pyramide)  and  ga- 
thered together  to  one  point. 

XIII.  A  Prifme  is  a  folid  figure  contained 
under  planes,  whereof  the  two  oppoiite  arft 
^qual,  like,  and  parallel ,  but  the  others  are 
parallelograms. 

XIV.  A  Spheire  is  a  folid  figure  made  when 
the  diameter  of  a  circle  abiding. unmoved,  the 
(emicircle  is  tiirned  round  about,  till  it  letura 
to  the  fame  place  from  whence  it  began  to  be 

moved. 

CoroU. 
Hence,  ^Ul  the  rayes  drawn  from  the  center 
to  the  fuperficies  ef  a  fphere,  are  equal  anoongft 
themfelves. 

XV.  The  Axis  of  a  fjphere,  is  that  fixed  right 
line,  aboiit  which  the  femidrck  is  moved* 

XVI.  The  Center  of  a  fphere,  is  the  fame 
foitit  with  that  of  tlie  femidrcle. 

XVII.  The  Diameter  of  a  fphere,  is  a  right 
line  drawti  thro'  the  center,  and  terminated  oQ        ^ 
tithet  fide  in  the  fuperficies  of  the  fphere. 

XVIII.  A  Cone  is  a  figure  made,  when  one 
fide  of  a  reillangled  triangle  (viz„  one  of  thofe 
that  contain  the  right  angle)rqTtaining  Qxed,tbe 
triahgle  is  turned  round  about  till  it  return  to 
the  place  from  whence  it  fir  ft  moved.  And  if  the 
fixed  right  line  hh  equal  to  the  other  which  con« 
t^insthe  right  ^ngle,  tht:n  the  Cone  isa  re£huu 
gled  Cone :  but  if  it  be  leis,  it  is  an  obtufe-angled 
Corte ;  if  greater  an  acute-angled  Cone. 

XIX.  The  Axis  of  a  Cone  is  that  fix'd  line 
kbgut  vrhieh  the  triangle  is  moved* 

XX,  Th* 


jy^  Tie  eie^enth  Book  of 

XX.,  The  BaCe  of  a  Cone  is  the  circle,  which 
is  defctibed  by  the  right- line  moved'  about. 

XXI.  A  Cylinder  is  a  figure  made  by  the  mo* 
ting  round  of  a  right-angled  parallelogram,  on^ 
of  the  fides  thereof,  (namely  which  contain  th<! 
light  angle)  abiding  fixM,  till  the  parailelo- 
granvbe  turned  abbutto  the  fame  place,  where, 
it  began  to  move.  ^  , 

XXII.  The  Axis  bf  a  Cylinder  is  that  quiefcent 
right  line,  aboiit  which  the  parallelogr.  is  turned, 

XXIH.  And  the  Bafes  of  a  Cylinder  are  thi 
tircles  which  are  defcribed  by  the  two  oppofitd 
fides  in  their  motion. 

XXIV.  Like  Cones  and  Cylinders,  are  they^ 
both  whofe  Axes  and  Diameters  of  their  Bafts 
»re  proportional.     '     '    -         ^ 

XXV.  A  Cube  is  a  folid  figure  contained  un- 
der fi*  equal  fquares.    •  . 

XXVL  A  Tetraedron  Is  a  folid  figure  contain- 
ed tinder  four  equal  and:  equilateral  triangles. 

XXyil.  An  Oftaedron  is  afolid  figure  contain^* 
edi  under  eight  6qual  and  equilateral  triangles. 

XXVIII.  A  Dodecaedron  is  a  folid  figure  cbn- 
faitred  tmder  twelve  equal,  equilateral  and  eqifi- 
angular  Pentagbnes.      ^ 

S3CIX.  Ah  Icofaedton  is  a  folid  figure  contain^ 
ed  under  twenty  equal  and  equilateral  triangles, 

XXX.  A  Parallelepipedon  is   a  Tolid  figurd 
coritained  under  fix  quadrilateral  fig\ires,'v^here6f 
tlxbU  -vtrhich  are  oppofite  are  parallel.^ 
'  XXXI.  A  folid  figure  is  faid  to  be  infcribed 

in  af  folid  figure,  when  all  the  angles  of  the  figure 
infefibed  are  cbniprehcnded  either  within  the 
'  angled,  or  in  the  fides,  or  in  the  plaiies  of  the 

%iire  wherein'  it  is  ihfcfibed.  . 
^  XXXII.  Likewife  a  folid  figure  is  then  faid 
io  be  circumfctibed  ^bout  a  folid  figure,  when 
ifiither  the  angles,  or  fides,  or  planes  of  the  ^irr- 
€>':jifcribed  figure  touch  »U  the  angles  of  th^  fi^ 
lure  which  ix  iitXiitxt^ 
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PROP.   I. 

.A      . 
JjL  One  part  JO  of  a  rigbt  Rnt 

S>        /°        cannot  he  in  jl  flane  fupefficiesm 
a/       /    I       and  another  fart  Co  clevatei  . 
'^       C    /^     upward. 

^^- 'S  Produce  AC  in  the  plane  di- 

feftlytoF.  If  you  conceive  CB  to  be  drawn 
ftrait  from  AC,then  two  right  Hues  AB,  AF,  have 
one  common  fegment  AC.  a  Jflnch  is  impoJiHe.     a  t6»a*.t^ 

'  PROP.    II. 

If  two  right  lints  JB.CDi 
cut  one  another^  they  dre  iit 
the  favie  plane  :    And  every 
^<^Ef\  _  triangle  DEB  is  in  one  ani* 

A,  O  the  fame  plane. 

For  imagine  EFG,  part  of  the  triangle  DEBi 
kobe  in  one  plane,  and  the  part  FDG6  to  be  in 
another,  then  EF  part  of  the  right  line  ED  Ji 
in  aplane,  and  the  other  part  elevated  upwards^ 
^  JThich  is  ahfurd.  Therefore  the  triangle  EDS  a.  i.  iri 
h  in  one  and  the  fame  plane ;  and  fo  alfo  are 
the  right  lines  ED,  EB ;  j  wherefore  the  whole 
lines  AB,  DC,  are  in  one  plane.  JHnch  wai^ 
io  hedemoiiftfated* 

PROP.  m. 

*  If  two  planes  AB^  CD,  cut 
one  the  other^  their  common 
^  feBion  EF  is  a  right  line* 
\j^  If  EF  the  common  fedion 
be  not  a  right  line,  0  then 
in  the  plane  AB  draw  the  right  line  EGF,  a  ^d  a  t.fofi.u 
in  the  plane  CD  draw  the  right  line  £HF« 
therefore  two  right  lines  EGF^  hUF,  include  a 
fupeificies.   i  Which  is  ahfUrif  bi4ur^a« 

-  PROP,  ' 


I 
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If  a  right  line  EF  he  at  right 
aiigUi  ert&td  vfon  two  Imif 
AB,CD,  cutting  one  the  oiheri 
at  the  common  ftSion  E  ;  it 
fiali  alfo  he  at  right  anglet  to 
the  plane  JiCBD  drawn  by  tht 
faiilimt. 

Take  EA,  EC,  EB,  ED, 

equil  one  lo  the  other,  and 

3pin  the  right  lines  AC,  CB,  BD.  AD,   draw 

any  right  Dne  GH  thro' E,   and  join  Fa,  f<?, 

i  ewj/Ir.  ■  jt>,  FB,  FG.  FH.  Becaufe  AE  Is  a  =  EB,  and 

b  IS-  I-     DE  4  =  EC,  and  the  angle  AED  h  =  CEB.  e 

.c  4- 1'       therefore  AD  is  ■=.-  CB,   c  and  likewife  AC  — 

d/cfc.j+i.  DB.  d  therefore  AD  is  parallel  to  CB,   d  and 

ez9.i.     ACtpDB.  e  wherefore  the  angle  GAErrEBH, 

fconfir.     and  the  angle  AGE^EHfi.  Butalfo  AE/=EB. 

SWS.  I.  g  therefore  OErcEH,  g  and  AG=BH.  whence 
4- 1-  by  reafon  of  th^  tight  angles,  by  the  hyp.  and 
fo  eqnali  at  E,  h  the  bafes  FA,  FC,  FB,  FD,  are 
equal.    Thereiore  the  triangles  ADF,  FBC,  ar? 

k8-  u  cQuilateial  one  to  another,  fe  and  thence  the  an- 
gle DAF—BCF.Theretore  in  the  triangles  AGF, 

1  A-  !•  FBH,  the  fides  FG,  FH  /  are  egual ;  and  fo  by 
confecjuence  the  triangle  FEG  and  PEH  are 

"     }'e    ™u""lly  equilateral,    m  therefore  the   angles 

mo^ef.r.FEG.FEH  are  equal,  and  wfd  right  angies: 
In  like  manner,  FE  make^right  ang^swith  all. 

b;>^.ir.tbe  lines  drawn  thro' E  in  the  plane  ADBC,  a 
uid  is  therefore  perpendicular  to  the  faid  plan&i 
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P  R  O  P.   V- 

If  a  right  line  JB  he  ere5ei 
ferpendicular  to  thee  right  lines 
jdy  ADy  tmtching  one  the  oJher 
at  the  cortimonfeSion^thofe  thee 
lines  are  intbejameplane^ 

For  AC,  AD,  a  are  in  one  a  z,  IT« 
plane  FC ;  ^  and  AO,A£,  are 
in  one  plane  BE.   which  if  you  conceive  to  be 
.feveral  planes,   then  let  their  interfe<Aion  ^  beb  j.it« 
the  right  line  AG  ;   therefore  becaufe  BA  by 
the  Hypoth.  is  perpendicular  to  the  ri^ht  lines 
AC,  AD.  c  and  fo  to  the  plane  FC,  d  it  is  alfoc  4*  i^. 
perpendicular  to  the  right  line  AQ.  therefore  d3«<^</«i<< 
{fince  a  that  AB  is  in  the  fame  plane  with  AC, 
A£)  the  angles  BAG^  BA£,  are  right  angles, 
and  confequently  equal,  the  part  and  the  whole. 
Which  is  ahfurd. 

,     PROP.    VI. 

If  two  right  lifies  JB^  DC^  ie 
treated  perpendicular  to  one  and 
the  fame  plane  EF  5  tbofe  right 
lines  ABy  DC  are  parallel  one 
to  the  other. 

Draw  AD,  whereuntd  let 
DGrr^ABbe  perpendicular  in 
the  plane  £F,  and  ioinBD,BG,AQ.  Being  in  the 
triangles  BAD,  ADG,  the  angles  BAD,  ADG  a  a  hyp^ 
are  right  angles,  and  AB  h  =  DG,  and  AD  is  b  conjlr. 
common,  c  therefore  BD  is  =  AG.  whence  in  thee  4*  !♦ 
triangles  AGB,  BQD,  equilateral  one  to  the  o- 
thcr,  the  angle  BAG  is  d  =  BDG  ;  of  which  d  8.  r. 
being  BAG  is  a  right  angle,  BDG  fhall  be  fo 
alfo.  but  the  angle  GDC  is  fuppoCed  right,there- 
fore  the  right  line  GD  is  perpendicular  to   the 
three  lines  DA,  DB,  CD.  e  which  are  therefore  e  y.  jr. 
in  the  fame  plane  /  wherein  AB  is.    Wherefore  f  2.  n, 
£nce  AB  and  CD  are  in  the  fame  plane,  and  the 
anternal  angles  BAD,  CDA,  are  right  angles,  ^g  z8«  u 
AB  and  CD  Ihall  be  pwaUels*    fThicb  was  to  he 
dm.  '     S         ~  PROP. 
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PROP.   VII. 


A 


ll 


'B 


T      E         Xf  there  he  two  fOraSei^^^ 
7-     Imes  JBy  CDj    and  arty  points 
Ey  fy  );e  taken ' in  hoth  of  them^ 
the  line  EF  whkkis  joined  at 
"^    thefe  point Sy    is  in    tin  fam9 
plane  with  theparalkU  JSCD* 
tet  tke  plane  ih  \rliich  AB,  CD  are,   be  cut 
by  another  plane  at  the  poitite  E,  F*^  then  if  EJ^ 
is  not  in  the  plane  ABCI>,  it  Ihall  not  be  the 
common  feftion.    Therefore  l«t    EGF  be^the 
*  V  *^*     common  f^ftien  ^  which  a  then  is  9,  right  line.- 
bi4,ax.i.  therefore  two  light   lines  EF,  EGF,  include  » 
fuperficies.    i  Which  isahjfurd. 

PROP.    VIII. 

If  there  to  iim  taralklidgjk 
lines  ABy  CD^^whmpfone 
JS  is  perpendicular  io'd.plsm 
EF.  then  th  oiher  CD^Mfall 
ie  perpendiculcur  to  the  ^wo 
1^  plane  EF. 
)  The  preparation  and  dc- 
monftration  of  tlie  fixth  of  this  Book  beina 
transfer'd  hither ,  the  angles  GDA,  and  GDB 
a  4,  n.  are  right  angles  :  a  therefore  GO  is  perpendicu- 
by.n.  lar  to  the  plane,  wherein  are  AD,  DB  (Jifl- 
cj.i^/.ir. which  alfo  AB,  CD  are, )  <r  therefore  GDi^ 
perpendicular  to  CD.  but  the  angle  GDA  is  a  l<» 
i  19.  f .  ^  a'  right  angle,  e  therefore  CD  is  perpe^ndicular- 
«  4-  "-    to  the  plane  EF*    Which  wm  to  h^  dm* 
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A 


PROP*  IX* 


^7f 


Ca 


Right  lines  (Ji,  CD)  wii^ A 
are  pataUel  to  the  fame  right 
line  EFj  but  not  in  the  fame 
flane  with  it^  are  alfo  faraUel 
6ne  to  the  other. 
In  the  ^\ziA  tif  the  parallels  AB,  EF*  draw 
HG  perpendicular  to  EFj  alfo  in  the  plane  of 
the  parallels  EF,  CD,  draw  IG  perpendicular  to 
£F.  ^therefore  EG  is  perpendicular  to  the  plane  a  a^  tt. 
wherein  HG,  GI  are ;  and  AH,  CI  are  perpcn-  b  e.  ii- 
dicular  to  the  faifte  plane,  c  therefore  EH  and  c  6  t* 
CI  are  parallels*    Winch  was  to  he  dent. 
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P  R  O  p.    X* 

^two  right  liim  JB^  JCj  touchtng 

one  another  h  faraUel  to  two  other  right 

C  lines  ED  J  DF,  touching  one  another  ^ani  .- 

not  heing  in  the  fame  flane  ^  tbofe  r\^ht 

lines  contain  equal angles^BJC^  EDF. 

Let  AB,  AC,  DE,  DF,  be  equal 

--  one  to  the  other,  and  draw  AB,  BC, 

*EF,BE,CR    Being  AB,  DE,  tf  are 


toarallels^  and  equal,  h  alfo  BE,  AD,  are  paral-  ^  ^-  ^^^ 
lels  and  equal*  In  like  manner  CF,  AD,  are  pa-  ^^nftr. 
rallels  artd  equal  i  c  therefore  alfo  BE,  FC,  are  ^  ?5'  '• 
parallels  and  equal,    d  Therefore  BC,  EF  are  c-  ^  ^:  ^^'  ^* 


PROP,    XL 


Prom  a  foifit  given  on  high 
J,  to  draw  a  right  line  JI 

Perpendicular  to  a  plane  he- 
owBC. 

In  the  plane  BC  draw  any 
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.^ 


276 

a  t2.i. 
b  II.  I. 


.    The  eleventh  Book  of 

line  DE ;  to  which  from  the  point  A  a  draw  the 
,  perpendicular  AF,  ahd>  likewife  FH  in  the 
plane  BC  cutting  theiaid  lihe  IDE  at  F ;  a  then 
let  fall  AI  perpendicular  to  FH.  Which  AI 
fliall  be  perpendicular  to  the  plane  BC. 

For  thrb'I  c  let  KIL  be  drawn  parallel  to  DE. 
d  ^confir.  Becaufe  DE  d  is  perpendiculat  to  AF,  and  FH,  e 
e  4,  II.  therefore  DE  fliallbe  t)erpendicukr  to  the  plane 
f  g.  zx.  IFA.  and  fo  alfb  KL  /  is  perpendicular  to  the 
g5.^g/.ii.  fame  plane,  ^therefore  the  angle  KlA  is  a  right 
h  coftftr.  angle,  but  the  angle  AIE  is  alTo  h  a  right  angle. 
1  4.  II.  I  therefore  AI  is  perpendicular  to  the  plane  BC. 
Wlikh  WM  to  he  done* 


c  51. 1. 


a  II.  ir. 

b  51,  r. 
c8.  II. 


/ 


a  6,  n. 
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PROP.   XIL 

P  FD  In  a  plane  given  BC^  at  a  point 

given  therein  J^  to  ereB^fi  per- 
pendicular  line  AF. 

From  fome  point  wkhoitt  the 
plane  D,  a  draw  DE  perpendi- 
cular tothe  faid  plane  BC,  land  joining  the 
points  A,  E,  by  a  line  AE,  h  draw  AF  parallel 
to  DE.  c  It  is  apparent  that  AF  is  perpendicu- 
lar to  the  plane  BC^    WUch  was  to  U  £m.   . 

This  and  the  preceding  Problem  are  pradi- 
cally  performed  by  applying  two  fquares  to  the 
point  given  5  as  a^ppears  by  4.  11. 

PROP.  xin. 

Js  a  point  given  C  iit  ii 
plafie  given  AB^ttPo  right  lines 
CDy  CE^  cannot  he  ereBedpex^ 
pendicidnr'on  the  fame  ^dt* 
_  For  both  CD,  and  Cj;,  a 

Ihould  then  be  perpendicular  to  tie  plane  AB, 
and  confcQMently  parallels  5  wWch  is  repugpstUt 
to  the  definition  of  parallel  Mvm^. 

*-  '        tR6P» 
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PROP.    XIV. 

Vlants  CDy  PE,  tQ  TPbicl  the 
Jame  right  line  AB  is  ferpendicitr 
l^Yy  nreparaUel, 

If  you  deny  this  ;  then  let 
the  planes  CD,  FE,  meet,  fo 
that  their  common  Teftion  be 
tl;e  right  line  GH,  in  which 
take  any  point  I,    draw  to  it 

tjie  right  lines  lA,  IB,  in  the  laid  planes,  where-     •  ^  ^. 

by  in  the  triangle  I AB,  two  angles  I^B,  ISA  a  ^  Hh  f^? 

arf?  right  angles,    h  Winch  is  aifurd.  5-  ^''Yi" ' 

PROP.    XV. 


If  two  right  lines  AB,  AC^ 
touching  one  th§  other ^  hefaral- 
hi  to  two  other  right  lints  DE, 
DFy  touclnng  one  the  other^  and 
not  leing  iit  the  fame  fla^e  with 
them,  the  f lanes  BAC,  EOF, 
drawn  ly  thofe  right  lines  are  pa-- 
raUel  one  to  the  other. 


II.  ir. 
^i.i. 

30. 1 1 


From  A  a  draw  AG   perpendicular  to   the 
pWp?  EF.  h  and  let  GH,  GI  be  parallel  to  DE,  t 
jDF.  <:  thefe  alfo  fhalj  be  parallel  to  AB,  AC.^       ,^ 
Therefore  fiiice  the  singles  IGA,  HGA,  d  are^,  j'rl* 
right  angles,  alfo  CAG,  BAG,  e  fhall  be  right  ^  £' %\   * 
angles.  /  therefore  G A  is  perpendicular  to  the£  ,   jj] 
plane  BC ;  but  the  fame  is  perpendicular  to  the  oconjiu 
plane  EF.  A  therefore  the  planes  BC,  EF,  aregj-  j^*^ 
parallel.    Vhich  wat  to  he  dem.  '     ' 
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The  tltvtnth  Beekpf 
PROP.   XVI, 

if  tvo  paiaUel  planes  AS. 
CD,  heeuthyfome  otitrptane 
HEIGP,  their  comnn  fe~ 
aions  EH,  GF  ate  paraUef 
me  to  the  other. 

For  if  they  be  conceived 

to  be  otherwife ;   being  iq 

the  Tame  plane   that   cuts 

thein,  they  wil)  meet  fome- 

where,  if  produced;    fuppofe  in  Ij   wherefore 

fince  the  whole  lines  H£I,  FQI  a  are  in  the 

planes  ADi  CD,  being  produced,  the  planej 

alfo  lh%U  meet,    lonitary  to  the  Hyp. 

PROP.    XVII. 

'Jftvo  right  Imt  ALB,  CMD,  U 
cut  hy  parallel  planes  EF,  GH,  IK  j 
tbeyjhall  he  cut  proportionally,  (AL, 
IB::CM.MD. 

Let  the  right  lines  AG,  BD,  fas 

drawn  in  the  planes  £F,  IK  ;    as 

alfo  AD  palling  thro'  ihe  plane 

GH  in  the  point  N.  and  join  NL, 

LM  the  planes  of  the    tiiangles    ADC,  ADB, 

■  make  the  feflions  DB,  LN,  and  AC,  NM  a 

paialleJs.    Therefore  AL.  LB  ::  AN.  KD  f  i' 

pjM.Ma   Vbi^hwasioUdm. 
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PROP.  xvra. 

If  a  rightthx  JB  h 
■   ferptndicuiar   to- tome 
fbne  CD,  aU  iT)e  panes 
extended  hy  that  rhht 
line  AB  (EF,&c.)^at 
he  fer^endkular  to  the 
^  fame  flaw  CD. 
~~        Let  there  be  fome 
p\mi  EF  driioH  by  AB,  tnakiDgthe  feaioo  EQ^  i'-  r-   ' 
with  the  plUK  CD  ;  from  fome  point  whercofb  8.ii. 
H,  a  draw  HI  parallel  to  AB  ia  the  plane  EF  i  c  4-<^-l  '• 
^then  (hall  HI  be  perpendicular  to  the  plane 
CD,  and  fo  likewile  anyather  lines,    that  are 
perpendicular  to  EQ.  h  therefore  the  plane  EF 
JsperpeiidScular  to  the  plane  CD  5   and  by  the 
fame  reafbn  any  other  planes  drawn  by  AB  jhall 
be  peipcndiculat  to  EF.    JHiicb  vat  to  he  ism, 

PROP.  xir. 

If  two  planet  JB,CT>f. 
cutting  one  the  other,   be 
perpendicular  tofomeplaite 
GH,  tJxir  line  cf  coviMon 
feSion  EF  Jball  be}t>^\- 
diciiiw  to  the  fme  fiave 
(G«.) 
Becaufethe  planes  AB,  CD,  are  taken  perjien- 
dku!attpthe  planeGH,  it  appears  by  4.  def.  11. «  ij.ii, 
thacoiit  of  the  point  F  there  may   be  drawn  irt 
both  planes  AB,  CD,    3  perpendicular   to  the 
plane  Oh.  which  fliajl  be  ri  bur  one^  and  theie-  . 
fcre  the   comiron  lection  of  the  faid  planes. 
flifb  wat  to  ie  dm. 


s« 
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PROP.    XX. 

If  a  folid  angk  JBCD  he  coif:- 
iained  under  tme  ^^ne  ajgles^ 
BJD,  DJCy   BjCy  4hy  tr^o  of 

them  howfoejveridken  arepeat(k 

E     C     than  the  third. 
[f  the  three  angles  are  equal,,  the  aifertjon  is 
cvidentjif  unequaljthen  let  the  greateft  be  BAG  5 
irom  whence  a  take  away  BAE  =2:  BAD,  and 
«  « .  I-     make  AD=i AE  5  and  alfo  draw  BEC,  BD,  DC. 
^  Bccaufe  the  fide  B^  is  common,  and  AD'  hz=z 

o  confir.  AE  5  and  the  angle  BAE  J  =  BAD.  c  thence  is 
c  4-  r.  BE  =:  BD.  but  BD  -^  DC  is  ^  C"  gC  e  therefore 
d  zo.  I.  DC  cr  EC.  Wherefore  fince  AD  ^  i=  AE,  and  the 
e  5.  ax.  I.  fide  AC  is  conunbn,  and  DC  cr  EC.  jf  the  angle 
f  2J.  I.  CAD  fhall beer  EAC.  >  therefore  the  angle 
%  4. ax. I. BAD -^ CAD r- BAC  Which  was  to h  dm.. 

PROP.    XXL  ■    ' 

Every  folid  a^igle  A  u  eon-, 
tamed  under  lefs  angles jhan  , 
four  flane  ti^ht  Hhgk's. 

For  let  a  plane  any- wife 
cutting  the  lides  p£  the  fo>- 
Ud  angle  A  make  a  many- 
fided  ngure  BCDE,  and  as 
many  triangles  ABC,  ACD,  ADE,  AEB.    I  de- 
note all  th^  angles  o(  the  ^^olygone  1)y  X  ^   and 
1-term  the  fum  of  the  angle  at  the  bafes  of  the 
»  ;».  1.  &*  triangles  Y.    wherefore  X  h-  4  right  anjgles  a  =3 
feh.  gi.  I,  y  -+.  A.  but  being  th^t,  (of  the  angles  at  B)  h 
b  2©.  ir.  the  angle  ABE  ■+ ABC  is  crCBE,  and  thefamfe 
e  S-  ax.  Lis  true  alfo  of  the  angles  at  C,  it  D,  and  at  E, 
c  it  is  manifeft   that  Y  is  cr  X.   and  confer 
quently  A   Ihall  be  -3  4  right  angles.    JfHicI^ 
wattohdem. 

PROP, 


/ 
/ 


/ 


PROP-    XXIL 


•1 


If  there  ii^  theejktnt  angles  J^^HOI^  wiertiof 
two  how foever  taken  aie  greater  than  the  thirds  and 
the  right  lines  which  contain  then  he  ejualAD^AEy 
H?,*:c-  then  of  the  right  lines  DE,  FG,  Hl^ 
coupling  thofe  equal  right  lines  together ^  it  u  foj/t- 
tie  to  make  a  triangle. 

A  triangle  may  be  a  made  pf  them,   if  any  a  it,  t^ 
two  be  greater  than  the  third  :  but  they  are  fo. 
For  h  make  the  angle  HCK  =:  B,  and  CK  i:^  b  2 j.  i,' 
CH,  and  drawHK,  IK  c  thence  HK^rFQ.  andc  4.  i.' 
becairfe  the  angle  KCI  dc  A.  e  therefore  KIcr  d  hyp. 
DE.  but  KI  /  -Ti  HI  -»•'  KH  (^G.)  therefore  DE  e  24.  i, 
■^  HI  -H  FG.    3y  the  like  argument  any  two  f  io.  U 
may  be  proved  greater  than  the  third  ;  and  con- 
fequently  ^  it  is  poflible  to  make  a  triangle  of 
them*   Which  was  to  he  dem. 


I>r6p; 
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Jt,  jB,  C,  thereof  two  Jfowfoever  taken  an  greatti 

^  il«  II.  thAn  iht  third,  *  But  it  is  nteejjary  that  tboje  thrc9 

angles  he  kft  than  four  right  angles^ 

Make  AD,  AE,  BE,  bF,  CF,.Ca^  equal  one 

.  :  to  thciother  j  .and  of  the  fubtended  linesuE^EF, 

at  It.  If.  FG  (that  is,  of  the  equal  lines  HI,  IK,  Ktl)  ^ 

0Lnd  zx.  u  make  the  triangle  HKt  9>t>out  which  h  detcribe 

b  $.  4.       the  circle  LhKL  *  But  becayle  AD  is  c"  HL. 

*  ^ie  Ck-^e  let  ADq  be  —  HLq  -»-  LMq.  d  ini  let  La 

villi'         be  perpendicular  to  the  plane  qf  the  circle  HKI^ 

c/<;i&.47.f .  and  dr*w  H^,  KM,  IM.    wherefore  flnoe  tlie 

d  II.  f  f.  angle  IILM^  is  a  lig^t  ^iigle,  /thence  is  MHc) 

IB  5^/.ii.m  HLq  I    LMq  ^r^  ADq.  therefore  MH  =: 

f  47.  I.     AD.  By  thel^me  reafoii  MIC,  MI,  AD  (that  is, 

g  confir.    AE,  EB,  ^c)  are  equal  5  therefore  fince  HM  t= 

fi  co7ifir.    AD,  and  MI=:AE,  and  DE  :=  HI,  k  the  angle 

k.  8, 1.      A  fliall  be  -=:  H  MI,  k  as  likewife  the  angle  IMK 

z=^h^k a^d  the  angle  HMK  ■=:■  C.  wherefore  a 

iblid  angle  is  ^laae  at  M  of  the  three  giyeir  t 

plane  angles.  Which  wai  to  he  done.  AD  is  a^u- 

naed  to  be  cr  HL.  But  this  is  manifeft.   For  if 

Iconfir.^  AD  he=  pr  -3  HL,  then  is  the  angle  A  /  = 

$^  f .  a^.or  cr  JILL  In  like  manner  Ihall  B  be  -=  or  c 

in  11.  f.   HLK,  and  C  =  or  c"  JCLI.  whert^re  A'+B-^-C 

^^CQTAi^  *  ^*1I  cither  equal  or  exceed  four  right  anglts» 

f  •  contrary  to  the  Hypoth.  therefore  rather  let  AD. 

be  c  fllff    Which  was  to  he  dm^     , 

PROPr 
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PROP.  xnv. 


*H 


If  a  /olid  JB  le  eoft'^  § 

tained  under  forallel 
f  lanes  J  the  opft^te  plnnei 
thereof  (  ^G,  DB,  &c.) 
are  like  and  equal  far aU 
t^hgrams.  ^  * 

A  -n*  ting  the  parallel  planef 

AG,  DB,  4nnakes  the  feftions  AH,  DC,  paral-a  l&ir; 
iels;  and  by  the  faoie  reaTpn   AD,  HC  are  pa- 
rallels.   Therefore  ADCH  is  a  parallelogram. 
Bf  the  like  argument  the  other  plaitts  or  the 
pArallelepipedon  are  h  parallelograms,  wherefore I>  l^Mf.t^ 
Wi^g  AF  is  parallel  to  HQ,  and  AD  to  KC,  c^  lo.  ri« 
the  angle  FAD  fhall  be  =x:GH.  therefore  be-  d  54.  i* 
/caufe  AF  <J  =  HG,  and  PlD  ^^  HC,   and  fo  e  7,  u 
AF.  AD ::  HG.  HC,  the  triangles  FAR* ,GHC,  g  6. 6. 
g  are  like  and  h  equal ;  ;^d  confequeotiy  the  h  4.  x. 
paraUelograms  AE,  HB  are  like  and  k  e^ah  and  k  6.  ax^  h 
tlie  faipe  maf  be  ihewn  of  th^  other  bpj^fite 
plants,  therefore,  &c^^  '  .    '  \     i 

PROP.    3fc3fV.  '  ^  r. 

•n    *       r^        t>  ,/f^MdParaU 
-^    '^  ■       -Jf   Mepijedtm    JBCD 
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B 


I'f  r«r  ^  a  plane 
EPyMfattel  to  tin 

rfite  dams  JDi 
;  then  as  the 
hafe  AH  is  to  the 

/olid  JHD  le  t$ 
folid  BffC. 


Conceive  the  Parallelepipedon  to  be  extended 
on  either  fide,  and  take  Al^AE,  apd  BK-EB,^  j6  r  W 
and  put  the  plane  1Q.,KE,  parallel  to  the  planes  ,  JJ^ 
AD,BCi  thenthepgrs.IM,AH,andj  DL,DG>  b  24  rr 


c  10. 


aiid  IQ^,  AD,  EF,  &V,  are  a  like  and  equaL  c 
Vfa^farci^hcParalJeleplpedonAQLi^^AFi  and  ^ 

P7 


^ii 
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by  tlifi  fame  reafoii  the  Parallelepipedon  BP  =: 
.  BF.  therefore  the  folids  IF,  EP  are  as  muIHble 

of  the  folids  AF,  EC,  as  the  bafes  IH,  K|f  ^re 

of  the  bafes  AH,  BH,  And  if  the  bafis  Itt  bS 
d  24.  iT.c-,  =,  r3  KH,  d  like\yife  Ihall  the  folid  IE  be 
fl««l  9,  rf^/.ijr,  =r, -3  EP-  eponfequentiy  AH.  BH  ::At. 
!!•  EC.    Which  was  to  he  4em. 

p6.d0f.$.    The  fame  may  h  accommodated  to  aU  forts  of 

FrifmSf  whence 


CotoU. 


If  any  Prifm  whatfoever  be  cut  by  a  planet 

Earallel  to  the  oppofitc  planes,  the  feftion  IhaU 
..  e  a  figure  cgu^  *n4  like  to  the  oppofite  planes^ 

PROP-   XXYL  ^ 

Vpoti^a  right'^Hnc> 
given  4By  and  at  a 
point  ^vein  in  it  J, 
to  make  a  foUd angles. 
JHIL  equal  to  a 
folid  angle  ^iven ' 
F  CDEg,  ^      * 

§.  II,  i|.  From  fome  point  F  a  draw  FG  perpendicular 
to  the  plane  DCE,  and  draw  the  right  lines  DF, 
FE,  EG,  GD,  CG.  Make  AH  =  to,  and  the 
angles  H AI = DCE,  and  AI  =  CE  5  and  in  the 
plane  HAI  make  the  angle  HAK  =  DCG,  ancf 
AK  ==  CG.  then  erefl  KL  perpendicular  to  the 
rfane  HAI,  and  let  KL  be  =rGF.  and  draw  AL: 
then  AHIL  ihall  be  a  folid  angle  equal  to  that 
given  CDEF.  For  the  conftruftion  of  this  do^s 
whoUy  refemble  the  framing  of  that,  asinay  ea- 
m  appear  to  auythat  ermine  it* 


/  PROP. 


EUCLIDFi  Elemm's: 

PROP.    XXVII. 


"^H 


Vfona  fight  line 
given  M  to  defcrite 
,  a     paralleleMedon 
AKi  like^  andinlikc 
manner  fititatCy  with       * 
a  J  olid  faraUelefift^ 
don  given  CD, 
Of  the  plane  angles  BAH,  HAI,  BAI,  which 
are  equal  to  FCJE,  E6G,  FCO,  a  make  the  folid  a  ±6.  ix; 
iangle  A  equal  to  the  folid  ahjgle  C;  alfo  h  make  b  iz.  6« 
tC.  CE ;:  BA.  AH.    h  and  CE.  CG  ::  AH.  AI  (c  c  22.  5^ 
whence  of  equality  FC.CG  ;:  BA.  AI)  and  finiih 
the  parallelepipedon  AK,  which  fhall  be  like  to 
that  which  is  given* 

For  by  the  conftruflion,  the  Parallelogram  dd  t,irf.6i 
BH  is  like  f'E,  and  d  HI  to  EG,  and  d  BI  to  FG, 
and  e  fo  the  oppoiite^  of  thefe  to  the  pppofites.e  14.  ii^ 
of  them:  therefore  the  fix   planes  of  the  folid 
AK  are  like  to  the  fix  planes  of  the  fo^lid  CD, 
/  and    confequently  AK/CD^  are  like  folids^f  9,i^f/lit 
V^hich  was  to  he  dem* 

PROP.    XXVIIL 

If  a  folid  faralleleppedon 
JB  he  cut  hv  a  plane  FGfD 
drawn  hy  the  diagonal  bne\ 
DF^  CG9    of  the  opfofite       ,.  , 
phnes  AE^  HB,  that  folid 
JB  fiaU  he  equally  hsfeSed 
hy  the  plane  FGCD. 
For  becaufe  DCjFQ,  are^equal  and  parallels,a  i^*  11* 
I  the  plane  FGCDis  a  Pgr.  and  being  a  the  Pgrs.  b  34- 1. 
AE,  HB,  are  equal  and  like,  h  alfo  the  triangles 
AFD,HGC,CGB,DF£are  equal  and  like.  But 
the  Pgrs.  AC,  AG,  are  equal  and  like  to  FB  and 
FD.  therefore  all  the  planes  of  the  prifme  FQC- 
DAH  are  equal  and  Uke  to  all  the  planes  of  the 
prifme  FQCDEB,  andc  confequently  thisprifine  co^efxi 
IS  equal  to.that,    Jf^jich  was  to  h^  d^vh.  ^    wy.«^/..u 

'/   PKOP, 


.*-».;_  ^ 


tft£ 
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itao?.  XXIX. 


mi  TataUtpftiom  JOlfEFVCD,  jGffSM^ 

t,Klj  ieing  conptuted  upon  the  fame  hafe  AQH^^ 

^uf.  U'  and  *  in  the  fame  height ^  whofe  injtftingjines  Af^ 

tween  tie  JM9  replaced  in  the  fame  figbt  lines  JXSj  FL^  tm 

parallel      equal  one  to  the  other* 

pianetJO*  For  J  if  from  the  ^gtlal  prifmes  AFM^Dt, 
JIE,FL^  GBLHCK.  the  coimnon  pfifmc  i^BMPa  be 
KD^anifo  taken  awa^y,  an4  the  folid  AQNEHR  be  added^ 
wnierftandtyit  Parallelepipedon  AGHEFBCD  fhall  be  z^ 
it  in  the  AQHEMLKI.  Which  was  to  he  denu 
fiOowi 


a  10.  dql 
tiMndi^. 

hi.andu 


PROB.    XXX 


mi  fOfaUehfifeiont  ADBQHEPQ,  JDCHM 
tKheivfi  em^mei  ufontbefime  tafe  JDMCf  and 


tn 


EUCUDE'f  EUmtnt?.  39^ 

in  the  pime  beigbt,  ifhofe  i)0nig  lisM  J8,  JS 
ttc  Mf  placed  in  tht  fame  right  lixei,  me  e^ual 
one  to  the  ether. 

For  produce  the  right  lines  HEO,  GPN,  and 
LMO.KIP;  aid  drawAP,I>0,BQ,  CN.  athen  a  ji.  i. 
fliall  DC,  AB,  HO,  EF,  PQ,  ON  be  ai  well  t- 
quil  and  parallel  one  to  the  other  as  AD,  HE, 
GF,  BC,  KL,  IM,  QN,PO.  h  wheiefore  the  pa-  b  ao.  »i. 
xalleleplpcdon  ADCBPONQ  flJall  be  eouaf  to 
either  parallelepipedoH  ADCBHEfG,  AXX^BI- 
MLK;  and  c coiiTequently  thefc   (wo  arc  equal  *'■"•'• 
eae  to  the  other.    WUeh  -mat  to  he  im. 

PROP.    XXXL 


*iy]!ieigBt 
imderjii^id 
Solid fuTiilUk^feJont,  M.EKGMBI,  CPtiOff^  theperfett- 
t>N, bnngeonftituudufot e'futiiafa  JLEK,CPaO,  Mcuiar 
and*  intbe  fame  height  are  equal,  one  to  the  other.     Aavnfi^em 
Fiiff,  let  the  parallelepipedons  AB,  CO,  have  theflaneof 
the  fides  perpEDdiculu  to  tne  b^es,  and  Kthtthehafe  to 
fide  CP  liing  produced,    a  make  the  parilIelo-/Aeofj>«ji;« 
l^am  PRTS  euual  and  like  to  the  paialleloEraia  ;£]»£. 
! .     KELA.  b  and  T»  the  patallclepipcdon  PR'KQ.-  a  i8.  6. 
:       V¥X  equal  and  like  to  the  paialldepipedon  AB.  b  i-j.  ii. 
Produce  OuS.,  NDA  «PZDQF,  EkB,/Vv,flWio.rf((f. 
'       TSZ,YXF,  anddrawEJ'.Bv.^F.  in    - 

F  The  planes  QiSN,  CRVHZTYF  c  titwutX-  c  30.  itf. 

lels  one  to  the  other ;   d  and  the  pars.  ALEIP,  11. 
CD«0,  PRTS,  PRBZ  are  equal  Therelote  Unee  d  Atf.  avf 
theparalle!epipedonCD.PVA.::pgT.C«.(PRB2)}5.r. 
F*  s  ::p»[aUelcpipedoBPR6ZQy^.«VJ^^the  e  15.;;. 
paiai- 


J 
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fa.  J.      paraIIelepipedonCD/£haUbe~PBLBZVQ>F£— 
gip.ir.  PRVQSTYXAr:z  ABi   Wbicb wat  to  hedniT 
ncotifir.       But  if  the  paralielepipedons  AB,  CD,  have 
fides  obliqut  to  the  bafcs,  then  on  the  Tapie  ba- 
tes and  inthe  fame  heighih  place  paraUelepipe- 
ki^9.  II'  dons  whore  fides  are  petpendiculai  to  the  We. 
k  They  Ihall  be  equal  to  one  another,  and  tholie 
ffiit«rj.that  areobliqUe  i   m  whence  alfo  the  oblique 
patallel^ipedons  AB,  CD  ate   equali    W^ie6 

PROP,  xxsai. 


i 


J 


SdiUjaralUUpiptioiis  MCD,EFGL,oftie  fiailt 
ieiglnh,  are  one  to  the  other,  asiheJtbafesJB,EF: 
■  4S.  I.  Pioducc  EHI,  a  and  nBke  the  pgr.  FI  =  AB, 
b  Ji.  I.  and  >  compleat  the  paiallelepipcdon  FINM.  It 
c  ji.  II.  is  clear  that  the  patallelepipedon  FINM.  (t 
d  iS.  II.  ABCD.)  EFGL  d::Yi  {AK)  EF.  Which  «ai 
to  be  dim. 

PROP,  xixnr. 

Like  [olid  paraUeUpip^ 
ioni,JBCD,  EFGH,  are 
in  tripled  proportion  one  to 
theomr  of  that  in  wMcb 
their  Ijomologoui  fides  or  of 
like  proportion  AI,  EK^ 
are. 

Produce  the  rieht  line* 
AIL,DIO,  Bin,  and« 
make  lt,IO,  IN,  equal 


*^i. 


;b  K 
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to  EX,  KH,  KFt  >  and  To  the  parailekpipedon  b  27.  it. 
IXMI  equal  and    like  to  the  paraU*lepiped«n  c  it.  i. 
EEGH.  c  Let  the  para  Hens.  IXPB,  DLYObe  fi-  d  hye, 
Hiflied.    d  Then  (hall  be  AL.  IL  (EK)  ::  DI.  lO  e  i.  6. 
(HK)::  B£.  IN-  KK.  e  that  is,  the  Pgr.  AD.  DL  f  «.  if. 
::  DL.  IX  ::  BO.  IT.  /  i.  t.  the  parallepp.  ABCD.  g  ««fr. 
DLQY.:DLQY.IXBP.:IXBP.IXMT.feEFaH.)firoJ«f.j, 
4  therefore  th?  proportion  of  ABCD  to  EFGHk  t,6t 
is  triple  of  the  proportion  of  ABCD  to  DLQ.Y, 
it  or  of  AI  to  EK.    Wlieh  wai  to  he  itnu 


iall;  proportional,  as  the  Sift  is  to  tbc 
fourth,  To  is^  paiallelepipedondefcribedon  the 
fiift  to  a  paiallelepipedon  defcribed  on  the  f<- 
coud,  beiag  like  ana  in  like  manner  dcTcribcd. 

PROP.    XXXIV. 

f     tn  t^al  foiii  ta: 

Vranelefifedons  ADCM, 

EHGP,  tht  hafe,  and 

aitiludtt  are  ruipn' 

_  cal  {JD.  EH  :;  EG. 

*  JC.)    Jni  fotid  M- 

taUdtfipedoniyAtlCB. 

EHCP,  wliofe  bafct   and  altitudtt  are  rtcifrotalf 

art  end, 

Firft,  let  the  fides  CB.GE  beperpkodiculatto  t  }<  *. 
thebafes;  then  if  the  ehitudesof  chefolidsare  b  ji.i. 
equal,  thebafesalfofllill  be  equal,  andthethingc  \z,  ii. 
is  clear.  But  if  the  a^todcs  are  unei^l,  fromd  i?,;] 
the  greater  EG  a  take  El  ^AtJ",  andat  i*  draw  e  i.  6.    J 
the  pUne  IKparallel  to  the  bafe  EH.  then        txonjir. 

1.  Hyp.  AD.  EH  c  ::  parallepp.  ADCB.SHIK  g  1 1.  J. 
rf::  parallepp.  EHGF.  EHIK  e ::  GL.  IL  e  ::  GE.  h  jz.  U.I 
IE.  (/AC.)  g  it  is  plain  therefore  that  AD.  EH  k  fyp. 

i:  OE.  AC.    Wliei)  wat  ts  te  dm.  I  i.  (S. 

2.  /ft*.  ADCB.EH1K  h"  AD.EHt::EG.EIim  ji.  11. 
aGL.  IL«::paiaUepp.  EflGF.EHlK.  ji  where- n  p.  5. 
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fofc  the  parallekpipedon    ADCB  fc:  EfiGF* 

Wbich  nfas  to  be  dem.  ^' 

Moreover,  let  the  fides  be.oblique  to  the  bafeSji 

and  eteft  right  parallelepipedons  upon  the  fame 

l)^fes  in  the  fame  altitude  ^  the  oblique  paralle* 

^    kplpedoQs  ihall  be  equal  to  them.    Wherefore 

.       fiiice  by  thefirft  part,  the  bafes  and  altitudes 

\-- ^■.       of  thole  be  reciprocal,  the  bafes  and 'altitudes 

o|  tfeefe  alfo  ilwll  be  reciprocal,    Whith-  tfas  to 

%e  dew, 

CoroVi 
'    M  thatiathieen  demonftrated  of  parattdefipe' 
ions  in  the  **9»30,5i,^t,j3,}4  Prop,  does  alfo  agree 
in  triangular  prifmes^  which  are  half  paraUelepipe^ 
ionsy  as  appears  hy  Prop.  28.  Therefore^ 

1.  Triangular  prifmes  are  of  equal  h^hth 
With  their  bafes. 

2.  If  they  have  the  fame' or  equal  bafes  and 
the  fame  altitude,  they  are  equal. 

^        ^       5i  If  they  be  like,  tlieir  proportion  is  jtriple 
to  that  of  their  fides  of  like  proportion* 

4.  If  they  be  equal,  their  bafes  aivd  altitudes 
are  reciprocal  ^  and  if  their  bafes  and  altitudes 
be  reciprocal,  they  are  alfp^equal. 

prop;   XXXV;       - 

If  there  te  tw6 

plane  angles  BJC, 

EDF^    equalf   and 

from  the  points  of 

ihofi    angles    two 

'  right  lines  -iflf*  DH 

,      le  ektatedon  high^ 

eontainiffg  iqual  armies  mth  the  lines firftgiven^eacb 

taJfkcwrkJ^ondent  angle  (the  angle  GAB  r=:  HDBf 

and  GAC=:rHDF.)  and  if  in  th^e  elevated  links  AG^ 

pHJome  points  he  taken. Gyff'^  and  from  thefe  points 

ferpendicuiar  lines  Gt^HK^  drawn  to  theplanes  BAQ 

£DF^  in  wbvsb  the  angksfifigiHn  arh  and  rigH 


r 


lines  JIj  DKy  he  drawn  to  the  angles  firfi given  from 
the  points  I  Ky  rfhicbvre  made  hy  ibe  perfendicuiars 
int!)e  pldnesi  tbofe  ri^yif^nesmith^^ejeiiSMUdlinei 
JOy  DHJhatt  contain  ejital  angles  (JfAM,  HD/C-x 
Make  DH,  AL,  equal ;  and  OI»LM  pai^ilkft, 
ind  MC  to  AC,  MB  f^  AB,  KF  Ip  BF|  KH  to 
'^£ perpendicular;  anddiaisitlie  right Aiaes^cCy 
LB,  LC,  and  EF,  HF,TiE  ;  &  andXM  is  pcr-a  g.  ir; 
pendicalar  to  the  plane  BAG  ,  h  wherefore  theb  7j$fati 
arigks  LMC,  LMA,  LMB  -,   and  by  the  ftme    ^ 
ireaTon  the  angles  HKF,  HKD,  HKE  are  right 


ALq  e  ±ilLMq  ^  MAq  e  3:  LMq  -»•  BMq  h- 
B Aq  &  -^  BLq  -»•  BAq.    d  therefore  rtic  angle 
ABL  is  alfo  a  right    angle.    B^  the  like  iiife-' 
rence  the  angles  DFH.  DEH  are  right  angles  5  / 
therefore  AB=DE,/ and  BL-r^EH,  /and  ACf  ^x  ; 
:=DF,  and  CL-:FH.  g- wherefore  alfo  BC  =  ^4  V 
5EF  5  ^,and  the  angle  ABC  rr:  DEF,  ^  and  the  ^^'   * 
an^le  ACB  —  DFE.   whence  the  Pther  ri|;ht  h  f .  agelti 
angles  CBM,BCM,  axe  equal  to  the  other  FEK,k  26,  « '  * 
EFK.  k  thercfore.CM  :=:  FK,  I  andfo-alfbAMl  4^.  J] 
rs  DK.    therefore  if  from  LAq  m  :?=  HDq  be  nj  clnfir.  * 
taken  away  AMq^DKq,    n  tjbetc   ^^"^sii^sn  47.1.3^ 
I-Mq=  HiCq.  wherefore  the  triangles  LAM,  4  ^^;  '^*- 
BiDK   are   equi^teral  one  to   tl^e  other ;   0  a  q  l ' 
therefore    the  angle    LAM=*HDK.    JTbicb 
was  to  he  dern* 

Corpli. 
I  Therefore,  if  ^there  be  two  plalife  angles  equaL 
from  whofe  points  eqyal  right  lihe-^  be  elevarca 
dn  high,  containing  eatial  angles  with  the ,]int« 
firft  giv?n,  each  to  each  j  perperidiculafs  cf rawn 
from  the  extreme  points  of  thofe  elevated  lines 
io  the  planes  of  the  angles  firft  gijreii,  are  eqilar  • 
one  to  the  gth^  t  >  viz.  LM  =  JB11&  ; 


t92 


The  tUwnth  BoA  if 


b  I4.6* 


cji.ir 


(p^  • . 


PROP*    XXXVI. 

U        if  there  he  tirge 
^^    right  lines D$,i>G^ 

DF  proportional^  the 
folidparallelePipeion 
DM  made  of  tbeni^ 
ii  equal  to  the  foUd 
^patalUkpTfedtm  IN 
made  of  the  middle  DG{IL)vbici  is  alfo  e^tiilateraf^ 
mid  equia^guiar  to  the  faid.paraUelepipedon  DJi» 

fiecaiife  DE.  IK  a ::  IL.  DF.  b  the  pa)railelo^ 
gram  LK  fhall  be  t=  F£.  and  by  reafon  o£  the 
equality  of  the  plane  angles  at  £  and  I,  and  of 
the  lines  QD,IM,  alfo  the  altitudes  of  the  pa* 
rallelepipedons  are  equal  by  the  preceding  Co- 
rollary^  therefore  the  parallelepipedons  are  equal 
one  to  the  other.    J^icb  was  to  he  dem» 

PROP.  XIX VIL 


«    •». 


If  there  he  four  right  lines  AJRjCJ)^oportionalr 

ihefolid  parallelepipedons  J^B^CyD  being  bke^andin 

like  fort  defcrjbedfrom  tbemJhaU  be  proportional,  Jvd 

if  the  fdiid  paraUekpipedons^  beif^  tike  and  in  like 

fort  drfcrihedf  be  pomtional  {J.  B  ::  C  D)  then 

tbofe  r^bt  lines  J^Bjcfi^  Jball  be  profortionai. 

For  the  proportipns  of  the  parallelepipedona 

a  n«  ir«  a  are  triple  of  thofe  of  the  lines ;  therefore  if  A* 

bfchz^.S^B  ::  C.  D,   b  then  ihall  the  parallelepipedon  A. 

Jarallelepipedon  B  ::  paralletepipedon  C.  paral* 
depipedon  D.  and  (b  fj^  contrarily* 

P  RO?* 
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A^^ 


-yo         If  a  flane  JS  U 

IE     ^         prjiendiculer  •  to    a  ^ 

t A*'      ptndkutar  hnt   EF 

he  drawn  from  a  point 


E  fti  one  of'ibeflanti  (AB)  to  llx  othtt  plane  JC^ 
■     that  ferfendicuUt  EFfialtfaU  nfon  theiommn  fr. 
&ionoflhef lanes  AD. 

If  it  be  poffiolB,  let  F  &11  without  the  inter- 
feitiuo  AD,  wid  in  the  vlana  AC  a  draw  FG  a  11. 1. 

tetpendi(^l?t  lo  AD,  ahd  join  EG,  The  angle 
OEfriSaiight  angle,  and  EFG  is fuppofed to b  ^.anii, 
beluchalfo  ;  iheretore  two  right  angles  are  iaA/.ii. 
the  iriaiigle  EFG.    c  ^Jich  it  ahfuid.  <;  17.  i. 

.  '     PROP.    XXXIS.      '  _      ' 

,      If  the  Jidei\(JB,  FC, 
■  JtP,  £C,  anihH,  GJI, 
DG,HB)  of  the  offofte 
'  ^ianeiAC,DB^c^amii 
taraUeltpiftionAB,  btii' 
vided    mo     two    emat 
paitt  and  plant*  ILSP> 
■■   pkMa,  it  drawn  tho' 
their  ltaions,the  common 
feBion  of  tlx  flanu  S2*, 
^t^  the  Maoitter  of  Jbe, 
folidfaraUelepitedon  ■dSJiiti^4>^ide  one  '^^  «'*"  ,     .. 

into  two  eguni  partt.  '_  U    ^        r  ?  ""  .' 

D»w  ifc  .igl..  li»B  3A.SC,TD  T6  BecauTeb  •».•  ■ 
a  the  lidfsDO,OT  aictquiltottaMuBQjQJC  J.  I. 
I  .nd  the  .lima,,  .ngle.  ™D,  TQB  «.)»'l  g-^A'!-'- 
fo,  < the  bate  .  DT,  TB, l«d  dK.angta  CTO,|  14- t-- 
ETO  art  equal.  "J  theiifoie  DTB  .;  a  Hgbl  UmJ  9-  u.» 
SldFo  in  Ifke  oianliei  itASG.  M?'«"'  '"'■??■, 
».ll  AD  isp.ri.lW  a«d  «1«1  to  f Q  «<M  fp  "»  «; '• 


ip4  ^*  ^hvifft^:  Bool  df 

fT^l.x.    g  and  cpnfcqucntly  AC  to  DB.  h  wherefore  AJi 
7.  It.    ^nd  ST  are  iji  the  fame  ptaqeABCD,  Therefore 
fince  the  verticaJ  angles  AVS,  BVT,  and  the  al- 
k  7. ax.i.  Wrnate  aocles  AS V,  BTV  are  equal ;  k  and  AS 
J  W5w  i.^    5=:  BT ;  therefore  fhall  A V  be  ==  BV.  /  and  SV 
=  VT,    Wiich  was  to  he  dem.  ^ 

■  Si." 

.     I 

Coroilh 
Hence  in  every  paialtelepipedpn  all  th&4iaill%- 
t&is  bi&^l  orie  another  in  0(ie  point,  y«  ' 


» ^  \ 


ijF/wo  RJfms  JBCFED,  GHMLIK,  he  ofeflul 
abitudd^mbeteQf  one  hath  Us  *hafe  ABCF  a  fitralle . 
togram^  and  the  other  GliMy  a  triangle ;  and  if  the 
pnraUelbgvam  JBCF  he  double  to  the  triangle  GHM^ 
thefe  Fr^fmi  JjBCFEDr  GHMLlKare  equal 
*    Forai"  the  patalielepdpedons  AN,GQ^  become 
Wx^fi^  pitted,  a  thfjy  ihall  be  ciqual)  tecaureof  the  ecuar 
f,  it         lity*  of  the  bales  AC,GP,  and  c  of  the  altitudes, 
ch^        ^  Aifirefdre  alfo  the  pr ifms,  e  the  halfs  thereof 
dT&iii!    ^^^^  ^^  equaL    Which  was  to  he  dem. 


a  tt.it. 
b        - 


•"   -< 


CotfoU. 


2^^^*      ^Frointhepiiicedingdemonfirationif  the  dmer^an 

lite^        ^ ^^^^^g^^^^ ^^^f^^h ^'^i ^i^rangukr^  (np^^^ 

.J^  *       iepipedoTO^  is  kamf  ^  viz.'  hy  mutHflying  the  alti* 

tude  into  the  hafe*  > 

'As  if  the  altltudej^e  10  feer,  and  the  bafe  too 

'        fljuareifeec^fhebafeimty  be.meflfured  hj/cKlU 

'''■■^  :   i~  1000 


,r 


EUCUDE^  Elements] 

looocul^ic  feet  ihall  be  produced^  &r  thefol^dl* 
fy  ofitli^  prifm  giveft'.    ^ 

For  as  a  rcftangle,  fo  alfo  is  a  right  partlle- 
lepipedon  jproduced  of  the  altitude  multiplied 
intQ  tl>e  bale.  Thereffre  every  paralklepjpedpn 
is  produced  of  the  altitude  multiplied  into  the 
bale,  as  appears  by  3 1.  of  this  Book. 

Moreover,  fince  the  whole  parallelepipedon  is 
produced  of  the  s^ltitude  drawi  into  the  bare,the 
half  thereof  (that  is,  a  triangular  Prifm)  fhall 
be  produced  jpr  the  altitude  drawn  into  half  th^' 
b^fe,  naisely  the  tric;;gle. 

Jtt  Mv§yf\fenient,  '"• 

.  OhfervCy  That  of  t%ofi Utters  j^Mch)ienot€  a  far 
lid  $i^ley  iMfirfi  is  alwi^\  at  th6  point' ii  which 
the  '(kngle  is  \  hut  oftbd'e  letUrs  which  denote  a  Py- 
famine y  the'laftis  at  the  ft^teme  pohj  thdf'eof. 

j^x,  gr.  Tlie  folid  angle  ABCD  is  «t  the  point 
A  )  and  the  fupreme  point  of  the  Pyramide 
BCDA  is  at  the  point  A.  and  the  .bafe  is  the 
tfiangleBCD.  ^ 


«sqf 


The  End  of  the  ekventh  Book. 
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THE  TWELFTH  BOO  IjL:. 

O  F 
El>CtIDEV   ELEMENTS. 


PROP.    I. 


t 


L7ke  ^ohjionovi  fyures  ABCDS^FGHJIL 
defcrihed  in  circles  JBD,  FGI^  are  one 
to  another^  a£  the  fquares  defcrihed  of 
the  diameteis  of  the  circles.  JL,  FM. 
Draw  AC^3L,  FH^QlWu  Bcaaufe 
«  ljef,6.  a  the  ang!6  ABC=:  FGH,  ^  and  AB.'BC ;:  FG. 
b6.6.       GH.  h  tiierefgre  Ihall  the  angle  ACB  (r  ALB) 
<^*'^J-     fe^T;^^^    (fFMGO  but  rhe  angles  ABL, 
4  5't  3«     '^-^  ^  ^^^  ""^g^^^  3"^  ^o  equal  ;  e  therefore  the 
e  3*.  5,     triangles  ABL,  FGM  are  equiangular.  /  where- 
f  cor.  A.  C  *ore  AB-  FG  ::  AL.  FM.   g  theiefore  ABCDE, 
gii,5,     .FGHIK::ALq.FM(}, 

CoroU* 
Hence  (becaufe  A§.FG::  AL-FM::BC.GH, 
-  e   r    •  ^  ^^^^  contents  ofJike  polygonous  figures  de- 

ft i.ii^gf  lcnt)ed  in  a  circle  are  in  //  proppytion  as  the 
ia*i»        diaiffieters,  ^ 

PROP. 


£UCLID£'«  Eiemtnti, 


-ar.- 


>97 


CWehi  JBT^EPNiareinpfofor- 
tion  ont  to  another^  of  the  jquarps 
^  then  diameters  JCy  EG  are. 

SuptJofe  ACq.  EGq  :;  the  cir- 
cle AbT.I.  I  fay  then  I  is  equal 
to  the  circle  EFN. 

For  firft,  if  it  be  ppffiblc,  let 
I  be  leC?  than  the  circfle  EFN,  and  let  K  be  the 
ei^cCsor  difterehce.  Infcribc  the  fquare EFOH 
til  the^irc^e  EFN,  ^  it  beipg  the  half  of  a  cix^^fih.^.  ^ 
cumfcribed  fquare,  and  fo  greater  thantbelemi* 
circle,  h  Divide  equally  in  tvrp  the  arches  EF,b  ja  j, 
FG,  GH,  HE,  and  at  the  points  of  the  divifions 
join  the  right  lines  EL,LF,  &c.  at  L  draw  the 
tarigifiilfc  PQ.(i7  which  is  parallel  to  tt^and  pro-  cfchzj.  j, 
4ue^  HEP,  QFQ.    then  is  the  triangle  ELF  ^d  41,  !• 
«he  Mlf  of  the  parallelogram  EPQF,and  fo^reater  \ 
♦haniHe  half  of  the  fegmentEL^F;  and  iii  like 
fcrt  tVie  reft  of  thofe  triafngles  ekce^d  the  halts 
of  the  reft  of  the  fegment*.    And  if  the  arches 
EL,LF,FM,gfff.  be  again bifefted,  aod  tlwright 
lints  joined,  the  triangles  -will  UJcewife  exceed 
the  half  of  the  fegments.  Wherefore  if  the  fquare  ^ 
EFQH  be  taken  from  the  circle  EFN,  and  the 
triangles  from  the  other  fegments,  and  this  be 
done  contlmialiy,  at  length  « there  will  remainie  t.i««. 
foQie  magnit/ude  lefs  than  K.  Let  us  have  gone  fo 
fhr^  Windy  to  tbe  f«giBeiits  EL^  LF,  FM,  &r; 


ig8  .  The  tii/elfti  *  ^fyo%  ff 

f  hyp.anftzktn  together  lefs  than  K,  Therefore  I  tf  tUe 
3.  ax.  circle  FENK)  t:  the  ppjyg.  ELFMNHO  (the 
g  3o.^  encircle  FEN-  the  fegni.  EL -4-  L,F,  ^c,)  In  the  ♦ 
t.  poll.  I.  circle  ABT/'€oficeive  aiifka  polygonon  iJCB$- 
h  r.  I2U  CTl>V-  iiifcribed.  therefore  fiiice  AKBSCTDV. 
k  byf.  ELFMGNHO  h  k  ACq,  EGq  fe ::  the  circle 
1  9.  ax.uABT.  I.  ana  «ie  polyg.  AKBSCTDV  t^:^  the 
m  14. 5.  cifcle  ABT;  the  polyg.  ELFMGNHO  m  f^all 
'       ^        be  •:)  L   bujc  before,  1  was  -3  ELFMGNHO. 

which  is  repugfiant. 

Ateain,  it  it-  be  poflSble,  let  I  be  tr  thicircle 
P  %!?•  -  EFN.  Therefore  becaufe  ACq.EGq  «::  the  circle 
^  ^BT..  Li^and'in verfeJiy  L  the  carcte  ABT.  fiGq, 

ACq.  ^p^L  the   cirdle  ART  :;  the  .circle 
o  f  4.  5«    ^^*  ^  0  tlwefore  the  pircle  ABTc"X  p  $11^ 
II.  5«     £Gq.  ACq :;  Hfne  circle  EFN.  K.  which  i&  &rwn 

to  be  rejytjgbant.  .  ^.       >    , 

Th)9cef>t?  jit  inuft  be  concluded,  that  I  is  ^ 

16  the  circle  EFN.    JP7wA ,  was  to  he  iem. 

■  ,  .  -  .  :..    '     Cma;  , 

I  { Honce  itfollows^  that  as  a  circle  is  to.  axif- 
de,  fo  i^  a  pojygonoQ  deiTcrlb^d  in  one  tp  11  lite 
polygoaoa  defaloed  in  the  bther. 


f 


.r/,\*^\ 


«^  < 


pkoip.  m. 


. /.  t 


.^      V 


,  S^t'.jw^  4  triangular  bafe^mOj^ 

h  divided  into  two  Pyramided 

JEGfl,  H^KC,  equal,  4^4 

tike  one,  to  the  other ^  hapu^ 

tafes  triai^lar^  andUketfi 

the  whole  ABDC  ,    aifd  intp 

^  ^  .      ^     two  efual  Prifms,  BFGEIH^ 

IGDHIKh  which  two  Prifms  are  grefiter  than  tb^ 

\lfdfthewboie'Pyramide\4£t)C.  ■':  *  ' 

Divide  the  fiae$bfthe  pyramideinto  tmr^ 

parts  ^t  the  poiDts£,F,G,H  J,K,afld  J9ir\  the  right 

fmesEF,Fq,GE,EI,IF,FK4^,GH^E.Be«wfe 

ii^  fides  of  tlie  pyiwid|  fie  i^opoitmi^^ 


EUGLIDE'j  Elmmti.  ^ 

'got,  a  thence  Hlr^B  j  and  GF,  AB  ^  and  IFiQC^a  z.  6.'  ^ 
iind  HG,  DC^c-  are  parallels,  and  coafequeDilV '  -  ■    ■ 
'    HI  TG ;  and  GH.FI  are  alfo  parallels.  therefdrC 
ii  is  apparent  that  the  triangles  ABD,  AEG.EBP, 
rDO.HlK,  i  are ei^uiangular,  and'thacthefourb  19.I. 
Jaft   are  e  equal  :   in  like  raanner  the  tri^ngi^  c  z&.  i* 
ACB,AHE,ElB,HTC,FaK  are  equiangular;  and    ■>  '■    ■ 
the  iouT  laft  af  e  equal  one  to  the  other.  Alfo  ihb 
triangles  BFI,  FDK,  IKC,  EGH ;  and  laftly,  thfc 
triangles  AHG,  GDK,  HKC,  EFI  are  like  and 
equal;  Moreover  the  triangles  HlK  to  ADB.and 
^GH  to  BDC,  and  EFI  to  ADC,  and  FGK  to 
ABC,  i  are  parallel-  Fromwhance  it  evidently  d  IL5.  ti. 
fellows,  firft  that  the  pyramidesAEGH.HIKC    ,- 
are  equal,  and  dike  to  the  whole  ABDC.and  toe  tp.dtf, 

fne  another.    Next,  that  the  folids  BFGEIH,it.   '     ' 
GDIHK,  are  piirms,  and  that  of  eqiul  heightbi     - 
as  being  placedbetweentheparallelplai^  ABD,  , 

HIK,  but  the  bafe  BFGE  is  /double  of  the  bafe  f  t.'  $c.  t- 
FDC,  wherefore  the  faid  prifms  are  equal  ^  g  4^^  1 1; 
whereof  the  one  BFOEIlf  is  greater  than  the 
pyramide  BF£I,t^t  is,  then  A£GH,  the  wboK 
than  its  part  j  and  confequently  the  two  ptiriw 
are  greater  than  the  two  pytamides,  and  To  ex- 
ceecTthe  half  of  the  whole  py rauidc  ABDCL 
Which  wat  to  he  dm. 

.  P  R  Q  P.    IV. 


iABCD,^FGH,ofiU 


goo  *  The  tn^elftb  Book  of 

find  either  of  them  he  divicted  into  tf»o  pyramidet 
iAllMy  MNOD^  and  EPRS,  SIVH)  equal  one  /a 
,  the  other,  And  like  to  the  whole ^  and  into  tn>o  equal 

frifms   (IBKLMN,  KLCNMO ',   and  PF^ST^ 
,  J^RGTSF*^)  and  if  in  like  manner  either  of  tbofp 
fyramides  made  hy  tJje  former  divifion  he  divi^ed^  and 
this  he  done  contijiuaUy^  then  as  the  hafe  ofohepy^ 
;      7 amide  is  to  the  hajh  of  the  other  fyramidcj  fo  itre  all 
■the  prifms  which  are  in  one  pyramide^  to  all  the  frifms 
which  are  in  the  other  fyramide^   being  equal  19^ 
Multitude.    '     ^ 
*  15*  !•        For  (appilying  the  Qonftruftibn  of  tKe  ^lici^ 
b  21. 6.     aent  Prop.)  B.C JCC  a ; i  FQ.  QG.  h  therefore  the 
c*-^C5*^*iriangle  ABC  is  xb  the  like  triangle  Ll^C  is 
d  i6.  5;     EFQ  ,s  to  c  the  like  RQQ.  therefore  by^  permui 
tfch.  J4.  tation  AfeCEFG  d  :;  LKC .  RQG  e  ::  the  prilm 
»!•  KLCNMO.  QRGTSV  (  for  thefe  are  of  equal 

f  7-  J?- ,  .  altitudej  /*::  IBKLMN..  PFC^RST.  ^  wherefore 
%  «•  r-    the  triangle  AfeC  EFG ';  the  prifm  KLCMNQ 

>*.IBKLMN.  the  prifm  (iRGTSV -^FFQRST. 

jrbichwasto  hederti.  '   ' 

"  But  if  the  pyramides  MNOD,  AILM ;  and 
IPRS,STVH,  be  further  divided,  in  like  man: 
ner  the  four  new  prifms  made  hereby  Ihail  be  td 
the  four  produced  before,  is  the  bafes  MNO 
and  AIL  are  to  the  bafes  STXT,  and  EPR ;  that 
15,  as  LKC  to  ItQQ,  or  as  ABC  to  EFGV  h 
-wherefore  a^he  prifms  of  the  pyraAide  ABCD. 
arc  to  all  the  prilms  of  the  pyrauuUe  EFGH  as 
the  bafe  A^C  is  to  the  bafe  tFG/ 


/ 


\ 


1» 
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EUCLIDE'i  Elmms. 
PROP.  V. 


!•( 


Tyrmiies  JSCD,  EFGH,  ieivg  vnitr  thefamt 
abitude,  having  friavguljr  hnfes  AECy  EFG,  art 

.  one  to  atulier  or  their  haJetJBC,  EFG,  are. 

LectheuianglesABC.  EFG  ::  ABCD.  r.    I 
fay  X  is  emial  lo  the  )}yramid^  EFGH.  For  if  it 
bepoffible,  letXbe -3EFGH.    and  let  the    ex-     .-;   - 
.cefs  be  Y,  divide  the   pyramide  ZFGH  Into      ,  .   i   . 

.  ptiftiis  and  pyraujides.  and  the  other  pyramtdes 
in  like  mannei,  d  till  the  pyramides  lelt  £PR$, 
SVTH,  be  lefs  than  the  folid  Y.  Theretbre  fince*  '•  "• 
the  pyramide  EFGH  — I  I  Y,  it  is  inanifeft 
thattharemaimngprifms  PFQRST,  QRGTSV     .-:       ' 
ate  greatST  than  the  folid  X.  Conceive  the  pyra- 
mide ABCD  divided  after  the  fame  manner ;  (b4.11. 
thenwill  be  the  piifm  IBKLMN-KLCNMO, 
PFQRST  ■+  QRGTSV  : :  ABC.  EFG  c ; :  the  c  fa».    , 
pyr.ABCD.  X.  ^  tboreforc  X  c"  theprifm  PFQ_-di4.  j. 
RST  -+.  QRGTSV  j   which  is  contrary  to  that 
which  was  affirmed  befoie. 

Again,  conceive  X  c- the  pyr.  EFGH.  and 
make  the  pyr.  EFGH.Y::  X  thepjr.ABCD  eefa«..«iri 
::  EFG. ABC.  Becaufe  EFGH/-3  X,£  thence Yeoff^  (. 
~3  the  pyr.  ABCD.  whiphisltiewa  mbreto  bef^i^ip0^ 
impoJliDle.  Therefore  I  conclude,  that  X  is  e<jial  g  14.  f . 
to  thepyi.  EfGH.    U^bicb  wot  to  htiem.  ,-  1 

PROP. 


bi&5* 
c  iZi  i* 


€  5*  iz« 


i^f..Itii 


i 


4»$< 


the  twelfth  Bool  of  \ 


,  iPyramiies  JBCDEF,  GHIKLMyConfiftingunder 
iie  fame  altitude y  'and  having  folwonovs  hafes 
JSuDJEy  GHIKL^  are  to  one  anoeier  as  tljeir  to- 
fes  ABCDE,  FGHIKL  are. 

Draw  the  tight  lines  AC,AD,GI,GK.  then  is 
tjic  bate  ABCACD /I ::  the  pyr,  ABGF.A*eD5* 
}  therefore  by  conipofitioi^  ABCD,  A*CD  ::  the 
pyt.ABCDF.ACDF.  a  butalfo  ACD.  ADE:: 
the  pyr.  ACDF.  ADEF.  c  tTierefore  qf  equality 
ABCU  ADE  ::  ABCDF.  ADEP.  and  h  thence 
by  compofitioh  ABCDE.  ADE  :\  the  pyr.  ABC- 
IJEF.  ADEF.  moreover  ADE.  GKL  /;:  the  pyr. 
ADEF.  GKLM  5  and  as  before,  and  inverfely 
GKL.  GHIKL ::  the  pyr.  GKLM.  GHIKLM. 
€  therefore  again  of  equalityABCDE.GHIKL::the 
tyr.ABCDEF.  GHUCLM.  tnmbwaitohe.dem. . 

vP      TfA  w  ^^^®  h^es  hate  not 

M:        JvV  gdes  of  equal  muld- 

tude,  the,  demonftra-' 
tionwill  proceed  thus. 
Ihe  bafe  ABC.  GHI  c 
.vthe6yrJlBCF,QH- 
^T  ,  T  g^ ^  , . ,  .^  IK.  e  and  ACD.  GHI 
y  tm     TC    .vthepy^ACDF.GH- 

IK.  /therefore  the  bafe  ABCD.  GHI  >;:  the  J)yr, 
ABCDF.GHIK.e Moreover  the  bafe  ADE-tiHE 
^  thctqrr.  ADEF.  GHiK.  /"therefore^  the  ^bafc 
ABCDii,  OHI  .V  the  pyr.  ABCDER  GHIK.  ,,, 


r 


EUCLlDE'i  Etemenii: 
P  R  0  P.   VIL 


|OJ 


£i;ery  Prijm,  JBCDEF^ 
having  a  triangular  bafe^ 
may  he  divided  into   tJjree 

Pyramides    JC^Fy  JCDF^ 

S     ^  O       :     CDFE,    eiual\one,td  the 

Other^  and  having  triangular  hafes^      \ 

Draw  the  diameters  of  the  par^lelograms, 
AC,  CF,  FD.    Then  the  triangle  a6B  is  /i  =:  a  J4.  k  . 
ACD.  ^therefore.tbe  pyramides  of  equal  hfeighthb  5. 11. 
ACBIP.ACDF,  aie  equal,    in  like  liianflffr  the 
pyr.  DFAC  -::^  the  pyr.  DFEC,  but  ACDFaild 
DFAC  are  one  and  the  fame  pyraitiide.    c  there-c  Ufi9c.t4 
fore  the  three  pyrdmides  ACBF,  ACDF,  DFEC, 
into  "Which  the  Prifm  is  divided,  are  equal  one 
to  the  other.    Which  Was  to  he  denu 

Hence,  every  pyramide  is 
the  third  part  of  the  Prifip  . 
p  that  has  the  f afae  bafe  and 
heighth  with  it  ^  or  every 
priun  is  treble  of  the  pyra- 
itiidt  that  has  the  lame  bafe 
andheighth  with  it. 


For  reibl  ve  the  polygonotis 
%   prifm  ABCDEGHlKF  into 


^  U  Triangular  Piiims ;  and  the 
pyramide  ABCDSH  inu>  triai?gular  pyramides; 
A  then  all  the  parts  of  the  priftn  ihall  be  treble  a  7*  izl 
to  all  the  parts  of  the  pytamidfii  h  c6nfequent-b  i,  5% 
ly  the  whole  prifm  ABCDEGHlKF  is  tre- 
ble to  the  wjiok  pyr^idc  ABCDgH.  VT^ich 
POf  to  be  dem 


R 
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Tie  twelfth  Baok  cf^ 
PROP*   VHL 


r 

Like  Pvramides  JBCD^  EFGHy  which  havfi.  trian- 
gular ham  ABCy  EFG  arc  in  triple  proportion  of  that 
tn  which  their  ^s  of  like  propouion  JC^  EGs  af€. 
*  %  i7.  II.      a  Compleat  the  parallekpipedoas  ABICDM- 
bpu^r/.ir.KL,  EFJNGHQPP,  which  b  are  like,  and  r 
c  28.  rt.  fextuple  of  the  pyramided  ABCD,EFGH.  dmd 

5nd  7*  12*  therefore  in  the  fame  proportion  with  them  otte 
15-  5-     to  another,  c  that  is^  triple  of  that  of  the  fides 
P  ??•  II*  of  like  proportion,  &c. 

CoroIL 

Hence,  alfo  like  polygorous  oyrami^^  Hkvt 
proportion  tripled  to  that  of  the  fides  of  lii^: 
proportion  ;  as  may  eafily  be  proved  by  lefol* 
ving  the  fame  into  triangular  pyramides. 

PROP.    IX. 

See  the  preceding  Scheme. 

In  epidlpyr  amides  JBCH^EFGH^  hdmngtrian*- 

gular  tafes  JBCy  EFO^  the  hajes  and  altitudes  ar^ 

reciprocal^  Jnd pyramides  havii^g  triangular  hafeSf 

whofe  altitudes  and  hafes  are  reciprocal^  are  e^aL  > 

iMyp,7he  compleated  patallelepipedoas  ABIO 

a  z8. 1 1.  DUKLp  £FNGHQPP  are  a  fextuple  of  the  equal 

Mnd  7.  iz.'pyramidesABCD,EFGH(eitiierofeitfaer)andfo 

equal 
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equa)  one  to  the  other,  therefore  the  altitude 

(H.)  the  altitude   (D)  h  ::  ABIC.   EFNG  c  ::h  ^4.  ii. 

ABC.  1EFQ.  .  Which  warto  he  dem.  c  1 5,  f- 

2.  Hyp.  The  altityde  (HX  the  ahuude(D)  d ::  d  hyp. 
ABC.EFG  e::  ABlC.  Hf*NG.  /therefore  thee  15.  j. 
^arallelepipedons  ABlGpMKt,  Ef  NGHC^P  f  54. 11. 
are  equdl.  ^  conrequentlv   alio  the  p^amides  g  6.  ax*t. 
ABCD,  EFGH  bping-fttWimtupJe  of  the  fame, 
are  eq\}^.'  W^^  v^^  to  i^  dem.  . 

27;e  fm44s  anflkahk^o  pplygonous  fyramides  \ 
for  they  Vnif^^in.  lih^Jtanmr  he  riiuced  to  tru 
avgulars. 

CoroU. 

;  Whaifoeter  v  ientonfirated  ofjpyrMmides  in  Pyop.6* 
$,9.  do^slikemfe  aeree  to  aryfort  ofprifms ;  feeing 
tlxy  are  trifle  ofn>e  pyranndes  that  have  the  fame 
iafe  and  altitude  with  them.  Therefore 

I.  The  proportion  oirprifms  of  equal  altitude 
is  the  fame  M^rith  that  of  thar  bafes, 
.  2.  The  proportion  of  like  prifms  is  triple 
of  that  of  the  fid6s  of  like  proportion. 
,  3»  Equal  pripos  have  their  bafes  and  altitudes 
feciprocal ;  and  prifms  which  are  fo  reciprocal^ 
iire  equat 

Schol 

*■»■■/  ,  •. 

From  what  is  hitherto  deinonftrated  the  di-, 
tnenfibn  of  anjr  prifms  and  pyramides  may  be 
tollefled.     ;  ,  ., 

a  The  foUdity  of  a  prifni  is  produced  of  the  a  r.r^MZ^ 

Sltitude  multiplied  into  ./he  bale  %  h  and  there- ^/Jj,  40. 
ore  likewife  that  of  a  pyramide,  of  ihe  third  n^ 
^art  of  the  altitude  multiplied  into  the  bafe*  ^  b  7.  iz. 

V  PROP; 


•  «      •  • 


'%a6 
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Ett  thefe- 
cond  figure 
of  this 
Book, 
^fch.  7. 4« 
and  cor.  9, 
iz. 

hfckij,^. 
and  cor.  9, 

k2. 


tcor.'j.ii* 


Every  Cone  «  the  third  fart  of  a  cylinder  having 
the  fame  hafe  with  it  JBCD\  and  the  altitude  equal. 

If  you  deny  it,  then  fir  ft  let  fuch  cylinder  be 
moje  than  triple  to  the  cone,  and  let  the  excefs 
te  E.  A  prifm  defcribed  on  a  fquare  in  the  circle 
A6CD  a  is  fubduple  of  a  priun  defcribed  upon 
a  fquare  about  the  circle,  being  equal  to  it  and  the  ' 
cylinder  in  the  heighth.  Therefore  a  prifm  upon 
trie  fquare  ABCD  exceeds  the  half  of  the  cyl.  and 
likewife  ^  prifm  upon  the  bafe  AFB^  of  equal 
heighth  td  the  cylinder,  I  is  greater  than  the 
half  of  the  fegmeiit  of  the  cylinder  AFB,  continue 
an  equal  bifectionof  the  arches,  andfubftraft  the 
prifms  till  the  remaining  fegments  of  the  cylih« 
der,  namely  at  AF,FB,S'f.  become  kfs  than  the 
foiid  E.  Therefore  the  cyl.  —  fegm.  AF,FB,gfr* 
(the  prifm  on  the  bale  AFBGCHDI)  c  is  greater, 
than  the  cylinder  —  E  (<^  the  triple  of  the  cone.> 
therefore  the  pyramids,  e  ^  third  pait  of  the  faia 
prifm  (being  placed  on  the  fame  bafe,  and' of  the 
fame  heighth)  is  greater  than  the  coiic  of  equal 
height^  t)n  the  bale  ABCD  a  circle  i,  e.  the  part 
greater  thah  the  whole.    Which  is  ahfurd. . 

B\it  if  the  cotit  b^  affirlned  to  fte  greater  than 
the  third  part  of  the  c>  Under,  then  let  the  excefs 
be  £.  Detrad  the  pyramides  from  the  cone,  as  you 
did  in  the  fiift  part  the  prifms  from  the  cylin- 
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^er,  till  fome  fegments  of  the  cone  remain,  con- 
ceive at  AF,  FB,  EG,  &c.  lefs  than  the  iolid  £• 
therefore  the  cone  —  ^{fl  of  the  cylinder)  -^fbyfi 
the  pyr.  AFBOCHDl  (the  cone  -  fegm.  AF,FB, 
&c^  therefore  the  piilm  triple  to  the  pyramide 
(ciz.bf  equal  tteighth,  and  on  the  fame  bafe) 
is  greater  than  the  cylinder,  on  the  bale  ABCD, 
khe  part  than  the  whole,  JTmch  is  ahfurd.  Where^ 
fore  it  muft  be  granted,  that  the  cylinder  is  equtl 
to  triple  of  the  cone. 

PROP.    XL. 


Cylinders  and  Corns  ABCDK,  EFGHMy  *?>^ 
under  ihe  fame  altitude^  are  to  one  aiiother  as  their 
lafesJBCD,  EFGH. 

Let  the  circle  ABCD.  the  cir.  EFGH :':  the  cone 
ABCDK.N.  I  fay  N  is  equal  to  the  cone  EFGHM. 

For  if  it  be  poffible,let  N  be  "?  the  cone  EFG- 
HM, and  let  the  excefs  be  O.    The  preparation 
and  argumentation  oftheprec.  Prop,  being  fup- 
pofed,  then  Ihall  O  be  greater  than  the  fegments 
bf  the  cone  EP,PF,FQ,&'f.  and  fo  the  fblid  N-:3 
the  pyr.  EPFQGRhSM.  in  the  circle  ABCD  iraj  o.^,aiii 
make  a  like  polygonous  figure  nTBVCXDY,  Be  i.  /^q/?. 
caufe  the  pyr,  ABVYK.    th,e  pyr.  EPiQ^SM  h  ::b  6. 12. 
ATBVY,  the  polyg.EPFQS^;:  the  cir.  ABCD.c  cor.i.izi 
the  cir.  EFGH  i*v  the  cone  A BCDK-.N.  if  thence  d  Avp. 
Ihe  pyr.  EPFQGRHSM  fhall  be-^  N.  contrary  c  14.  5; 
t6  what  was  affirmed  before.  Again  coticeive  N 

U  z  c  the 
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the  cone  ZFGHM.  ind  make  the  cone  EFGH- 
f  hyp  ii«d  MO ::  N.  the  cone  ABCDK  /;:  the  circle  EF- 
iy  j»wr-aH.ABCD.£ihereforeO-3thecone  ABCDKi 
fiot!.  wbichii  ahfinJ,  as  appears  by  what  is  fliewn  in 

E14.5.     the  fiift  part. 

Theiefote  lathet  admit  ABCD.EFGH.vth« 
cone  ABCDK.  EFGHM.  W7mh  ttat  to  he  dm. 

The  fame  may  be  demonftrated  of  cylinders, 
if  cylinders  and  prirms  be  conceived  in  the  place 
of  cones  and  pyramided,  therefore,  gfir, 
Schol 
Hencf  u  gaiherei  the  divunjion  of  aU  forts  ofty- 
Imdits  and  cones.    The  folidity  ot  a  right  cylin^ 
■  t.  Ptbp,  dcr  is  produced  of  the  circulat  bafe  la  the  di- 
de  dimeuf.  menCon  whereof  is  to  be  learnt  out  of  Jrchme- 
circ.  des)  multiplied  into    the   heighth  ;    I  whence 

b  II.  12.   in  like  manner  that  of  every  cylinder. 

Therefore  the  folidity  of  a  cone  is  produced 
cFthe  third  part  of  the  altitude  multiplied 
into  the  bafe. 

PROP.    IBs 


0 

0 


Like  eovei  dnd  cjliniersJSCDX,  EFGHM,  ere 
in  triplicate  popottioii  of  that  of  the  diameters  TX^ 
fjf,  of  their  hfes  JBCD,  EFGH. 
Let  the  cone  A  have  to  N  triplicate  proportion 
of  TXtoPR.l  fay  N  is^^the  cone  EFGHM.  For 
jfitbepodible,  letNbe-^EFGHil.  and  let  the 
excefsbeO.  therefore,  N  ^  thepyr.EPFQGR- 
HSM.  Let  the  axes  of  the  cones  beIK,LM,and 
join  the  right  lines  VK,  CK,  Vl,  Ci,  and  QM, 
GM,- 
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GM,  QL,GL.  Becaufe  the  cones  are  like,   tfa  24.  dtf: 
thence  VI.  IK ;;  QL,  LM.  but  the  angles  VIK.  i  r, 
QLM  i  are  right  apgles,  c  therefore  the  trian-b  i8,  A/. 

fles  V1K,QLM  a^re  equiangular,  d  whence  VC,  ir. 
1 ::  QG.  QL.  alfo  VI.  VK ::  QL.  Q^.  there-  c  6.  6. 
fore  of  equality  VC.  VK  .v  QG.QM.  ^  moreover  d  4.  6. 
VK.OK ::  QM.  MG.   therefore  again  of  cqua-e  7.  5. 
lity  VC.  CK  ;:  QG.  GM,/ therefore  the  trian-f  5.  (5. 
file  ViCC,  QMG  are  like  :  and  by  the  fame  rea- 
ion  the  other  triangles  of  this  pyramide  are  like 
to  the  other  of  that  \  g  whereiore  the  pyramides  g  ^J^f.i  i 
f hemfelves  are  like,  b  But  they  are  in  triplicate  hror.8.iz« 
proportion  of  that  of  VC  to  QG.   k  that  is,  of  k  4. 6. 
VI  to  RL,  /  or  TX  to  PR.  m  therefore  the  pyr.  1  15-  5- 
AIBVCXDYK.  the  pyr.  EPEQGRHSM  ::  x\vtmhyp.emi 
cone  of  ABCDK.N.  n  whence  the  pyr.  EPFQ- 11.5. 
GRHSM  -a  N.   whicn  is  repugnant  to  what  a  14.  J* 
was  affirmed  before. 

Again,  take  N  cr  the  cone  EFGHM.  mako 
the  cone  EFGHM.  O ::  N.   the  cone  ABCDK 
o  ::  the  pyr.  EPRM.  ATCKj^ :;  GQ.  VC  thrice  o  lefore^ 
::q  PR.  TX  thrice,   bqt  O  r  is  -:}  ABCDK.  ^ni  i»- 
whieh   was   before    fhewn  to   be    repugiunt.  verfelj. 
Wherefore  N  =  the  cone  EFGHM.    Wlicip  cor,S.n. 
was  to  he  dem»  Q  4«  ^* 

But  forafmucbaa  what   proportion  foeverr  1,4.  5* 
cones  have,  alfo  cylinders  being  triple  of  Aem, 

Jave  the  fame;   theiefiore  cylinder ^ to  fylindet 
lall  have  propottion  triplicate  of  the  diamet^is 
pfthebafes. 
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b.  ir.  II. 


If  a  eyliideT  JBCD,  he  inl- 
iti  hy  a  plane  EF  aaraUel  to 
the  oppofite  planet  SCydt>,tbe* 
at  otKcyiinder  AFED  is  to.the 
other  cylivdet  EBCF,  fo  is  the 
axis  Gltotht  axis  HL 

The  ikxis  being  pioduced, 
a  take  Gk=GI,  aad  HL= 
IHT=LM,and  conceive  piuies 
drawn  at  the  points  K,  L^, 
parallel  to  the  circlei  ADj 
Be,  b  therefore  the  cylinder 
FD  —  the  cyl.  AN.  and  the    . 
cyl.  EC  *  —  BO  J  —  OP.    therefore  the  cylin- 
der EN  is  as  multiple  of  the  cylinder  ED  as  the 
axis  IK  is  of  tJie  axis  IGL   and  in  like  manner 
/      the  cylinder  FP  is  as  multiple  of  the  cylinder 
BF,  as  ths  axis  IM  is  of  the  axis  IH.   but  as 
cii.  i>.  IK  Js=,t-,~::IM,efoisthecyiuidetEN=:,c-, 
d6.def.  S-tEP.  d  theieftire  the  cylinder  AEFD.  thficyJ. 
EBCF::ai.IH.    IKhith  wai  to  he  den. 

PROP.    XIV. 

~  ns  AEB,  CFD,  and  cy- 
sJHfiKco^fiingupon 
hafes  JB,CD,  aretom^ 
er  at  their  allitudeiME, 

ecylindetAH.andthe 

EM  being  produced, 

taKe  ML— FN  ;  and  at  the 

a  It.  12.   point  L  draw  3  plane  parallel  to  the  bafeAB,  (t 

bij.il.   thenfhallthecyl.APli-iiCK.^butthecyLAH. 

AP(CK) ::  ME.ML  (N  P.)  Whkh  was  to  he  dem, 
»  apply  9-  The  fame  may  be  affirmed  of  cones  Cubtriple 
iridf,  ii.of cyiindersj*asalCoofprifiiisandpyramides.  ' 
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PROP.  IV. 

-jK  In  tgital  conti  BAC,  EDF, 
aniiejhndtrs  Stf,B/C,tlxbiifes 
Cfl«rf  altitudes  are  ttcipoetti 
BC.EP :: MD1.A.)  Jndcomi 
arid  eylinders,  whofe  hafes  ani 
altitudes  are  rtcifrocal,  ate 
V  equal  one  to  another. 

If  the  altitudes  be  equal 
then  the  bates  are  equaltoo,and  the  thing  is  evi- 
dent. If  unequal,  then  talte  away  MO  =  LA. 

1.  Hyp.  Then  is  MD.  MO  [a  LA)  b. ::  the  a 
cyl.  EK.  (c  BH)  EQ.<(.v  the  cir.  BC.  EF.  Whkhh 
wai  to  be  aem.  c 

2.  Ifyp.  BC.  EF  « ;:  DM.  CM  (LA)  /.■;  thed 
CTl.  EK.  FQf  .V  BC.  EF  i  .■;  BH.  EQ.  Therefoi 
the  cylinder  EK=:BH.    Which  vas  to  ie  ^«b». 

-  The  fame  argument  may  be  ufed  for  cones,     g 

PROP.    XVI.  kp'-V.*^ 

JJVo  tuitguM  circlet  * 
JBCG,  DBF,  having 
tlx  fame  center  M,  to  t«- 
fcrite  in  the  greater  circle 
JBCG  afolygomwfywe 
of  equal,  and  evenjides, 
which  JbaU.  not  touch  tht 
UjjeremleDEF, 

Through  the  center 
M  draw  the  line  AC  cuttiug  the  circle  DEF  in 
F,  frtim  whence  raife  a  perpendicular  FH.  a  di-"  V-  3* 
vide  the  femicircie  ABC  into  two  equal  parts  ; 
and  the  half  thereof  BC  alfo  ;  and  To  do  conti- 
nuallf.  h  till  the  arch  FC  become  lefs  than  the"  '•  'c- 
arch  HCjfrom  I  let  fillthe  perpendicular  IL.  It 
is  maoifell  tJiat  the  arch  IC  meafures  the  whole 
circle,  Mid  that  the  nuoiberof  arcbes  iSevcQ^and 
.  U  4  fo 


II.  12, 

II.  II. 

.  J. 


Jii  rie  iwtlfth  Bcal  ef, 

cfc!).j6.^So  that  the  fubtended  line  IC  is  the  llde  of  th;^ 

polygon  that  may  be  isTcribed  without  touch- 

dMr.i(5.j.ing  ihe  leiTer  circle  D£F.    For  HG  d  touches 

e  18. 1,    the  circle  DEF.   e  to  which  IK  is  paialle),  and 

Y  jfJe/.i.placed  ouiwarUly  ;  /  wherefore  IfC  does  not 

Ibuch  the  circle  DEF  i  much  lets' do  CI»  CK, 

and  the  other  lides  of  the  polygonoti  more  te^ 

mote  from  the  center.    Which  was  to  ie  dotte.' 

PROP.    XVII. 


TifOj^beret  JBCF,  EFGH,  catling  aiout  thf 
fame  eenler  D,  htit^  givm,  to  injetiie  a  foiii  of 
many  Siei  (or  FolyeSon'i  in  ibt  greater  &bere 
JBCF,  wbiehjball  mtJmelthe  f$aericitt  of  tbg 
lejfer  ^bers  EFGff. 

Let 


Let  bot>i tbe  fphetes  be  cut  by  aplaiie pafiine 
Ifftlat  center  making  tbe  circles  £¥QH»ABCV) 
and  the  diameters  AC,  BV  drawn,  cutting  per- 
pendiodarly.  In  the  circle  ABCV,  iiiifcribcthe  ai^«  d; 
equilateral  oolygonc  VMLNC,  ^c.  not  touch- ' 
ine  the  circle  £FG^ :  then  draw  the  diametes 
Nit,  and  ereft  DO  perpendicular  to  the  plane 
ABC.  by  DO,  and  by  the  diameters  AC,  N«,  ctth 
<eive  planes  DOC,  t)ON  ereded,  which  ihali  b'0 
}  perpendicular  to  the  circle  ABCV,  and  £q  in  b  i$.  n; 
thefuperficiesofthe  fphete  make  <?  the  quadrants  c^^.i  2  #r 
POC.DON.   In  whkh  let  the  right  lines  CP,    ^     ^^*^ 
PQ,QR,  RO, NS, ST.T>,  >0  4  be  litted,  equal,  d  4.  i^ 
^nd  of  equal  multitude  with  CN,  NL,  &i^    T 
^fte  the  fame  conihuAion  in  the  other  qua-^ 
drants  OL,  OM,  &c.  and  in  the  whole  fphere. 
Xhen  I  fay  the  thing  required  is  done. 

from  the  po}ntsP^,  to  the  Plane  ABCV  draw 
^he  perpendiculars  FX,  SY,  e  which ihall  fall  on  e  t8«  fv^  . 
the  Le<%ion8  ACN«.  Therefore  b^caufo  both/the  f  12*  iiJ 
tight  angles  PXC,  SYN,  ^and  PCX,  SNY  infift-  g  ^/T" 
injg;  on  b  equal  circumferences,  /are  equals  the  n  »•  i. 
trjanglesalfoPCX»SNY£areequiangular.Where«  k  conMr 
fpre  beina  PC  i^  =r SN,  i  alfo  is  PX:=:  SY,  /  and  1  z6.u 
^CrriYlN  5  m  whence  DX^DY.  »  and  therefore  m  z.ax.t: 
pX.  XC ::  DY.  YN.  0  therefcre  YX,NC  are  pa^  „  7.  j. 
iaUels*  but'becaufe  PX,  ST  are  equal,  and  iince  o  a.  6u 
being  perpendictdar  to  the  fame   plane  ABCV,  p  ^^  ^u 
they  are  alfo p  parallels,  q  therefore  YX,  SP  ihall  q  ^n  u 
be  equal  and  parallel,  r  whence  SP,NC,  af-e  pa-  j  p.  12/ 
rallel  one  to  tne  other  ;  and  fo  the/  quadrilate-  f  y.  j  j^ 
ral  NCPS.  and  by  the    fame  rcafon  SPQT,t  1.  n. 
TQ&G,  as  alfo  the  t  triangle  y  RO  are  lb  ma*!L 
Vj  planes.   In  like  manner  the  whole  fphere 
may  be  ihewn  full  offuch  qUadrllateralsi  and        ^ 
triangles,   wherefore  the^  figure  infaibed  is  si 
polyedron. 

From  the  center  Du  draw  DZ  pefpeDdicvtartdu  ir.  ti2 
the  Diane  NCPS;  ^ni ioinZN,ZC^S,ZP.  Be^  x  4. 6. 
cau&DN.NC«;:DT,YX.  thence  NCi^/c^YXy  14*  $. 

(SP) 


»  • 
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(SP.)  and  likewife  SP  cr  TQy  and  TO  c*  y  R, 

^  And  becaufe  the  angles  DZCDDZN,DZS,DZB 

9  yjef.ii.  z  arc  right,  and  the  fides  DC,DN,DS,DP,tf  equal, 
a  ij.-'4fc/.and  DZconimpri,*  thence  ZC,ZN,ZS,ZP  arc  e- 
11.  qualonetothe  otjher;   and  confequently  about 

b  47. 1,     the  quadrilateral  NCPS^  a  circle  may  be  defcri- 
c  i5,/?e/.i.bed,  in.which  (becaufe  ^]>JS,NC,CP,  are  d  equal, 
d  ro»/?y.    and  NC  cr  SF)  NC  e  f ubtends  more  than  the  qua- 
c  18.  ^     drant,  /therefore  the  ang.  NZC  at  the  center  is . 
f  35,  9^.    obtuCe,  g  therefore NCq  tr  z  ZCq(ZCq-^ZNq.) 

SIX. ».  Let  NI  be  drawn  perpendicular  to  AC.  there-. 
iz.1.  fore  fince  the  angle  ADN  (J  DNC-4.DCN)  fels, 
k  ^CMT.  i.obtufe,  the  half  of  it  DCN  fball  be  greater  than' 
1  5.  I.  '  *  the  half  of  a  right  angle ,  and  fo  that  which  rc- 
juains  of  the  right  ang.  CNI  Ihall  be  Icfs  than  it 
n  19. 1.  «  whence  IN  c-  IC.  therefore  NCq  (Nlq  I  ICqX 
0.47.1-  0 -J INq.  therefore  IN  crZC.  and  confequemly 
p  47. 1.  BZp  cr  DLbut  the  point  I  is  f  without  the  fphcre 
q  ^^.,  xp.  EFQH.  and  fo  much  more  the  point  Z.  wherefore 
i^. .  .  ,  the  plane  NCPS,  (whofe  r  next  point  to  the  cen- 
f  47. 1,  ter  is  Z)  does  not  touch  the  fphere  EFGH.  And 
*  <  .:.  if  a  perpendicular  D  /  be  drawn  to  the  plane 
,  SPQT,  the  ppint  /,  and  fo  alfo  the  plane  SFQT 
.  -J.  'is  yet  further  removed  from  the  center,  which 
..4s  alfo  true  of  the  other  planes  of  the  polyedron. 
•^ ,, Therefore  the  polyedron  ORPQCN,  &c.  in- 
i  ,/cribed  in  the  greater  fphere;  docs  not  touch  th« 
leiTen    Whi€h  was  to  be  dona  ' 


<k  « .^ 


^  .'  \  CoroV. 

.if/-. 

, .  i . ;.  Hence  it  follows,  77?at  if  in  at^  other  fphere  a 
folid polyedron^  Vike  to  the  ahovefaidfoiid  polyedron^ 
ie  infcrihedj  the  proportion  of  the  .polyedron  in  orm 
J^here  to  the  pofyedron  in  the  other  is  tnplicateof  that 
ofthediameterihftbej^heres. 

For  if  right  lines  be  drawn  from  the  Centers  of 
* '.  :  tbe  fpheres  to  all  the  angles  of  the  bafes  of  the 

.  > .;.  r-faid  polyedrons,  then  the  pdlyedrons  will  be  di* 

%  .!  i  .Tided into  pyi^oiides  equal  ia nuoiber  and  likte  ^ 
i  whofc 


^ 
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^nirhofe  homologous  fides  ^re  femidiameters  of 
the  fphcres  ;  as  appears,  if  the  leffer  of  thfcfe 
fpheres  be  conceived  defcribed  within  the  great- 
er about  the  fame  center.  For  the  right  lines 
drawn  from  the  center  of  the  fphere  to  the  an- 
gles of  the  bafes  will  agree  one  tof  the  other  by 
xeafon  of  the  liken^fsof  the  bafes;  and  fo  wiU 
like  pyramides  be  made.  Wherefore  fince  every 
pyramide  in  one  fphere  to  every  pyramide  like 
it  in  the  other  fphere,  a  has  proportion  triple  to  a  coiji^ii^ 
that  of  the  homologous  fides,  that  is,  of  the 
femidiameters  of  the  fphetes  ;  and  h  as  one  py-  b  iz«  j« 
ramide  is  to  one  pyramide,  fo  all  the  pyramides, 
that  is,  the  folia  polyedrbn  oompofed  of  thefe, 
are  to  all  the  pyramides,  that  is,  the  folid  po- 
lyedrbn  comjpofed  of  the  others  ;  therefore  the 
polyedron  otoiie  fpace  ihali  have  to  the  polj^e.^: 
dron.of  the  other  fphere,  proportion  uiple  o^ 
that  of  the  femidiameters,  e  andfo  of  the  dia-c  15.  $J 
meters  of  the  fpheres.  •  ' 


f  I^OP-  xyiij; 


Sf)€res  BACiEDF^e  in  iriflicatefroportion  one 
to  the  other  of  that  in  whfth  their  diamet€rs  BCy 
EF.  .  \  ^ 

I^et  the  fphere  BAG  be  to  the  fphere  G  in  triple 
proportion  of  that  of  the  diameter  BC  to  the 
diameter  EF.  I  lay  G  —  DEF.  For  if  it  be  pof- 
fible,  let  G  be  -j  EDF.  and  conceive  the  fphere" 


(J  concentrical  with  EDF.     In  tjhe  Iphere  of  j 

EDF  a  infcribe  a  pplyedron  not  touching  the  a  17*  i;{J  ^ 

fphere  G»  a^d  a  like  polyedron  in   the  Iphere 

BAG, 


jt'(J  Thi  twelfth  Book  of 

b  cor.  if.  ihCf    Thefe  poljredrons  h  are  in  triplicate  proH 
12.  fioftionof  the  diameters  BC»£F.f  that  is,of  the 

c  hyp.       iphexe  BAC  tm  G.   d  Confequently  the  fphere 
d  14;  5*    G  i^  greater  than  the  polyedron  infcribed  in  the 

fphere  EDF ,  the  part  than  the  whole. 
Again,  if  it  he  poffible,  let  the  fphere  G  be 

cr£D]^.  and  as  the  fphere  EDF  is  to  another 
ttyjf*  in-tfhettB^  fb  let  Q  be  to  BAG,  e  that  is,  i^ 
very.  proportion  of  the  diametisr  EFtofiC.  there- 
f  14.  u  fore  fincc  BAC  frr  H,  we  Ihall  incur  the  abr 
^  fiudity  of  the  firft  part,  wherefore  rather  the 

fphere  Q  =  £DF«    WTncb  was  to  h  dcj^ 

Hence,  As  one  fphere  i$  to  another  fphere^ 
fois  a  Folyedton  dercribed  in  tliat,  to  a  like 
l^olyedron  defcribed  in  this. 


pc  End  of  the  tmlftk  Mooki 
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P  R  O  p.   L 

Fn  right  /f«rz  ie  divided  according  to  ex^ 

iremt  and  mean  Proportion  (z.  ^ ;:  a,  e.)  the 

fquare  of  the  half  of  the  whole  line  z,  and 

of  the  greater  fement  a,  as  one  line  is  quin- 

tuple  to  that  which  U  defiribed  of  half  of 

that  whole  line  z.  »  ^     ^ 

^^       -.^^^^  I  lay  Q.  a  -<•  i  z 

^^""^"^^    P^    •^c^'iQiiz.a  t&ata  4. il 
flS  A      E        is,  aa  -^  -J:  Ez  H-  zab  g,  4*.t;*  . 

rr:  Z2  -»-  ^  zz,  *  or  aa  -J-  za  •=.  2z.    Fcwr  ze  -f-c  z.  !• 
za  r  =  zz,  and  ztd  •=:  aa.  c  therefore  aa  -*•  za  d  hyp.  arid 
--  zz.   FKf  A  was  to  he  dem.  16. 6. 

^  ei«AA«tf^ 

P  R  O  Pi    IL  i*^** 

See    the  x.  Scheme^ 

tfa  right  Uney  z  -*-  a  J«  in  power  quintuple  to  a 
figment  of  it  jfalf  ^  z.  the  line  douMe  of  the  faid 
fegment  (z)  being  divided  according  to  extreme  and 
mianpoportiony  the  greater  fegment  is  {f)  the  other 
part  of  the  tight  line,  at  firji  given  i  z  ->•  a. 

I  lay  z,  a  ::  a.  e.  For  becaufe  by  the  hyp.  *  aa  ^^  4,  z, 
•4.  J  zz  -♦-  ztt  ==:  zz  -^  ^r  zz ;  or  aa  -^  za  =r  zz  tf  i  2.  !•    ^ 
=  zc  -*•  za,  b  thence  jffiall  aa  be  r=  ze,  c  where^  b  j.  ax.  t* 
feie  z,  a::  a.e.    Which  if  as  to  be  dm.        ^       cij.6, 

PROP; 


\ 


jij  'iiHe  thirteenth  Book  of 

jpROp.  m. 

If  a  rigjjt  line  z  le  divided  according  to  extreme 
and  mean  proportion  (z.  a  ::  a.e.)  the  fj^ne  made  ^ 
the  lefsfegment  e  and  half  of  the  greater  fegment  a^ 
ii  in  power  guiiituple  to  the  fquare^  which  is  de^ 
fcrihei  of  the  half  line  of  the  greater  fegment  a. 

^ ^..^^  IlayQ:c-Hi.a=j 

i*4-2»  ^"^^T^     I  ^^       Q:  f  a.  ^  that  is  ee -*- 

bj. /MP.         '    A     A      B  |:aa-Hea=aa-i.:jaa. 

c  g.  2.  ^    *^  •"    "^  I  or  ee  -*•  ea!=aa,  -For. 

d  %yp.  andee-J-ea  c  =  ze  <icr:aa.    JIF^iiir/;  was  to  he  dem. 

PROP,    IV: 

.  j^f  tf  right  linez  he  cut  according  to  extreme  and 
mean  proportion  (z.  a::  z,  e.)  the  Jquare  made  of 
the  whole  tine  z,  and  that  made  of  the  lejfer  fegment 
e,  loth  together 9  are  triple  of  the  fqitare  made  of 
the  greater  fegment  2L. 

.  ..^^^  Ifayzk-l-eerr  5 

•  <»•    •         j/^""^  ^        ^^*\        aa.  tf  or  ^a -♦•  ee -*- » 

1.  ,  ,        ./T  ■„, — ^     ae  H-  fe  =  5  aa.  For , 

^/:*:  A  'E  ae-4.cei=zer  = 

5  ^^;        aa.  J  therefore  aa  -*-  2  ae  h-z  ee  ==  5  aa.    *^Airi& 
a2.j;v.     ^^jjfo  i^i/^w, 

ip  R  O  P.   V. 


;/ 


B  X      If  a  right  fine  JB  he  cui 

^•-    accofding   to  extreme  and 

viean  proportion  in  C,  and 

a  line  JDy  equal  to  the  greater  fegment  BC^  added 

to  ity  the  whole  right  line  DB  is  divided  according  to 

extreme  and  mean  proportion  5  and  the  greater  /^ 

ment  the  right  line  AB  given  at  the  beginning. 

ft  hP.       ^  ^^^  becaufe  AB.  AD  a ::  AC.C6.  and  by  inver- 

,fipnAD,AB::CB.AC.  therefore  by  compofitioti 

DB, AB :;  AB.AC  (AD.)  Fhicb  was  to  be  dem. 

.  Schoh 
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Schol 
But  if  BD.  BA ::  BA.  AD.  tben  ihaU  be  £Ai 
AD::  AD.  BA  -  AD.  For  by  divifion  is  BD— 
BA  (AD.)  BA  ::  BA  -  AD.  AD,  therefore  in* 
verfeJy  BA.  AD ::  AD-  BA  -  AD. 

PROP.    VL 

D        A       C       B        If  a  rational  righf  lin$* 
m  1  ——.1         —     AB  he  cut  accwding  to  ex^ 

treme  and  mean  froportion    ' 
in  C,  either  of  the fegments  (JCyCB)  is  an  irrational 
line  of  that  kifid  which  is  called  apotome  or  refiduaL 

.To  the  greater  fegment  AC  j  add  AD=iAB.a  5.  t« 
'i  therefore  DCq  =:  5  DAq.  c  therefore  DCqxL,  b  1. 1  j, 
DAq.  confeouently  d  fince  AB, .  e  and  fo  the  c  6;  10:, 
lialf  thereof  DA  are  L   likewife  DC  is  p.  But  d  hyp. 
becaufe  5.  i ::  nbt  Q,  (^  /thence  is  DC  "XL  DA;  e  fch.izi 
g  therefore  DC  —  AD,  that  is,  AC,  is  a  red-  xe. 
dual  line.    Further,  becaufe   ACq  b  =:  AB  xf  9, 10. 
£C,  and  AB  is  p.   k  likewife  EC  is  a  reildual  g  j^  i^ 
line.    JTbicb  was  to  he  dem.  £17.6. 

PROP.    VII.  ^     ^ 


if  three  angles  of  an  equilateral  Pentagone  JBCDB 
whether  theyfottow  in  order,  {EABj  JBC,  BCD,) 
pr  not^  (EJBy  BCD,  CDE)  be  equql,  the  Pentagons 
tdBCVEJball  he  equiangular. 


%i$.         ,  the  tbtrieintb  Bfipk  cf 

Let  the  right  lines  BE,  AC,  BD,  be  fubtcn^- 

cd  to  the  equal  aqries  in  order. 

'  Being  the  fides  EA,  AB,  BCJ,  CD,  arid  the  in^ 

i  hyp*       eluded  angles  a  are  eqiul,  therefore  fliall  the  ba^ 

b  4.  r.      £es  BE,  AC,  BD,  e  and  the  angles  AEB,  ABE, 

CA^ands^  BAG,  BCA,  be  eqtial,  d  wherefore  BF  =  FA.  e 

I.  and  confequently  FCtrrF?  5  therefore  the  trian-i 

d  6.  r.   .  glcs  FCD,FED,  are  equilsltferal  one  to  the  other: 

C  ^  ax.  t./ whence  the  angle FCD=JFED.^conlequently 

f  8.  X.      the  angle  AED:=::BCp.  In  like  manner  theang^ 

g  2.  ax.  I*  CDE  is  eqiial  to  the  reft  ;    wherefore  the  pen- 

taeolie  is  equiangular,    winch  i^ot  to  tedem. 

But  if  the  angles  EAB,  BCD,  CDE,  whichl 

li  4.  r.      are  not  in  ojrder,  be  fuppofed  equal,  i  then  ihall 

k  y.  u     the  angle  AEB  be  =  BDC,  and  BE  =  BD.  k 

i  iU  ax,     and  thence  the  ingle  BED  =  BDE.    /coofe- 

fjuently  the  whole  angle  AED  n  CDE.    therer 

fore  becaufe  the  angles  A,  £,  D,   in  order,  are 

equal,  as  before,  the  pehtagone  fiiall  be  equiaru 

gulat.    trbiiei  was  to  U  denu 

PROP.    VIII. 

,  if  in  an  equilateral  and  r- 
quiangular  PentagbneABCDEf 
twq  right  lines  BD^  CE,  fiuh- 
tend  two  ingUs  BCD,  CDE, 
following  in  order,  thoje  lines 
do  cut  oHe  Another  according  t6 
extreme  and^  mean  frdfortion, 
and  their  greater  figments  Bf 
or  EF  are  equal  to  the  fide  of  thejentagone  BC.  ^ 
a  1 4. 4*  ^  Defcribe  about  the  peiitagone  the  circle  ABD. 
b  28. 1.  *  The  arch  ED  is  i=  BC,  c  therefore  ihe  ancle 
c  27.  \.  FCDrrFDC,  ^therefore  the  ang.  BFCr=2FCD 
d  S2. 1.  (FCD  -».  FDC.  But  the  arch  BAE  >  is  =  2  ED, 
i  U.6.  and  confequently  the  angle  BCF  e:r:^z  FCDrr 
£  6. 1 .  BFC.  /wherefore  BF = BC.  WT^ich  wof  to  he  dcnu 
27.  g.  Moreover  becaufe  the  triangles  BCD,  FCD,  ate 
4. ^     g  equiangular,  h  therefore  BD.DC  (BF.) ::  CD: 

(Bf; 


X 


I 
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(BF.)  FD.  and  likewife  ECEf ::  EF.  FC.  FJic* 

wartohdem,  ,     ' 

PROP.    IX. 

ftJje  fide  of  an  Hexagmt 
^  and  the  fide  of  a  Deca- 
'gcnedBf  both  defcrihed  i»  the 
fame  circle  JBCy  he  added  to* 
getherj  the  whole  right  line 
AE  is  cut  according  to  e«- 
ireme  and  'mean  profcfrtion 
{AE.  BE  ::  BE.  AB.)    and 

the  greater  fegment  thereof  is  the  fidp  of  the  Hexa^ 

foneSE. 

Draw  the  diameter  ADC,  and  join  the  right 

lines  DB,  D£.   Becaufe  the  angle  BDC  ^  =  4a  hvt^^  and 

BDA.  and  the  angle  BDC  h=z  DBA  (DAC-kx,;/. 

DBA)  thence ihali  DBA  (b  DBE  i-  BED)  c  htb\l.  i. 

r=  z  BDA  4  r=  2  BDE.  whence  the  angle  DBA  c  7.  a».  i. 

br DAB e  -=:  ADE.  Therefore thetriangles  ADE,d  5.  i. 

ADB,  are  eouiangular :  /wherefore  AE.  AD'fee  u^ajx.  i. 

BE) ::  AD.  (BE.)  AB-    WJjicb  was  to  be  dem.        £4% 

CaroU.  ^""'^^''' 

Henc^,  If  the  fide  of  an  Hexag^ne  in  a  circle 
be  cut  according  to  extreme  and  mean  propor- 
tion ;  the  greater  fegment  thereof  Ihall  be  the 
Cide  of  the  Decagone  in  the  fame  circle. 


\" 


^ 


PROP. 


-fw 


;»* 


f 


7. ax.  '  • 
D  byf.  and 
If.  ax. 

c  33  ^•* 

d  lo.  3* 

e  T.  ax*  I* 

g  4.  6« 

£  2,7-3- 
in  4-  !• 

n  27. 3« 

0  31.I- 
p  4. 6. 

q  17. 6. 
r  z.  z. 


Tie  thirtientb  Book  of 

PROP.    X- 

1^  an  equilaie-^ 
ral  Perttagone  A* 
BCDE  U  defrn- 
led  in  a  circle 
JBCE,  tie  fide  of 
the  Pentagone  JS 
contains  in  power 
loth  tie  fide  of  a 
hexagone  FBy  and 
the  fide  of  a  deca* 
gone  AH  defcrihei 
in  the  fame  circle. 
Draw  the  dia- 
meter AG.  and  bifeft  equally  the  arch  AH  in 
K.  and  draw  FK,  FH,  FB,BH,  HM. 

The  femicircle  AG  -  the  arch  AC  tf = AG 
-  AD.  that  is,  the  arch  CG  =  GD  *  =  AH 
r=  KB.  therefore  the  arch  BCG  =  i  BHK  5  c 
and  Co  the  angle  BFG  =^2  BFK.  d  but  the  «^ 
ole  BFG  =  z  BAG.  e  therefore  the.  angle  BFK 
=  BAG.  Wherefore  the  tria^les  BFM,  FAB,  f 

are  equiangular,  g  whence  AB.  BF ::  BF.  KM.  « 
therefore  ABx  BJt  ac  BFq.  Moreovei,  the  an- 
gle  AFK  fe==  HFK,  and  FA  =  FH.  w  whci^ 
fore  AL=  LH.  m  and  the  angles  FLA,  FLH 
are  equal,  and  fo  right,  angles,  therefore  the  an- 
gle LHM  m  =  LAM  n  =  HBA.  therefore  th« 
triangles  AHB,AMH,  0  are  equiangular,  where- 
fore AB.  AH ::  AH.  AM.  jf  therefore  ABx  AM 
=  AHq.  So  that  feeing  ABq  r  =:  AB  k  BM-«- 
AB  X  AM,  / thence AJ^ = BFq •+  AH«.  Irbjcb 
was  to  he  denu 


^JoU. 
I.  Hence,  a  right  line  (FK)  whichbeiiig  drawn 
from  the  center  (F)  divides  an  arch  (HA)  into 
two  equal  fegments,  does  alfo  divide  the  right 

fine 


M 
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line  (HA)  fubtending  that  archi  perpendicularly 
into  .two  equal  fegments. 

x»  .The  diameter  of  a  circle  (AG  )  drawn  from     -^ 
iany  angle  (A)  of  a  pentagone,  does  divide  equal*       m 
ly  in  two  both  the  arch  (CD)  which  the  fide 
of  the  pentagone  oppofite  to  that  angle  fub- 
tends,  and  alio  the  oppofite  fide  it  felf  (CD) 
and  that  perpendicularly. 

Schoh 

If  ere,  according  to  our  PrQtnife^  wcjbatt  lay  down 
a  rtadjpaxis  <fthii.  Frof^  of  tie  ^BooK 


Xofind  out  thifiic  of  a  feraagpne  to  be  infcriiii 
in  a  circle  JDB.  » 

Draw  the  diameter  AB,   to  which  ereft  a   - 
toerpendicuiar  CD  at  the  center  C  divide   CB 
equally  in  E.  and'  njake  EF  =  ED.   then  DF 
Ihall  be  the  fide  of  the  pentagone.  a  6,  2.      ' 

For  BF x  FC  -+.  ECq  azrz  EFq  k  =  IJDqc  =:  bconftr*  , 
DCq  -rH  ECq.  d  therefore  BF  x  FC  ±  DCq  or  c  47.  r. 
BCq.  e  wherefore  BF,  BC ::  BC.  FC.  therefore  d  ^  ax. 
fince  BC  is  the  fide  of  an  hexagone,  /  FC  fhall  e  7.  . 
be  the  fide  of  a  decagone.  Confequently  DF  f  9.  13. 
h-^  aJ  DCq  ~\-  FCq^is  the  fide  of  a  pentagone.  g  10.15. 
Whch  was  to  he  done,  h  47.  x. 

X2  PROP. 


«.;. 


j»» 


e 


m: 


a  ^07'.  10. 

c  4.  6. 

e  18.5. 
f  2Z»  6. 

g  1-^3^ 


h  9. 10. 
k74. 10. 
I9. 10. 
xn  tfor.  8.0. 
and  17.  6,. 
n  95«  iQ. 


the  tbirfeenfb  Book  If 


vhofe  diariiPi^r]  :v  fd^iV 
jw/  -^G,  an  pamUterdl 
fentagone  hp,  infcrihed 
ABOVE '^  the  ^de  of  tie 
fentagone  Ji'  is  an  ir- 
rational line  of  tfiat  kind 
which  u  cam  a  minpr 
line*  ' 

^  Draw   the   diameter 

BFH,  and  the  right  lines  AC,  AH ;  and  *  make 
rL=  -J:  of  the  radivis  FB.^  and  CM  =  i  CA. 
Becaufe  the  angles  AKF,  AlC,  are  a  right  an- 
gles, and  CAI   copiiinon,    the  triangles  AKF^ 
AlC,  are  h  equiangular :    c  therefore  CI.  FK  c  :r 
CA.  FA  (FB)  i ::  CM.  FL.  therefore  by  permu- 
tation  FK.  FL  ::  CI.  CM  ^::CD.  CK  (z  CM) 
and  fo  by  e  compoiitioh  CD  -+-  CK;  QK  ;.'  KL- 
FL.  /  confequently  Q:  CD  -1- CK  V(^' 5  CKq-X 
CKq :;  KLq.  FLq.  therefore  KLq  =  5  FLq. 
wherefore  if  BH  (0)  be  taken  8,  FH  fhall  be  4* 
FL  I,  and  FLq  i,  BL  5,   and  BLq  25,  KM  Si 
by  which  it  appears  that  BL  and  KL  are  p  h  "5-, 
fe  and  fo  BK  is  a  refidual^.arTCl  KL  its  congruent 
or  adjoining  line,  but  being  Bl^q  —  KLq  =  20, 
/  thence  BL  *Ta.  V  BLq—  KLq.  V  whence  BK 
Ihall  be  a  fourth  refiduai  line.  Therefore  becaufe 
ABq  m  is  —  HB  x  BK,  71  ihaU  AB  be  a  jninoi 
line,    Jfhkh  WM  to  h  dm. 


_/ 
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i^t 


\' 


If  in  a  circle  JBEC  an 
equikteral  triangle  ABC  he 
mfcribedy  the  fidt  of  that  tru 
angle  JB  is  in  power  triple  to  ' 
the  line  JD  drawn  from  P 
the  center  of  the  circle  to  th$ 
circumference* 

The  diameter  being  ex- 
tended to  E,  draw  BE.  Bc- 
cauCe  the  arcb  BE  a  r=  EC,  the  arch  BE  is  the  a  cor.  lo* 
fixth  partofthb  circiunferenc^,  h  therefore  BE  15. 
=  DE.   h^nce  AEq  t  =r  4  DEq  (  4  BEq)  dz=ih  cor.1S.4- 
ABq-t-  EEq  (-«-  ADq.)  e  confequently  ABq  =  c  4.  z. 
3  Al)q-   Which  was  to  he  dem^  d  47.  i» 

CorelL  t2.ax.u 

1,  A'Eq.  ABq::  4^  5. 

2.  ABq.  AFq ::  4.  ^  /  Jor  ABq.  AFq  :;  AEq,f  cor,  8.6, 
ABq*        '^  and  Z2. 6. 

^.  DF:=:FE.  For  the  triisingk  EBD  g  is  e-por.Tj.4. 
quikteral,  ^  and  BF  perpendlculiar'to  ^D.  in  cor.  5*5; 
therefore  EF  =  FD. 

4.  HciMJe,  AF  ^  JDE  4  DF  =  3  DF-' 

P  R  O.  P.    XIIL 

X 


To  defcrihe  a  pyramide  EuFI,  and  comprehnd  it 
•  ^^  *  J^iere  given  :  and  to  demonjlrate  that  t1)€  dia- 


WieSfir  ofthej^btrjs  JB  is  in  power  fef^uialter  of  the 
'fide  EF  of  the  fyraimde  EGFI. 

X  J  About 


I. 


^i6  Tie  tJmfemtl  Book  of 

^  I  a  6.       About  AB  defcribe  the  feimcirde  ADBj  a  and 

let  AC  be  =  2  CB.  from  the  [joint  C  ereft  the 

perpendicular  line  CD;  and  join  AD»  DB,  then 

at  the  interval  of  the  radius  HE  =  CD  defcribe 

bror.i  ^4,the  circle  HEFG,  wherein  infcribe  the  equilate*' 

CI2.  II.  raltriangle.EFGfromHrcreaiH=CAperpcn* 

d  3.  f « '     dicular  to  the  plane  £FQ.  produce  IH  to  K,  d  fo 

'   ^        that  IK  -  AB ;  and  join  the  right  lines  I£,IF,16« 

^hen  EFGI  ihaU  be  the  pyramide  required. 

For  becaufe  the  angles  ACpjHEjHF,IH0^ 

e  cmjlr.    e  ate  right  angles;  and  CD^H^tHFyHG  e.  eqiiaL 

£41.  r.    «  and  IH  ^  AC  5  /therefoife  AD,  IE,  IF,  1(3 

g  20. 6.     flwiU  be  equal  among  thenafelves.  But  being  AC 

h  2.  ax.    (2  CB)  CB  g;:  ACq.  CDq.  then  Ihal]  ACq  be = 

1 

j.xjy  J.X',  xv»  «tci  c^^uAA,   #iivi  1.U  viis,  |fj««A4uuc  a:*!:- 

GI  is  equilateral.  But  if  the  point  C  be  placedi 
^upon  H,  and  AC  upon  HI,  the  right  lines  AB» 
m  8.  ax.  IH,  m  ihall  agree,  as  being  equ;il.  Wherefore 
the  femicircle  AliR  being  drawn  about  the  axis. 
niS.rf<f/.r.AB  or  IK  n  fhall  pafsby  the  point  E^  F,  O,  * 
*  It.  def.^^^  fo  the  ptramide  EFu.1  ihall  be ii^cribed  ii| 
xr.  a  fphere.    WTfich  va/f  to  he  done, 

o  cor.S.6.    Alfo  it  is  manifeft  that  BAq.  ADq  0  -^  SAt 
p  cojtfir.    AC  p ::  3.  z.    Which  wa$  to  ie  qm. 

CoroU. 
i.ABq.HEq:r  a  2.   For  if  ABq  be  putQ^ 
then  ACq  (EFq)  wall  be  9,'  confequently  H£<i 
q  !£•  i;.  ihall  be  2« 

2.  If  L  be  the  center,  then  fiiall  AB.LC ::  6.U 
For  if  AB  be  put  i,  then  AL  ihall  be  %.  r  and 
thence  AC  ^.  "vdierefore  LC  fhall  be  u  Hence 
r  comfit.        I.  AB.  HI ::  6w  4 ::  j,  2«  whei^e 
4.  ABq.  Hlq ::  9*  i» 


fROPJ 


EUCUDE'j  Ekmnt,: 

f  R  O  P.    XIV. 

n  05at- 

l,    <ni 

in  ,*. 

hmm  a 

taii  u. 

ill  JH 

,f  ih. 

ri<mHe 

of  that 

3*7 


About  Hdefctibelbe-fcmicirclc  ACH.   and 
froDi  the  center  B  eieii  the  peipendiculat  BC.  * 
draw  AC,  HC,  then  upon  ED— AC.  a  make  the  a  45, 1. 
Jquare  EFGD,  whofe  diameters  DF,  EG,  cut  in 
the  center  I.  from  I  draw  IL=^AB i perpendicu-  b  11.  ir. 
jar  to  tie  plane  EFGD^roduce  IL,  c  till  IK=1L.  c  j.  i. 
and  join  KEtKF,KGJCD,LE,LF,I.G,LD;  then 
fliall  KEFGDL  be  the  Oilaedron  required. 

For  AB,BH,FI  JE,  &c.  being  fern  id  jameieis  of 
equal  fquares  are  equal  one  to  the  other,  ij  whence  d  4.  i.  " 
the  bates  LF,  LE,  FE,  &c.  of  the  right-angled 
triangles   LIE,  LIF,  FIE,  gfc.  are  equal,   and 
confequently-the  eight  trianglesLFE,LEG,LGD, 
LDEJcEF,KFG,KGD,KDE,  are  equilateral,  eeiy.Jsf. 
«nd  make  an  Odaedron,  which  may  be  infcri-ir, 
bed  in  a  fphere,    whole  center  is  I^  and  IL  or 
AB  the  radius,  (becaufe  AB,  IL,  IF,  lK,&c.  ftconp.    ' 
are  equal.)  IfMch  vat  to  he  done.    Moreover^  it 
is  evident  that  AHq  (LKq)  ff  =  2  ACq  (i  e  47.  i. 
LDq.)    Whiebwaitoiehm.      ' 
CoroU. 

1.  Hence  it  is  manifeft,  that  in  the  oftaedron  . 
the  three  diameters,  EG,  FD,  LK  do  cut  one  the 
other  perpendicularly  in  the  center  of  the  fphere. 

i.'Alfo  that  the  three  planes  EFGD,  LEKG,' 
LFKD  are  fquares,  cutting  one  another  perpen- 
dicularly. 

I  4  3,  The 


IJlS  Tie  thirtemth  Book  If 

t.  The  Oftaedron  is  divided  into  two  lilt* 
and  equal  pyramidcs   EFGDL,  and  EFGDK, 
wbofe  common  bafe  is  the  fqjiare  EFGD. 
IJ.II.  4-  Laftly,  It  follows  thaflheoppofitebaTcs  of 

the  Qftaedron  are  parallerone  to  the  other. 
PROP.    XV. 


£ 


Todefaiheaeuie 
EFGHIKLM,  ani 
comfreheni  it  in  the 
fame  fphae  wherein 
the  formtr  fgftrtt 
were  \  and  to  demoTi- 
firatethat  AB  the 
.    __  diameter     of     tie 

fphere  w  in  power  triple  lo  EP  the  fide  of  that  etibe.- 
a  10. 6.         Upon  AB  defcribe  a  femicircle  ACB  ;  a  and 
inakeAB-iDAifromDraifetheperpetidicuUt 
DC,  and  join  BC  and  AC.  ThbQ  upon  EF=AC 
l>  4&  II.  I  make  the  fquare  EFGtt,  upon  whore  plaoelet 
the  right  lines  EI,  FK,  HM,  GL,  ftand  perpendi- 
cular, being  equal  to   EF,    and  conneft  them 
with  the  right  lines  IK,  KL,  LM,  IM:    The 
folid  EFGHIKLM  is  a  cube,   as  is  fofficicntly 
■^  ■  apparent  from  the  conftrurtion. 

In  the  oppofite  fquires  EFKI,  HOLM,  draw 

the  diameters  EK.FI.HL.MG,  by  which  let  the 

planes  EKLH,FI,MG  be  drawn.cuttine  oneano- 

c  cor.  jp,  ther  in  the  line  NO.  which  c  Ihall  divide  equaUy 

i|  intwopart3thediametersofthccubeEL,FM,GI. 

d  I  <,  itf  HjK,  in  P  the  center  of  the  cube,    d  therefore  P 

i,.3„rfi^,fhallbethecenter  of  afphere  pafling  1^  the  an- 

de'f  tr.     giiiar  points  of  the  cube.  Moreover,tLq  e=EKq 

6  47  r.     -KLq,e=jKLq,/-or,ACq,butABq'.AGq^:: 

icmip.     BA.DA/:-.-3.T,/nhereforcAB-t£L.whereforewe. 

g cot. 8.'6,have niade  4 cube,  ^c.    Which  wai  ttrhe done, 

h  14.  f  Coroli. 

'■   ^  -  I.  Hence  it  is  manifeft,  that  all  the  diameters 

of  the  culie    ^re  equal  one  to  another,    and  do 

equally  bifeft  one  another  in  the  center   of  the 

fpheie.  And  by  th^  f4.me  means  ttie  right  lines 

whicl) 


EUCLIDE'*  EUmmZ  ^ 

vrtifcb  conioin  tbecentcrs  oftheoppofite  fquaret 
ate  etfually  bireftcd  in  the  fame  center. 

I.  ^he  diameter  of  a  fpherc  containsin  ptnKi 
the  fide  of  a  tetraedran  aad  of  a  cube,  viz.  ABq  ^  - 

PROP.    XVL  >  «'•  'J 

tn  I5** 


Ta  Meuhe  an  Itofttiton 
ZGHlKFryXRST,  and  <«- 
eompafi  it  in  llje  ffhererrrbntin 
weie  imlamed  tie  for^aid  fo- 
lids;  and  to  dmotflhste  mtC 
FG  the  Sde  »/  the  Jcofaedron  v 
that  ifiational  Iwi  mbitb  it 
called  a  KJnor  line/  -      -, 

Upon  ABth*  diamet^  ofa 
fphere  defciibe  the  leriiiciicle 
ADB:  and  J  make  ABt^  s  EC 
then  from  C  creft  CD  peipe'V- 
dicuUt,  and  diaw  AD  and 
BD.  At  the  diftance  EF  ^ 
BDdcfcriU  the  circle  EFK- 


■j^Q  Hi  tUrtein^Booh  of 

b  I  If  4#    NG;  ^  wberein  infaibetlieequihteralpenfagsM 

FKIHQ.  Divide  equally  in  two  parts  die  arches 

'BGjSRy&e.  and  join  the  right  lines  FL,LQ,^(r, 

ciz  XI.  being  the  fides  of  a  decagone.  Thencereft  £(X 

LR,A5S,NT,0V,PX  equal  to  EF,  and perpcndf 

cular  to  the  plane  FKNG ;  and  conneft  RS,ST> 

TV,  VI,  XR  5   as  alfo  FX,  FR,  GR,  OS,  HS, 

ST,  HT,  IT,  IV,  KV,  KX.  Laftly,  produce  leO, 

Itnd  take  QY  =  FL,  and  EZ  ::=  YU  and  con- 

ceive  the  right  lines  ZG,  ZH,  ZI,  ZK,  ZF  to 

be  drawn ;  as  alfo  YV,  TI,  YR,  YS,  YT,  Theii 

I  fay  the  Icofaedron  r^uired  is  made, 

d  eai^f.       For  becaufc  EQ,LR,MS J>IT,OV,PX,  are  i  e- 

e6  II.     eoual  and  fparallel,alfpthofe  lines  that  join  them 

f  »,  I.     EL,aR*EM;Cg,EN,(iT,EO,Qy,  EP,QX.  /aw 

equal  and  paralleL  And  thence likewife  LM  (oi 

FG)  RS,2iOf,ST,@'4:.  are  equal  one  to  the  other. 

S I  $»  XI.  ^  therefore  tlie  plane  drawn  oy  EL,  EM,  ^c.  i$ 

cquidiflant  fiom  the  plane  piffing  by^R,QS, 

*  Udtf.i.&c.  h  and  the  cirqleQXRSTV  drai^  from  the 

center  Q^is  equal  to  the  circle  EPLIi/tNO ;  and^ 

RSTVX  is  an  equilateral  penta^gone.  But  EF,EG, 

EHi&tf.  and  QAjQRtQSjS'tf.  beingponceived  to 

iKAy.f.    bedrawnjthenbeGaitfeF5,qit^FEqh+LRq,/or 

1  conRt.    JFq  m  =  FGq,  »  therefore  FR,  FG,  and  fo  aU 

m  lo.  ij.RS,Fa,FR,RO,GS,QH,6ri:.ihallbe  equal  one 

ji/tfi.4ai,to  the  other,  and  coflfequcntly  the  ten  tpanglcs 

mad  I.  tf«.RFX,RFG,RGS,  &c.  are  c(pulateral  and  equaU 

O  cw  14*  Moreover,  becaufeXQy  isaorightangle,there- 

XU  fore  XYq^  rr  QXq  -h  QYq  y  :=z  yXq  or  FG% 

p  47. 1,    wherefore fY, vie  and  likewife  YV,YT,YS,YR, 

41 10. 1);  ZG,  ZH,  &c.  are  equal.  Therefore  other  ten 

triangles  are  made  equilateral  and  equal  both 

ti»ne  tp  another,  and  to  th&^ten  former  s  and  fo 

'  an  Icofaedron  is  made. 

Moreover,  divide  equally  EQ.in«,  draw  the 

t  iS^Af.i.tight  lines  ftF,«X,«V;  and  becaufe  QX  y=Qy, 

and  «Q.  the  common  fide,  and  FQX,  EQV  arc, 

f  4%  I,     Tight  angles,  /  therefore  fluU  «X  be =«V  ;  and 

by  the  fame  leafonaU  the  lines  kX,  cRy  ftS^  cbT, 

«V, 


V 


EUCLIDCt''  ^lAimtT, 


Za'^^aY.  z  in  like  manner  *F  =  Ya.  thereby  47.  f. 
fore  thefphere,  whofe  center  is  «,  and  *F  thezi;.  j. 

Jay,  Ihallpafs  by  the,  xz  angular  points  of  die 
cofaedron* 

Laftly,  Becaufe  Zdt.  aE  ::  Z7.  Q£ ;  /rand  fba  az«  & 
Z-tq*  AEq  ••  ^Yq,  QEq,  *  therefore  ZYg  =  5b  14.  j. 

QEq,or  $BDq:=::but  ABq-BDqf  ::ARBC::y.c  W.ad, 
f .  <J  therefore  ZYsr  AB.  W^&  w^  ^a  itf  done^       d  !•  i»«,  i. 

Therefore  if  AB  be  put  j,  <rthcnEF = V  ABqc/tfi,  i*. 
ihall  be  alfp  p.  and  coofequently  FG  the  fide  of  le. 
the  pentagone,  and  likcwife  of  theIcofae4roQ9/f  ii,  ij. 
is  a  minor  Im*   Wimh  was  |a  h  dcm^ 

Corolla 

u  Fiom  hence  is  inferred,  that  the  diameter 
©f  the  fphere  is  ia  power  quintuple  of  the 
femidiameter  of  the  circle  encsprnf  aiSng  the  five 
fides  of  the^  Icofaedron. 

2.  Alfo  it  is  manifeft  that  the  diameter  of 
tilt  fohere  is  conipofed  of  the  fide  of  a  faexagone, 
thati^  oftheiemidiameteT,  and  two  fides  df 
the  docafiDne  of  a  circle  esiCQiupaffing  the  five 
fides  of  tVu(^  Icofaedron. 

3.  It  appeals  Ukewife  tisat  the  oppofite  fides^ 
of  an  Icolaedroh)  fuch  as  RX,  HI,  are  pajralkls. 
I'QrRXaisparalEUtoLP.^paralLtol^L       tjjj^i  ^ 


^,.  .  -fU-' 


r&or. 


'  / 


M» 


The  thirteenth  Both  of 
PROP,    XVIL 


'  To  ieferiihe  uDoieeaeiront  and  eemfrehendSfHt 

theffherfmbtreh  the  former  fyuiis  wertcomprelni' 

ei:  and  to  iemonpate  tlatthejiie  RS  <fihgDi>, 

iecaedron  is  an  irrational  line  oftiat/o^  wbieb  w 

eaSed  en  Jpotome  or  refidual  line.  ■ 

tet  AB  be  a  cube  infcribed  in  tfte  given fphere, 

, , , ,  ■     and  let  all  the  fides  thereof  bedividcd  eouaUy  in 

the  points  E,H,F,G,K,L,S'e-"nclioiii  the  right 

1. 10. 6.'  lines  KL,MH,HG,EF.  flOiake  Hl.I<i::IQ.(iH; 

and  take  NO,  NP.^Q.  then  ereft  ORi  PS,  per- 

pendiculai  to  the  plane  DB,  and  QT  to,  the  plane 

AC,  and  let  OR,  PS,  QT,  be  «qua!  to  IQ.  NO. 

NP,  whence  DR,RS,SC,CT,DT,  beingconned- 

e^,  DRSCTlIjallbe  a  pentagoneofthe  dodfrr 

cacdion  required.  For  draw  NV  parallel  to  OR, 

and  having  drawn  N  V  out  as  far  as  the  center  oE 

the  cube  t,  ioio  tbe  light  lines  DS,DO,DP,CR. 

CP, 


r- — ■       -    ^^ 

CP,HV,HT,RX.BccaAircDOqfl=DKq»ltNq)ji47. 1. 
-»-KOq  t  =  ;  ONq  (j  ORq)  d  thence  DRq  ^hj.ax.  c • 

iORq  ^  i=:  OPq,  or  RSq.  therefore BK^  RS.  C  4.  IJ. 
y  the  fame  reafon  DR,RS,SC,CT,TP  are  equal,  d  47.  !• 
But  bccaufe  OR  /  is  =  and  g  parallel  to  P8,  t  4.  s. 
therefore  RS,OP,andconfequently  RS,  DC  fhall  ltf(wi/?r*9& 
be  aifo  parallels.    £  therefore  thefe  with  themti. 
that  conioin  theai  DK,CS,VH,are  in  one  and  thee  j  j.  r* 
Tame  plane.  Moreover,  becaufe  Bfl.  IQ  h  ::  IQ.h  0,  i . 
(TQ.)  QH  fe ;:  HN.  N V.  and  both  TcDiN,  and  k  7.  tu 
QHjNV  fe  arc  perpendicular  to  the  fame  plane,  l\  6.  ir. 
and  fo  likewife  parallels,  m  THVlhall  be  a  right  mix.  6. 
Hne.  n  therefore  the  Trapezium  DRSC,  and  then  Lunrfz* 
triangle  DTS  are  in  one  plane  extended  by  tneir. 
right  lines  DCjTV.  0  therefore  DCTSR  is  a  pen-  o  J.  !?• 
tagone^  and  that  alfo  equilateral,  by  what  is 
Ihewn  already.  Furthermore,  becaufe  PK.  KN :: 
KN.NP ;  and  DSq;»=  DPq^PSq(PNq)  =j^  47.1. 
DKq-+.PKq-t-NPq,5r thence DSqz=DKq-i- 5 KNqq  i. ax.  i* 
=4DKq  (4 DHq)r=:DCq.  therefore DS  =  DC.and  4.  xj. 
whence  the  triangles  DRS,  UCT,  are  equilateral  r  4.  z. 
one  to  anothcr,/theref6rc  the  angle  DRS=DTC,  f  8.  i . 
therefore  the  pentagone  DTCSR  is  alfo  equian- 
gular.  Moreover,  btscaufe  AX,  DX,  CX,  gfr.  are 
iemidiameters  of  th^  cube,  t  thence  is  XN==IH  1 15. 1  j. 
or  KN,  n  and  fb  XV. =  KP;  wherefore  becaufe  u  i.  ax.  i. 
RVXjis  aar  right  angle, « thence  RXq=:=  XVq  -»-x  29.  r. 
.tlVq  (NPq)  r=^KBq-hN?qfi=:;KNqt  =AXq2  47. 1. 
or  DXq,  &c.  therefore  RI,  AX,DX,  andby  thea  4.1?. 
jfame  reafon  XS,XT»AX,are  equal  one  to  anothenb  i$«i^ 
And  if  by  the  famfc  method,  whereby  the pcnta-        ^ 
gO|ie  DTCSR  wa$  made,   twelve  like   penta- 
ggnes,  touching  the  twelve  fides  of  the  cube,be*   •         , 
made,  they  fhall  compofe  a  Dodecaedron  \  and  a  •   '   •    ^ 
fphere  pafling  by   their  angular  points,  whofe 
radius  is  AX  or  RX,  ihall  comprehend  that  Do- 
decaedron..   Which  WAS  to  H  done.    ' 

Laftly,  becaufe  KN.NO  c ::  I^O.  OK,  <? thence  c  conftr. 
KL.OP  ;:OP.OK-^PL.  Therefore  if  AB  the^dia-  d  1$.  5. 
meter  of  the  fphcre  be  fuppofed  fy  then  Ihall .       '  . 
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ffei  Ii'  KL  #  =  ^/  —  /be  alCo  f.  g  whence  OP  or 
!••  RS  the  fide  of  the  dodecaedioti  flull  be  a  leG* 

g&ij.    dual  line.    Whkhwattobt  dm. 

COTOU. 

From  this  demonftration  it  follows,  i.  that  If 
the  fide  of  3  cube  be  cut  in  extreme  and  mean 
liroportion,  thegre^tei  fegmcnt Ihall  bethefide 
of  tne  dodecaedion  infcrit»d  in  the  fame  fpheie. 

z.  If  the  leiTer  fegment  of  a  right  line,  cut  io 
estieme  and  rtiean  pioportlon,  be  the  fide  of  the 
dodecaedron,  the  createi  fegment  ihall  be  the 
fide  of  the  cube  intciibed  in  the  fame  Cphere. 

3.  It  is  manifeft  alfo,  that  the  fide  of  the  cube 
is  equal  to  the  right  line  which  fubtends  the  an. 
fije  of  a  pentagane  of  the  dodecacdroo,  ioferi'* 
/  bed  in  the  £uiie  fpheie. 

PROP.    IVIII. 

t^       To  find   Oat  m 

A  fiitf  of  thi  fTteiiaa 

five  ^utes,  and  com* 

fare  than  togtthcr. 

,   ,  Let  AB  De  the. 

diuneter    of    the 

fpfaere  given,   and 

AEBthefemicircIe, 

and  let  AC  a  =:  i 

lift  I.  I    AB,andAD*=:f   . 

b  10.^  K  AB  then  ereft  the 

ipcrpendiculais  CE, 
Dr;indBG— AB. 
joinAF,AE,BE,  BF,  CG  1   an<jl  let  fall  the 
peipendicular  HI  iiomH  i  and  CK  being  taken 
eqiul  to  CI,  firom    K  eieA   the  peipendiculai 
»  >^v(     K£,  and  join  AL.    Laftly,  e  make  AF.  AO  :: 
*'*^'     AO.OF. 

There-' 


EUGUDE'i  Ekmenii  ^f 

Therefore  j.zd :;  AB.  BD  « ::  ABq.  BFq  the  d  tanjlr, 
fide  of  a  Tctraedron  and  1. 1  ::i<  AB.  AC  ::  ABq.  c  cor.  &5. 
BEq.  /the  fide  of  an  O£laedron.  *^  i4*  '?• 

'  Alio  -i.td  ::  AB.  AD  i  ::  ABq.  AFq.  g  theg  ij,  ij. 
fide  of  an  Hexaedroiu  h  confirm 

Mpreovcr,  bccaufc  AF.  AO  h  :t  AO.  OF.  k  k  cor.  17* 
thence  ihall  AO  be  the  fide  of  a  Dod^caedromij. 
Laftly,  BO,  (z  BC.)  BC  / ::  HI.  IC.  m  therefore  1  4. 6. 
HI  =  i  CI  n  =  KI.  therefore  Mlq  0  =  4^10-  m  14.  y:  ; 
5 confequently.  CHq  t^  S  CIg*  j  therefore ntow/fr, 
ABq  =s  J  Kla.  r  therefore  KI  or  HI  is  a  ra-  p  4.  x* 
dius  of  a  circle  cnclofing  the  pcntagone  of  an  p  47.  r; 
Icofaedron  5  and  AK  or  IB  r  is  the  fide  of  a  de-  q  15.  j. 
cagone  infcribed  in  the  fame  circle,  /  whence  r  cor.  !&' 
AL  fhall  be  the  fide  of  a  pentagone,   /  and  alfo  i  j. 
the  fide  of  an  Icofaedron.    Whereby  it  appears  f  10.  ij, 
that  BF,  BE,  AE  arej  -^.  and  AL,  AO  p  ^,t  16.  i j. 
and  BF  cr  BE,and  BE,AF,and  AF  c  AO.  And  ui.ax.  x. 
bccaufe  j   AFg  =:  ABq  «  =  5  KLq,  and  AF  x  x  4.  ax.i^ 
AO  [T  AF  X  OF,   a?  and  fo  AF  X  AO  -^  AF  X  y  rji; 
OF  tr  2  AF  X  OF,  r  that  is,  AFq  c^  zz  AOq.z  17,5. 
a  thence  fliall  j  AFq  (5  KLq)  be  cr  6  AOq,  a  47,1^ 
confequently  KL  tr  AO,  and  much  rather  AL 
trAO.  ^ 

That  we  may  e%prefs  the  fides  in  numbers  9  If 
AB  be  fuppofed  J  60,  then,  reducing  what  is 
already  Ihewn  to  fupputation,  BF  =r  y'  40,  and 
BE  =  V  30,  and  AF  V  *<>•  Alfo  AL  =  ^:  j^ 
—  Vi8o(foiAK  =  ViS-V}-a*iKL(HI) 

=  V  1^0  Laftly  AOt:=:V:  JO -V  $00  (v»J 


Schh 


\l6  2J«  thirteenti  Book{tf 

Schol.  '      .  ■ 

t  '•,'  ,-4.., 

*  '  '     . 

tt  is  very  ifpdreni  that  }efides  the  five  aforefcti 
tgurei,  there  cannot  le  defcrihed  any  other  regulaf 
felid figure  (^\z.fuch  as  may  le  contained  under  ov 
dinate  and  eiuat  plane  figures.) 
For  three  plane  angles  at  leaft  are  required  to 
1W  mnflitutine  of  a  folid  anele;  .a  all  -ivhidh 


glcs;  and  4  of  a  pentagon,  g  of  a  heptagon,  2  pf 
an  oftagon,  &c.  do  exceed  ^  right  anglfcs  :,^ 
Therefore  only  of  j,  4,  or  5  equilateral  triangles, 
ofjfquaiescr  v  pentagoneis,  it  is  poffible  to 
maKe  a  foU^  angle.  Wherefgre  belides  the  five 
above-mentioned,  there  cannot  be  any  other 
tegular  bodies.  ^^ 

Oat  of  P.  Hcrigon.  ' 

the  Froportions  of  the  J^here  and  the  five  teguiar 
figures infcrihed inibe fams.  .. 

Let  the  diaineter  of  the  fphiere  be  1.  then  Ihalt 

.    The  Fei^heiy  Or  circumference  of  the  great- 
er circle,  be  6,  a8}x8. 

The  fuperficies  of  the  greater  circle^  ^,  i4^^9« 

The  fuperficies  of  the  fphere,  12,  S^^il* 

The  folidlty  Of  the  fphere,  ^4,  zSjp- 

Ihe  fide  of  the  tettidtOAf  it6zi99> 

tirt 


I 
P 


EOCLIDE**  Klm'etfti\ 

The  foperficies  of  the  tetraedron,  ^,<$t8d. 
The  folidity  of  the  tetraedron,  o,  1 51  jz^ 
The  fide  of  the  hexaedroti,  i,  ^S^T. 

The  fuperficies  of  the  Hexaedron,  8< 
The  folidity  of  the  hexaedron,  i,  5396^ 

If  he  fide  of  the  Oaaedron,  i,  4r4zr, 
The  fuperficies  of  the  o^laedron,  6, 92 82, 
The  folidity  of  the  oftaedtoiij  ij  3335^ 

The  fide  of  the  Dodecaedron,  o,  71364. 
The  fuperficies  of  the  dodecaedron,  10,  51462* 
The  folidity  of  the  dodecaedron,  c,  78516* 

The  fide  of  the  IcoCaedron,  i,oSi4^- 
The  fuperficies  of  the  Icofaedron,  9,  $7454* 
Thefolidityof  thelcofaedron,  *,  $36154 


m 


V 

if 


J, 8  Tht  :4lnrtttnth  Book  of^  feci 

If  jhe  tquilateral  and  a[ttiatigular  fipots,  ftfe* 
theft  in  the  fehmia  htneath,  he  mate  ofPa^er,  and 
t'tStiy  foided,  they  wiS  rqrtfm  tht  fv^  regular 
imet. 
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PROP.    L 

Pe}J^icuJar  line  J)P 
drawnp'omDtheeeti" 
'  itr  of  a  circle  ABC 
to  BC  the  fide  of  d 
'  fentagone    infcnbd 
in  the  faH^aircley   is  the  half  of 
'^•fhefe  two  lines  taken  together ^Viz* 
of  the  fide  of  the  hexagone  BE;, 
and  the  fiiie  of  the  decagone  EC 
ififcrihed  in  tie  fame  melt  JBC. 

Take  FG  =  F£,  and  draw  CO  :  a  T^th  CE  a  4.  ti 
fe"C(j.  therefore  the  angle  CGE  h  =  CEO  b  5.  i. 
i  =  ECD-  therefore  the  angle  ECG  c  =  EDC-c  ji.  i. 
4^i  ADC  fix^i  CED  G ECD) /confequent- d ijf . and 
Jy  the  angl^  GCD  rr  ECG:=;EDC.  #  wherefore  57. 6. 
DG-GC(CEOthcreforeX)F^CE(DG)H-EF=:=c  zou  ?. 
DEh-CK^^.  ,        .    ,    ,  .  fT^ax. 

i6.u 


Winch  was  to  ie  dm* 


PROP.    IL 


B 


G 

H 
1 


E 
.1- 


C  If  two  right  lines  JB^DEf 
-*  he  cut  according  to  extreme 
J?  and  me^Ln  frotortion  (AB. 
JQ  ::  AG^  GB.  and  DE. 
Dff ::  DH.  HE.)  t1xyfi>aB 
he  cut  afiei'  the  fame  manner^  vit.  into  the  Javte 
fnyforthns  {AG.  GB  ::  DH.  HE) 

Y  z  I«ki 


HAff       '  The  fourtetvth  Book  of 

a  17. 6.  Take  ECr^BG ;  and  EF=EH.  Then  ABxBG 
b  %!z.  is./t^5  AGq.  whcfefprc  ACq^=r4  ABG-4-AGq 
c  z.\tt;  T.riBGq.  In  like  manuer  fhall  DFq  be  r=  5  DHq. 
dL'iz.<:&^d  therefore  AC  AG  :;  DF.  DH.  whence  by  ad- 
ZZ.6.  dition  AG  -♦-  AG.  AG  ::  DF  -|-  DH.  DH.  that 
e  21.  %.  is,  2  AB.  AG  ::  2  DErDH.  e  confeqiiently  AB. 
fi7.  c.  AG-:iDE.DHi  /whence  by  divifion  AG, 
GB;:DH.HE.    jnkb  was  ro  he  dem. 


?ROP. 


ccr 


♦ 


b  10*6, 

c  47. 1. 

d  4.  2. 

c  10. 1  J*  '     II  vf  v^ 

f  T,  •  ^i^  r^<f  /m^  ciYch  ^D  compehends^  lotf/JSCDi 
l.aop.  '  the  fentagone  ofh  Dodecaedron^  and  LMNtbe-  tiian- 
f  8.  !?• .'  gle  of  an  Icofaedron  infcfihed  in  the  fame  fihere. 
hi.ti.^  Draw  the  diameter  AG.  and  the  right  lines 
x6.  X*  AC,CQ.  and  let  IK  be  tjie  diamfeter  of  the 
k  22.^'S*fphere,  a  and  IKq  c=  5  ORa.  h  and  intake  OP. 
4.  4-  Od.v  OQ,  QP.  Becaufe  A^^  CGq  c  =5  AGq 
I  1 5.  12.  i  r=:  4  FGq  5  and  A«q  «?  i=FGq.  f  thence  ACq 
m  conjfr.  -».ABq=  5  FGq.*  fno|«ovcr;  bQcawle  CA.  AB^.v 
n  cor.  16.  AB.  CA  —  AB  ^  and  OP.  OO  ::  OQ.  C^.  i  and 
tg.  .  fx)CA.OP:;AB.OQ.*  therefore  3  ACq  (/IKq) 
o  ri.rj.  5  0Pq  (wIKq)  :;  3  ABq.  5  OQq.  therefore  3 
p  10.  .13.  ABq  =  5  OQg.  But  becaufe  ML  n  is  the  fide 
q  I S-  5-  of  a  ^eotagone  infcribed  in  a  circle,  whofe  rair 
♦  before  dius  is  OP,  thence  1 5  RMq.  o^s  MLq  f  =  5 
X  r.^A7.  r.OPq-*.  5  OQg=*  3  ACq -4- 3  ABq 5  =15 
andfch.  FGq.  ytherefore  RM  =:FG,  /andconlequently 
48.?.  the  circle  ABD  js=:to  the  circle  LMN.  U^^icT^ 
•I  f*  '«^/«  imaUo  U  dem,        1  T. 

PROPt 


EUCUDE'/  Elewmfi: 


14» 


P.RO,P.    IVi 


1L 

i 


.''.  J» 


If  from  File^  center  of  a  emle  encompajtng  the. 
pentag&ne  of  aJodecatdron  ABCDEt  cl  ferpendJcu- 
Ur  line  FG  be  drawnto  one  fide ofthepentagcme  CD^ 
the  reBan^e  contained  underwe  faidfide  €D  and 
the  f  erf  endicuhr  FQf  hei^g  thirty  times  takeuy  is 
equal  to  the  fuperficies  ofa.Dodecaedtpn,  Alfo^ 

If  from  tht  center  L  of  a.  circle  inclofing  the  trian-, 
sU  of  an  Icofaedron  HIK^  a  ferf$ndi(!Jilar  line  LM 
he  drawn  to  one  fide  of  Hjc.  triangle  HJ(^  tl^e 
reBangle  contained  under  the.  faid  HK^  ihtd  the 
perpendicular  LM^  heing  thirty  times  taken^  fiall  he 
eaual  to  the  ftcferfUies  of  an  Icofaedron.  ^ 

Draw  FA,FB,FC,FD»FE.  J  the^n  fliall  the  tri-      '    .    . 
angles  CFD,DFE,EFA,AFB.5FC  be  equal,  but- >  4-  4- 
CD  X  FG  ^  =  2  triangles  CFD.   therefore  go  ?  iS«> 
CDxGFc=  6o  CFD   d  :=  ii  pentagqnes<i.<5-*^** 
ABCDE  e  ■=  to  the  fuperficiesof  a  dodecaedron.  ^  tj*  ?* 
Which  was  to  he  dem.  *  4'».^* 

Draw  LI,  LH,  LK  j  then  HK  x  LM  /  is  =  g  i5;  5- 
z  triaog-  LHK.  therefore  30  HKx  LM  ^  —  60  "  16. 1  J. 
HLK  -=  20  HIK  h  =  to  the  fuperficies  of  an         * 
Icofaedron.    W7jich  was  to  he  dem. 


8.r, 


y 


-  .  CoroU. 

CD  X  FG.  HK  X  LM  k ::  the  fuperficies  of  a 
dodecaedron   to  the  fuperficies  of  an  Icofae-, 
dron. 

Y  }  PRP- 


/ 


kij.;^ 


i 


_Li 


/ 


?4* 


thi  fomttmh  ia^i  of 


PR  O  P.  V. 

TheMhj^s  of  a  Bfh, 
dewfdn  ^dr  tiytik  fafet^ 
fieks  of  an  Icofaedton  in^ 
.  firihei  in  tUfAmJ^heri^ 
the  faviff  fryoijtton  that 
H  tie.  fid$  afa,  cube  hOf 
to  AD  the  fide  of  an  IcOr 

ratitcn. 
^  ^  Let  the  circle  ABCD 

A  t.  XX.     a  inck)fe  both  the  penta^onc  of  a  ^^odeca^dfon, 

•  ''  ^      and  the  triangle  of  an  Icbfacdron  5  whofe  fidea 

are  BD,  AD.  upoiY  which  ftona  the  center  E  *«f 

fall  tSe-  perpendictlbua  EF,  EGG,  and  diaw 

•       CD 

bo,,         Beca^re  EC  V  CD.  EC  J ::  EC.  CD- tl«« 

f*  11'    EG  (c  i  EC  -^  CD.)  EF  (i  f  EQ  « .v  EF.  Kl 

«*-'tz  --Ei*aCD0butH.BD/::B5.H-BI^* 

!'; -  .  EF  ^tD  X  eg:  wherefore  finceTJ.  AD  *  :: 

t  J„l'  /:  H  X  EF.  AD  X  EF.  h  thence  fhall  be  H.  AD  :: 

fcor.  «7.  gjj  ^  ^g  AD  X  EF  / ;:  the  fupeificies  of  a  <J^ 

H-  dccaedron  to  the  fupcriJcte  of  an  Icoiaedfoa. 

Ii^^  Wbhkwaetohdem, 


rao?^ 


PilOP.  VI. 

If  a  right  line  JS  ie 
tn/  in  vMtreme  and  mean 
froportioHf  then  at  tht 
I-:  right  line  BF,eontaininf 
in  power  that  which  it 
naie  of  the  whole  Owe 
JMy  tmdthat  mhith  it 
made  of  the  gvealerfeg- 
_  ment  AC,  ii  to  the  right 
line  Eeo  ntaiair^  inpowtr 
tkat  wiieb  it  made  of  the  whole  line  JS,  and  that 
wbithit  madtoftheUferfegmentBCi  foittbefide 
»f  the  enht  BO  t»  the  fide  <fjtn  bofa^ron  BK  in-  ' 
fetiiei  in  the  fanitfpbere  with  the  atit.  • 

Inthecirde,  wliQfe  CeinidiaiiKKt  is  AB,  in- 
fisibe  BFQHI  the  pencagone  of  2  dodecaedron, 
wd  KKLtbeaimgleofanlcoraedion,  a  where- a  for.  17.] 
tan  BQ  flMll-be  the  £de  of  a  cube  infcribed  in  i  j, 
the  Taiae  fphera.  therefoic  BKq  h  —  j  ABqj  and  b  iz.  i  j, 
Eq  <:  =  1  A-Cq.   theisbK  SKq.  Eq  i ::  ABq.-c  4.  t). 
ACqt.vsGaBFq,  wbaiefaRbyinveifi(»BQ»d  ij.(. ' 
BK9.-;9F^.£q.  /  wbfliKe  Ba  BK  -v  BF.  £.  e  X.  t^ 
Whitb  vat  u^e  dea.  fit.  & 

PROP.    VII. 

ADoiteatimtiiitaanlcofaeirort,  at  the  fde  <^ 
A  Oibe  it  to  tie  fide  of  an  leofaedron,  infcrihedin 
one  and  the  fame  Jfhere. 

BecauTe  a  the  lame  circle  compichendsbotlta  j>14. 
the  peatagone  of  a  dudecaedton,  and  the  triangle 
of  an  IcofaedroD,  ^  the  perpendicuUrs  drawn  547.1* 
fiom  the  centet  t£  the  fphcre  to  the  planes  of 
the  peDtaaoncsnd  triangle,  ihall  be  equal  cne  to 
another.  Therefore  if  the  Dodecaedion  and  leo- 
faedron be  conceiyed  divided  into  pyramides, 
nght  lines  being  dxawn  from  the  center  of  the 
Y  4  fphere 


^44  Tbefiurteifab  Bo(£  cf^  &C. 

Iphere  to  all  the  ai^es,  the  altitudes  of  all  the 
pyramides  Ihall  be  eqi^^.oni  to    the  other, 
c  5.  tf«i 6.  wherefore  fince  the^pyramides of  equal  heightH 
\%.  witl^  the  bafes,  and  the  fuperfides  of  the  dode- 

caedr6n  is  equal  to  twelve  pentagones,  and  the. 
fupcrfiiicies  of  the  Icofaedro^'p  twenty  trian- 
gles, the  dodecaedron  ihall  b^t^  die  ^co^edront* 
as  the  fuperficies  of  the  dodecapdroi>  is  I9  the 
J  5,14.  fiiperficiesof  the  Icofaedrdn,^  J  that  is^  as  |he  ^de 
of  the  cube  i&  to  the^fide  bf  ^lie  Icofiedrap.  / 

PHOP.'   VIIL 


The  fame  citck 
BCDE    compre^ 

jknds  hM  the 
fyuafe^ofthc  cub^ 
jiCD£  ^  md  the 
triungkof  the  cBct" 
edron.  FGHinferu 
Min  one  and  the 
fitme  ffherck 


K  a  15. 
c  14 


I. 


d  2Z.I^. 

e  2«  dcfn  I, 


'  Let  A  be  the  diameter  of  the  Iphere.  Bfec^ufe 
Aq  a  n=  3  BCq  ^  :=x  6  BIq  >  and  alfo  Aq  if  =  at 
GFq  d  -ix  4  KFq  ;  thence  ihall  pi  be  =  KF-  e 
therefore  the  circle  CBED  =  GJFH." .  F»;ViJ 
va£  tQ  i$  demonjirated. 


The  End  of  the  fourteenth  Booh 
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THE  FIFTEENTH  BpOK 

O  F 

NUCLIDE 'j  elements; 


■  \ 


»4r. 


•    V.' 


INa  cube  given  JBGffDCFE  to  defirihe  a 
fyramide  JGEC. 
ttcm  the  angle  C  ciraw  the  diameters  , 

CA,  CG,\CE  5  and  conneft  them  with 
the  diameteis  AG,  G£,  EA,-  All  which 
are  a  equal  ampngj  themfelves,  as  being  thedia- j|  ^.  ^^ 
imeteis  of  equal  fqmares :  therefore  the  triangles 
CAG,  CGE;  CEA,  £AG:  are  eqiulateral  and 
equal  ^  and  consequently  AGEC  is  a  pyramide, 
which  infills  upon  the  angles  of  the  cube,  and 
therefore  i  is  infcribed  in  it.    WTnch  was  ^^bji^A/v 


PROP. 


Hi 


the  jiftunth  BmI  of 


a  10.1. 


P  R  OP-   IL 

In  a  fyramdemvm  JBDO 
«     to  defcriie  an  daeifon  E& 
XIFH. 
a  Biftd  the  fides  of  the 

fyramide  in.  the  poinuiE. 
,  F,  K,  G;  H,  which  join 
with  the  rkht  lines  £F, 
Fa;aE,efr.  All  theft  are 
h  cquaj  one  to  the  qthej ;  confequentfy  the  8 
triangles  £HIr  l^i^  f^c.  are  equilateral  apd 
C  ay.  d$f.  equal,  and  (d  ^nake  c  ati^  ooacdron  deCcrdkd  d 
is*  iu  the  give4  pyhuqide.  Piiebw^  to  hdovfi^ 

dit.ief.  !  ^  \ 


b4.11. 


«' 


!>• 


Ip  a  euie  given  CHGBD£PA  to  4efcfih  an 
.    oSaedron  NP^SdR. 

♦  8. 4.*         Conneft  *  tiie  centers  of  the  fquar es  N,P,0  ,S, 

0,R,with  the  twelve  right  lines  NP.PQ,QS,&c. 

•  4*  I*  which  juir /I'equal  among  thentfelves  ;  and  fo 
b  ;i.  nn^Aakr  eight  equilateral  and  equal  triangles: 
aj.ipfai.wberefbie  b  the  Oftaedron  NPQSOR  Ms  in- 

f cribed  in  the  cube«    JfHicb was toht itfnt. 

PROP. 


EUCLIDE'f  Eltmtnti:  347 

PROP.  IV. 

In  OSofdron  ghat 
J3CDEF,  to  infcribea. 
eubt.  * 

Let  the  fides  of  the 
pyi^mide    EABCD, 
whoTe  baTe  ii  the  fquaie 
ABCD,   be  e^piaUy  bi- 
(efted  by  the  ngbE  lines 
LM,MN,   NO,  OL, 
which  are  a  equal  and*  4-  >• 
i  patallel  to  the  fides  b  i.  ^ 
ai  the  Tquare  ABCD.  €  c  i9-itf.u 
then  {he  <}uadrilateral 
LMNO  is  a  fquaic.    In  like  manneT,   if  the 
fidas  of  the  fmaie  LMNO  be  equallT  bireded 
in  the  points  Q,HiK,  I,  and  OH. HK,  KI, la 
conoeftcd,  QHKI  thall  be  a  fquaie;    And  if  in 
the  other  jpymnidcs  of  the  oftaedron,  the  oen*   . 
(«■  of  dte  tti«m||lcs  be  is  the  fame  fort  conjoiiK 
ed  vitb  ti^  Unci,   then  olhsi  fquaies  will- 
be    defcribed   Ulte   and  equal    to  the  fquare 
OHKI.  wbetdbre  fix  fuch  Iquaies  ifaall  make  a 
adK,  which  Ihall  be  delciibM  within  an  oda- 
ednm,  i  being    Its  eight    angles  touch  riieilji.^. 
eight  bafcs  of  thfe odsedron  ia  theii  centers.i>* 


H? 


Tie  fifietnth  Biok  of 
PROP.    V, 

t  •  ■  •  - 


In*an  Icofaeiron  giv^n  to  mfcrihe  ^DodecAe^iemu 

Let  ABCDEF  be  a  pyramide  of  the  Jcblae- 

^  dron,  whofe  bafe  is  the  pentagone  ABCDE;  and 

tht  centers  of  thy rjangles  !G,H,t,K,L ;  which 

conneft  with  the  right  lines  QH,  HI,  IK,  KL; 

LG.  Then  GHIKL  fhall  be  a  pentagone  of  the. 

doclecaedron  to  be  infcribed. 

For  the  right  lines,  FM,  F]S{,  FO,  FP,  FQi, 

a  cor,^.  j.paCSng  by  the  centers  of  the  triangles,  a  do.e- 

b  4. 1.      qually  divide  their  bafosipto  two  parts,  h  there- 

c  4. 1.      fore  the  right  lines  MN,  NO^  OP,  PQ,  QM  c 

d  8. 1.      ^^^  ^q^^l  one  to  the  other ;   d  whence  alfa  the 

angles  MFN,NFO,  QFP,  PFQ,  QFM^iee- 

qval.  therefore  th^  pentagone  GHIKL  is  e^ui- 

e.*4.j.     .angular.  .«  and  confequently.  equilateral,   beinir 

f  II.  1 5.  FG,  F4I,  -FI,  FK,  ?L  /  are  equal,  ,  And'  if  S 

the  other  eleven  pyrami^ies  of  thQ  jQoGaedron^ 

the  centers  of  the  triangles   be  in  like   fort 

conjoined  with  right  lines,   then  will  penta- 

fones,  equal  and  like  to  the  pentagone  GHIKL, 
e  defcribed.  Wherefore  12  of  fuch  pentagones 
•  Ihall  conftitute  a  dodecaedron  ;  which  alfo 
ihall  be  defcribed  in  the  Icofaedron,  feeing  the 
twenty  angles  of  the  dodecaedron  confift  upon 
rfie  centers  of  the  twenty  bafes  of  the  Icofae- 
aron.  Whereby  it  appears  that  we  have  defcri- 
bed a  dodecaedron  in  an  Icofaedron  given, 
WIfich  was  to  h  dgt^, 
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Cofrmentary  or   Preface  written  hj 
the  Wihfopker  M  A  R I N  U  S^  dn, 

EUCLIDEV   D^T^. 


N  the  firft  place  ^e  ought  to  fet  doink 
(as  a  Foundation)  what  that  is,  which 
we  call  DJfZT/^  or'GIVEN,  then  to 
confider  the  Profit  and  Utility  thereof  5 
and  in  the  third  place,  to  what  Art  of 
Science  this  Trad  doth  appertain.     ! '    . 

The  Word  DATUM  therefore  is  diverfly  defi- 
ned,  for  the  Antients  have  defined  it  after  one 
ihanner,  and  later  Wrhers  after  another,  whence 
it  follows  that' it  feemeth  a  difficult.thing  to 
give  a  true  Explication  thereof  5  for  fome  of 
thejoi  have  not  delivered  the  Definition  of  the 
Word  ;  but  have  with  much  Labour  and  Trou- 
ble foOght  certain  Proprieties  thereof,  and  fome 
"X)thers  coneftjng  and  xningling  what  hath  beeft 

delivered 
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iSdivercdby  others  before,  have  endeavotd  to 
define  the  Word  DATUM\  but  not  fo  exqaifita- 
ly  but  that  they  have  tontradifted  themfelves  ; 
altho*  what  hath  been  faid  by  all  of  them» 
feems  to  be  grounded  on  one  '  and  the  i^mie 
notion  and  fuppoiition  ;  for  they  all  take  the 
Word  DJTUM  to  be  a  thing  comprifed  i  and 
therefore  among  fuch  as  have  endeavored  to 
defcribe  it  mof%fimply,  and  with  fome  fiaiple 
difference,  fome  of  them  have  taken  the  Word 
toJTMi  to  be  the  fame  with  OJIDINJTUM^ 
and  fo  JfoUoniut  underilands  it  in  his  .Traft 
of  Inclinations,  and  in  his  univetfal  Ti«ft  ; 
and  fo  others,  as  Dki9rus  takes  it  to  be  00G<« 
NIWM  KNOWN  ;  for  in  this  Signification 
he  takes  the  right  line  and  the  dnglies  to  be 
given,  and  all  that>  may  arrive  to  our  Know- 
ledge, altho*  we  may  not  be  able  well  to  t%^ 
prels  in  But  others  have  believed  that  it 
nath  the  faihe  fignification  as  tfate  Word  [^a^ 
lile]  that  may  he  declared^  and  fo  Ftolmj 
'^outd  have  it,  who  calls  thofe  things  QIVEN^ 
inrhofe  ibeafure  is  known  whether  precifely,  ot 
|iear  the  matter.  Others  alfo  have  thought'  the 
Word  DATUM  to  be  what  is  granted  us  by 
the  Propofer  in  the  Hypothdb^  being  t}utt 
^         in  the  tix9u  Eliements,  a  point  given,    and  a 

•>  tight  line  given^  is  diyerily  takea  (tha^  is  to 
fay,  that  who  fo  would  give  and  determine 
the  quantity  of  a  right  lindf.  all  which''  things 

.      fignify  fome  COMPREHENSION  \  and  there- 
fere  of  all  thefe  Delmiiaotis,  thofe  are  ipoft 
•     agreeable,  il^hich  do  moft  openly  declaCjC  the 
C50MPREHENS10N,  ^  wc  Ihall  make  evi- 
dent  bywhftt  follows. 

Let  us  now  mfoid  the  diveife  Opinions  of 
thofe,  who  writing  the  nature  of  DATUM 
QIVESf,  have  not  taken  one  iimple  Mark,  ^ 
^ly  Gharader  for  its  Cefiaition  ;  and  let  us 
Mdttoe  it  as  ifl  a  S^anoaqr  ^  £pi(Oiny>  to  thi 


9nd  nve  tnaqf  with  the  more  eafe  know  or  sum; 

ber  all  ibm  Differences.    Some  of  them  thea 

^    have  defined  DATUM  to  be  Ordinatum  and  IV 

rhaipri  together*  Md  others  Ordinatum  and  C^jw 

MifM   together  I    aad  others  Porimon  alld  Cojw 

»i>f/»f  together.    Wherefore  all  hem  to  have 

fo  defin^  k  a$  to  have  had  rc^rd  to  thK 

ComfreJktt^ou^  or  JJfuming  and  In»$m$ion  of  thf 

lihit^  given ;  aadto  the  efid.  that  we  eiay  tbo 

better  eoa^^ive  tlieif  Opinions^  and  that  frofli 

the  fayiagc^tmaiiy  we  may  be  able  tfudra^r 

a.  true  DeEottion^  of  what  U  propcrfed,  we  wiU 

l|kelN>tiae  ia  the  irft  place  ot  %kt  Signlfic^^ 

fipn  (rf'all  the  fimpte  Terms  wliich  they  aqakl 

]»ieoj&  a»  alfo  <)f  thie  Terns  o^pofH^  to  tl^em^ 

Uk  vdtfx.lfmdimmm  ^d  /»;%#^9f»  jfyorm  a»4 

JEb^Aliafftfii  for  tho/e  |hii^  appen^ia  m  t^ 

Geometrical  .BM^H^efs,  to  natural  tmsgs,  and  tm 

Matbenatkal  Dib^liiH^ 

>  Now  we  may  call  that  OiA'iMf/iMi  (cy  S^^gidj^ 

P>i)  which  ^tb  always;  Jceep  aad  ob(»fve  thaf 
for  which  it  ftrflad  to  be  onkfedi  whether  yov 
f^gMd  its  Magiiitttde  or  %«ciea^«  t^l  toUclij^ 
tm^  other  fuch  like  thiDg  :  U  if  alfo  th^ 
defined,  Qriitmttm  ia  that  wh^h  <^aiiot  bp  doqe 
iB^divets  mannan!,  but  ia  one  only  manner,  aad 
ia  fome  determined  place:  As  fot  eicaoqj^  ^ 
A  right  line  drawn  by.  two  given  poiatss  ia  « 
f aid  to  be  ordered^  by  reafon  it  cannot  be  othi^ 
wife  done,  nor  ia  divers  maaners.  But  an  anb* 
-gle  paffing  by  two  points  is  faid  to  be  InorHtiO^ 
ttm  (or  dblfesdinate  and  irregular)  for  that  it 
is  made  in  infiaiiie  and  diveifs  manners  by;ia 
-great  orfmall  ciade  defcribod  by  two  Kniaia 
ai  infinitum*  Contrariwift^  .aa  angle  eonftiti^ 
ted  by  three  pc^s,  i&  fiiid  to  be  Ordinatum^  ■ 
as  alio  thofe  thiags  whick  foUoW  a«B  faid  ta 
*%eOri?M/»w,  as  to  conftitate  an  eqaihiteial 
*'     triable  on  a  ngfat  liae,  foi  it  cannoit  i>e  ^ 

*niBf  made,  im  ii|xciiangaablp#  4n.'b^>l» 

given 


extremities  of  the  line.  Again,  To  divide  A* 
given  Tight  line  according  to  a  given  propot^- 
tioti,  for  that  cannot  be  done  but  in  one  cei- 
tain  point.  The  things  Inwi^natitm  jire  fueh 
as  are^dotie  contrary  to  thofe  laft  oientionedj 
Jislo  -conftitlite  a  Scalene  tfiangle,  and  to  diw* 
^ide  a  right  line  indefinitely.  Wherefore  th^ 
.  ,  .  Problem  is  ord^rW,  is  propofcd  in  the  deter- 
mination, cdhfid^fing  that  aceitain  thing  may 
Be  in  one  n^anner  laid  to  b^  Otdmatwrn^  ana 
Inordilkitum  in  dnbth^r,  as  an  equilateral  ttidn'*' 
gle,  confideiring  the  equality  ot  the-  fidesj  it^i9 
OrdinatttfHy  b\xt  coi^fidering  it$  Magnitude '  it  ii 
IridHHnatuW^  being  in  no  wife '-  detenrikied^  ^  < 
'  But  ^gve  call  tbatCit^f/z/w^vrhich  i«noteriousi 
as  Vlear  and  comprehended  of  m,  and  l¥icagnU 
'4um  that  which  islk)t  kno^h;  or  coaiprehend- 
^  *d  of  us,  as  the  length  of  a  -^kj  'is  faid '  to  h6 
known,  when  we  know  how'-nkny  .Miles  fl 
contains  ^  aUb  that  the  three  lines  of  a .  R6fti- 
line  triangle  aife  equal  to  two '  right  angles  ) 
and  in  like'  iimnDer  that  the'j  Bin^iliial  iislrra'^ 
tional,  fuch  things  art  knot^n;  ^i^'alfo  that/it 
i&ofily  one  right  line  that  can  touch  a  fpiral 
line  from'a  given  point  without  it^  <£rom  bot£t 
'parts;  for  if  there  were  yet  another  linc^  tjv'b 
^  ti^t  lines  would  enclofe^a^pace,  which  is  infii- 

«      polBble.    Again^,  irrational  things  are  not.  faid 
to  be  unknown,  but  fuch  of  thein  only  whicli 
-are  neither  known  nor 'comprehended  of  ub;    ' 
Porimon  is  that  which  we 'may  make  and  co«- 
3ftitutc,-4hai.4s^  iro'fa^,  bringiiJo  our  Undei^ 
'ftanding.  -Again,    it  is^defihedithus,  Porimon 
'4s  tlut  which  may  be  exhibited  by  Demonftrs^ 
"tion,  or  which  is  apparent  without  Dcmonftrs^ 
*    'tion,  as  to  defodbe  a  circle  from  a  center  aiul 
<with  a  fpace,  asalfo  to  conftitute  not  only  an 
equilateral  triangle,   but  alGo  a:  Scalene ;   or  1(& 
•find  a  BinontiuMf  or  to  find  two  right  lines  ra* 
^tionaiy  to]teiti}lura;^Ie  jb  pe^viriDoly,  andothe& 
"  '   t  things 


*.* 
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tilings  which  aie  koown  infinitely,  are  Porimon^ 
a$  to  (kfcribe  a  circle  by  two  {Joints. 

Jforon  is  wholly  oppofite  to  Porimonj  as  foi 
example,  the  Quadrature  of  a  circle^  for  that 
it  hath  not  as  yet  been  found  ;  aJtibct  k  ba 
ieertainly  known  that  it  naay  b^ :  Neverthekfi^ 
the  Aanner  of  finding  it  out  hath  not  been  td 
this  prefeiit  conprthedded.  But  we  fpeak  here 
of  that  which  u  already  known,  which  is 
called  P9ri»»08  pnunfak\  i^r  what  hath  not 
been  as  yet  made,  and  yetDcverthelefs  icpoiO^ 
ble,  is  c»U«d  Porift^  (or  feafible)  altho'  the 
Conftruftioir  be  yet  Uidinown.  But  jfyorotty  as 
liath  been  afore  fai^,  is  oppofite  to  Porimani 
and  i&  that  whofe  Nature  is  not  as  yet  deci- 
iied,  nor  well  determined. 

£^3/^»  .that  is  to  fay,  r^iorral  (orTpeakable 
ihd  explicable)  is  that  whofe  Magnitude,  Spe» 
•  cies,  ^^  Petition,  we  ir>ay  be  able  to  declare  j 
Init  this  'Defiaition  is  a  little  too'  general,  for 
jpf operly^  and  accerditig  to  It  fdf^  Effahlt  i^ 
that  which  is  knsown  by  certain  things,  and 
lK:ct)rding  tp  a  Meafure  given  by  PofitioD)  ai 
of  a  fpan,  or  a  finger^s  breadth,  ^c\ 

Thefe  things  th€»  being  thus  unfolded,  we 
jjoay  eafily  perceire  in  whdt  all  rhufe  things 
that  we  have  afore  fpoken  bf  do  agree  toge^ 
ther,  aiid  wherein  they  do  differ  5  aiid  firiib  of 
iill  how  Ordinatum  and  Cognihtm  do  agree  toge- 
ther^ and  likewife  their  oppofites  the  one  to 
the  otherj  for  it  cannot  be  i^id  that  any  one 
of  thofe  things  by  counterchanging  is  the 
Other,  nor  yet  that  the  one  haih  not  more 
extent,  than  the  other,  altho'  they  agree  in' 
ttiany  things,  as  to  defcribe  a  tight  line  by  two 

Joints,  and  to  conilitute  an  equilateral  triangle 
y  three  circles.    But  to  fquare  a  circle,  that 
.  is  indeed  Ordin/ttum^   yet  neverthelefs,  •  Snio^ni^ 
iuti.    Alfo  that  at  a  point  of  a  fpiral  line 
there   is  but  one  touch  Ime,  .that  is,  of  the 

2  kind 


in 


^ 


•  w 


3y4  EUCLIDE'i   DJTJ. 

,  '  kind  we  call  Ordinatunij  aod  cannpt  be  Qthei- 
wife  done,  yet  neverthclefs  the  Demonftratiaa 
and  Conllmftiou  thereof  is  not  yet  known. 
Again,  the  indefinite  feftion, '  and  the  Conftru- 
(^ion  of  the  Scaienui^i  is  CpgfiJtum  s  but  is  not 
brdinatum  ^;  infoxnuch  as  i.;  is  .noaaifeft,  that 
ftmongft .  tbofe  things  which  are  Ordmatunii 
tibere  are  fon^e.tbat  are.C^n}^i4i»,..  and  others^ 
ithat  are  Inccigiiifpm  ;^  and:  coptrariwifei  that 
amougftthe  -things  that  are  Cog^Uum^  therjC 
are  fo|ne  that  syre  Ordmatumy  aad  others  that 
are  Hwrdinaiwn^  and  therefore  tbofe  things 
anfwer  one  another,  as  ainong  Inlying  Crea- 
tures, that  which  hath  reafon,.  with  that 
which  hatji  Feet,  ^or  there  is  np  equality; 
amongft  them,  neitl;k^r  <lotb  tbe^  one.  ^Kten4 
inore  than  the  other,. 

^  In  like  manner,  Ordinamm  and  Inordinaium 
agree  together,  refpedling  Porimpn.  ^Xid^Jforon^^ 
feeing  that  between  them  there  is  ar  very  great 
Kefemblance,  and  becaufe  that  they  do  differ 
pnlyin  the  manner  before  expreifed^^  for  iii 
truth  the  fpiral  line  is  Ordinatum ;  but.  it  was 
hot  Porimon  before  Jrchimedes  ;  and  by  the  fame 
freafon  thofe  things  .  th:at ,, axe,  inqrd^nate  and 
Jgaown  by  an  infinity,  of  ^ays:^nd  means  ar,6 
•  •  Porimony  if  any  one  Ihall  i«^ertajie,  to  inveiit 
their  Conftiiution  and  CJariftmaii?h.  .Yet  ne- 
verthelefs  they  arc  not.ordinate^  asjioconfti- 
tute  a  Scalenum  triangle,  it  being,  no  difficult 
^hing  to  make  known  the  Cpnfti,tutipn  thereof 
'-  by  an  equilateral  triangle,  yea  it  is  moft  eafy, 
altho'  it  be  inordinate  aad  known  by  an  infini^ 
,  '    ty  of  ways. 

And  in  the  fame  manner. do  agree  Ordina* 
turn  and  inordinatuvty  together  with  Effaiik  and 
frr&Uonah ;  for  they  agree  together  in  many 
things,  differing  neverthelefs  by  the  foregoing 
re^fon,  feeing  tbofe  things  the  re.  mentioned  bear 
no  equality  to  each  other,   neither   doth  one 

things 
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thing  contftitfthe  other ;  for  all  BiaoiDiUins  t&d  , 

luch  as  are  taken  as  Iriatioiials^  are  indeed 
ordinate,  but  yet  they  are  not  E^dbile^  qt  e«- 
preflible^  ot  to  be.  un&Jded,  as  the  diameter  of 

'  the  fquate,  iis  in  refpeft  of  its  fide,  No¥r 
touching  EfahHcy  there  are  divers  inordinate  | 
becaufe  they  are  diyerily  known,  and  itidetel- 
h)inately»  for  a  Scaienum  triangle  may  be  nyt^ 
fured  by  a  defined  and  propoled  meafure^  as 
explicable,  altho'  it  be  inoidinate* 

Now  it  is  cafy  to  fee  the  agroemeht  that  them 
is  between  Cognitum  and  Ponvionj  but  it  is  a 
difficult  thing,  to  exprefs  or  unfold  their  diffe* 
rence;  forafmuch  as.  in  their  ]>{atures  they 
come  fo  near  to  one  another,  as  that  there 
feemk  to  be  an  e^ality  between  thehi :  Ne- 
Irerthelefs,  there  will  foni^  difference  appear  tq 
him  that  IhalL  c6iifider  H  more  ifaidly  ^  for 
let  it  be  cbnfented  to  that  therecah  be  only  one 
iine  that  ea«  touch  a  fpkal  line  in  a.  certain 
pointj  that  is  Cognitum^  yet  notwithftanding 
the  Problem  is .  not  Parimon^  it  being  not  ts 
yet  comprehended  $  lb  as  that  all  tli^t  which 
is  CqgnUum^  is  not  therefore  Poripton.  But  aU 
that  which  is  Ponmon  is  alfo  Qfignitwm',    and 

i4;herefore  Cognitum  app^ar^  to  be  of  a  greater 
extent  than  Porimoni, 

'  Now  Cogmtum^  Pmmony  and  EffahUe^  di 
agree  in  fome  certain  thing$$  and  do  differ  in 
bther  things  by  the  fame  reafon  bfefore  ailedged  5 
for  thcJfe  hnfes  which  are  th^re  called  Irratior 
iials  are  in  truth  known ;  and  yet  n^vertheiefs 
are  not  Efnhilt  ot.  explicable.  Contrariwife^  • 
every  number  is  indeed  Effahiky  apd  yet  evety 
number  is  not  Cognititnu  But  Efahile  is  al- 
ways of  its  own  nature  expreflible,  altho'  that 
fome  lengths  may  be  now  Effabihy  and  at  ano- 
ther time  not,  if  it  be  examined  with  fome 
bther  according  to  one  and  the  fame  meafure. 
But  alfo  that  lame  lengUi  is  fometimes  knewn^ 

)L  z  ai:a 
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aad    oAer  times   not ,    tko'   Ithey    neboliy 

*        agree  with  oae  afiother.    Kow  it  i&  a  difRcult 

tf  ing  to  find  fomethihg  that  ihall  be  E$ihiU 

and  %cognitim^  for  Cogtiiium  feems  to  be  of  a 

f  eater  ext^it  than  EfahUe^  and  by  thofe  things 
is  manMeil:  that  Porimon  and  Jporon  do  difiSer 
from  RATIONAL  qr  Efahile,  and  from  IR- 
t  RATIONAL,  for  of  IRRATIONAL  Tome  of 
them  may  be  Poriman  ^  but  of  RATIONAL 
none  of  them  can  be  Irrationals;,  and  thetefore 
it  ifr  very  eafy  to  perceive  in  what  the  before 
typreffed  things  agree*  Notwithftanding  they 
feem  to  agree  together^  in  fuch  fort  as  that 
Pmmon  feems  to  be  of  a  greater  extent  than 
Effahih. 

Now  by  thele  things  we  may  come  to 'know 
the  diffisrence  of  thpie  things  that  have  been 
before  fpoken  of,  foV  in  trutb  Effaiik  and  bra- 
ti^naU  are  fo  termed  in  refpeid:  of  meaftu-^, 
which  notwithftanding  is  not  as  lyet  arrived 
.  to  our  XJnderftanding,  feeing  that  fdmething 
that  Is  rational,  may  be  as  yet  imknown  to  us^ 
ikid  in  like  manner  may  be  rational,  and  yet 
may  never  be  comprehended  fo  to  be.  But  Or^ 
tiimtum  and  tnoriinatum  is  fo  termed  according 
to  it  (elf,  and  according  to  the  proper  natur||^ 
of  the  thing  on  which  we  contemplate,  altlur 
it  be  not  comprehended  by  us«  As  Jrchimedei 
had  perceived  fome  things  to  be  ordinate  fiom 
the  nature  of  the  things,  the  which  Sereim 

*  had  before   contemplated.    But  Cognifum  and 
Incognmm  is  fpoken  in  refpeift  of  us,  fo  as 

*  the  things  before  mentioned  do  differ  amoi^ 
^  themfelves  5   far  thcfe  Iwve  refpejft  to  us,  the 

others,  fome  of  them  xxk  their  proper  nature^ 
and  the  reft  to  meafure. 

Having  then'  explained  the  agreements  and 
differences  of  the  things  that  have  been  pro- 
pofed,  it  remains  now  that  we  confider  what 
is  meant  by  the  Word  DjOUMi  for  of  all 

th^e 
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thofe  that  believe'  the  Word  DATUM  to  be 
tha^  which  is  copfentcd  to  by  the  Propofer  in  * 
the  Hf  pothefis,  arc  wide  from  what  is  lought  % 
becauTe  that  ail  the  Elements  oF  the  things  " 
QIVEN  are  oot  compofed  of  this  fort  tf 
GIVENf  which  is  according  to  the  Hypothe- 
cs, as  mtj  be  feen  in  thofe  i^a£h  which  havA 
been  made  on  this  Suhjeft  GIVEN.  Where- 
fore waving  this  Opinion,  Ie(  us  judge  of  the 
Definitions  of  others. 

Then,  that  which  is  confented  to,  or  g^ant«- 
ed  in  the  Hypothefis,  is  fomething  which  is 
confequently  known  by  the  Principles  ;  but 
fuch  as  make  ufe  of  Definitions  or  one  only 
Wprd,  do  define  it  and  remark  it  by  foaie  one 
of  the  before  mentioiied,  as  hath  been  fpoken 
in  the  beginning,  fo  as  tiHit  almoft  all  feem 
to  have  had  this  common  notion  Of  GIVEN, 
to  wit,  that  it  is  comprehended  even  as  the 
Word  DAtUM,  doth  alfo  maftifeft  it  to  be  5 
^nd  amongft  thofe,  thefe  are  the  chief  that  do  . ' 
define  it  by  the  Hypothefis  or  Suppofition ;  and 
others  have  had  ''regard  to  what  is  confente^ 
io  Qr  granted.  Biit  we  makiQg  ufe  of  the  faid 
things  as  of  a  Rule  and  Qireftion  to  jud« 
'Bghtly,  we  may  be  able  to  find  cut  a  petffeS 
Definition  of  piJfl^itf ;  for  it  is  certain  that 
it  ought  to  equal  aiid  be  Convertible  with  the 
tfaine  defined,   which  is  one  thing  proper  to 

iood  Definitions.    Now  fuch  feem&  to  be  the 
definition  of  the  thing  propbfed)  which  among    * 
|he  moft  iil2)ple  and  plain   Expofitors  is  defi- 
ned Porimoriy  and  aniongft  the  more  acute,  that 
which  defineth  it  to  be  Fonmon  and  Cqgmum  \ 

together ;  but  all  the^reil  arc  imjperfeit  j  for 
that  which  defineth  it  Ordinatum  is  not  fuS- 
cient  for  the  Comprehenfion  and  Knowledge  qf 
DATUM  I  becaufe  that  neither  wholly  ordi- 
nate nor  alone  ordinate,  is  not  comprifed,  le^^ 
ing  that  there  are  things  inordinate  that  ha^e 

Z  J  *hc  . 


4f 


|j8  EUCLIDEV  DATA 

the  fame    Condition,    as   hath    been  fliewi^ 
Again,  that  teafon  gives  not  SatisfaAioi|inei<» 
ther,  which  defcribes  it  to  De  Cognitnm ;  fot 
all  that  is  known  is  not  comprehended,  altho* 
that  alone  Cognitnm  be  co&iprehended/  More- 
over, that  alio  is  not  perfeft  which  defineth  it 
to  be  Effahle^  for  Effahle  is  not  alone  com- 
prehended ;   feeing  that  fome  of  the  irrationals 
are  alfo  comprehended.    In  like  manner,   all 
Effahie  is  not  comprehended,  as  hath  been  bch 
fore  declared.    Now  aniongft  the  Definitions 
tvhich  expound  it  by  the  only  Word,  there  re^- 
mains  that  which  defineth  it  to   be  Pormon^ 
which  feemeth  greatly  to  manifeft  the  Com- 
prehenfion  \  for  whole  Porimon  and  alone  Pori-' 
mon  is  comprehended.    Wherefore  EUCLIDE 
himfelf  ufeih  fuch  a"l)efinition  in  a  Defcriprion 
of  all  the  kind*  of  GIVEN  by  him  conceived 
and  regarded.    But  amongft  fuch  Definitions 
as  are  compounded,  that  is  a  perfeft  Definition 
*  •    which  defineth  DATUM  to  be  Cognitnm  and 
Porimon  together,  having  Cognitmn  for  analogi- 
cal kind,  and  Porimon  for  difference  \   but  tinit 
is  im{)erfeft  which  Yizt\i  Ordinatum  ziLdPorimoi^ 
together ;  for  thofe  things  which  are  fuch,  a^ 
not  alone  GIVEN)  and  that  which  defineth  0 
Ordinatum  and  Effahh  together,'  comprehendeth 
likewife  the  GIVEN,  vdth  the  defed  or  want. 
But  that  of  CognUum  and  Ortaiatum  together^ 
•^     is  not  to  be  received  or  admitted,  becauie  it 
:      4oth  exceed  what  is  defined,  for  fuch  is  not 
given  alone:  Therefore  thofe  only  which  haive 
declared  that  Z>^777^  is  Cognitnm  znd  Porimon 
together,  ftem  to  have  attained  ther  notion  of 
GiVEN,   for  that  which  is  fuch  is  all,  and 
al6ne  comprehended,'  which  two  things  ought 
to  be  in  thofe  Definitions  that  are  well  giveo. 
But  this  former    comes  near   to  thofe  which 
have  thus  defined  it :  D^TFJif  is  that  to  which 
we  may  find  an  equal,  according  to  thofe  ifai|Qg$ 
"        :  we 
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mt  have  propofed  in  the  fiift  Principles  an4 
HyMthcfis,  of  whidi  number  EUCLIDE  ii  one, 
xnaiSrig  ufe  throughout  of  the  Word  7nejt<^^9 
which  fignifies  to  exhibit  pr  invent,  altho'  he 
leaves  Cognitum  as  a  Confequent  of  Bonmon  ; 
fbme  one  nevertheia^s  might  reprove  him,  for 
that  in  the  firlt  place  he  hath,  not  defined  D-^r 
TUM  in  general :  but  immediately  fome  of  the 
kinds  of  GIVEN,  altho'  in  his  Elements  of 
GEOMETRY,  he  hath  defined  the  line  fimple 
before  the  Species  or  Kinds. 

fFhat  is  the  Utility  and  Profit   tlat^ 
arifetb  frem  this  TraB  of  DATA, 

or  things  GIVEN, 

A  Fter  having  explaine^mniverTally,  and  ac-r 
/\  cording  to  what  feciped  neccffary  for  our 
pre^ntUfc,  what  this  Word  D^Jl/Jf  fignifieth: 
It  follows  to  fliew  the  Utility  of  this  Trait. 
Now  this  Traft  is  fuch,  as  that  it  is  not  only    . 
ordained  and  inftituted  for  its  own  refpeei,  but 
for  fome  other  things    for  it  is  very  nectary 
to  a  place  which  is  called  Refolved,    and  we 
Jiave  already  declared   elfewhere    how   much 
mrcngth  arcfolved  place  doth  obtain  m  Ma- 
thematical Difciplines,  as  alfo  m  Gpticks  ai^ 
Cannons,  which  come  very  near  to  them,  as 
well  for  that  Rcfolve  is  an  Inveation  of  the 
Demonitration,   as  for  that  in  fuch  like  things 
it  lerves   us  much  for  the   Injvehtion  of  the    . 
Demoirfbation,  or  for  that  it  is  much  more  ex- 
cellent to  meet  with  a  Refolutive  Power,  than 
to  enjoy  divers  particular  Pemonfttations. 

To  what  Art  or  Science  this  Tra£i 

is  referred. 

NOW  feeing  the  Confideration  of  GIV^:^ 
is  ufeful  and  profitable  in  aU  thefe  kinds 

Z  4  ♦  ''^ 


t 


Jtf»  EUCLIPE'/  DATA. 

of  Arts,  &yr  that  &  fee v^tb  tnucb  to  RSSOLU- 
jiON,  it  teay  veil  be  {aid  to  be  recaUetL  not 
only^  to  one  oaly  Scieoce,  but  to  the  Mlthe^ 
siaticks  uarrenallf  Tvhkh  ciei^t  of  Numbei's^ 
Xiine,  Swiftnefs,  and  fucb  like  tlii^>  wbicli 
treateth  likewife  of  Reafons,  as  i^  of  Pra« 
porticos,  and  in  a  vord  of  all  MeiieHz :  Where* 
>fe  for  the  per&ft  and  diemonftfative  Knoir* 
_  ;dge  of  things  QIVEN,   beiag  of  To  great 
IFtility,  EU'CLWE  hath  takim  paias  to  firan^ 
this  Book  of  things  <jl VEN,  which  Authqt 
amongft  all  fiuih  as  have  cooipoTed  the   £le^ 
<!jents  of  Geometiy,   hath  jirf^iy  defci^red  th^ 
firft  place  aad  rank,  and  Who  having  iiiventedl 
the  Elements,  or  rather  the  Introductions  ^I-^ 
moil  of  all  Mathematical  Difciplines^  to  wit» 
^f  ill  G^onft try  ib'ig   Books,  ofAftronomy, 
of  Mufick,  and  Opticks,  he  hath  left  in  Wri-: 
ting  the  Eleipepts  "RESOLUTIVE,   in  th^s 
TreatiTe  of  things  GIVEN  >  but  as  he  was  a 
Geometriciatiyhe  ii^tb  particularly  accommoda- 
ted to  Magnitudes^  that  was  o^  the  GIVEN  ^ 
jcet  n^verthel^fs  common  in  other  things,  whicbl 
Method  hath  alfo  been  obfeivedby  him,  whea 
treating  u^iiverfally  of  J^eafops  and  Proportions, 
he  appropriates  them  to  the  Magm'tuaes  Q^eo^ 
tioned  in  his  Fifth  Book  of  Planes.    ' 
'  Now  it  hfl^tb  been  declared  in  general  what 
is  the  meaning  of  TyAtUJA^  «o  what  Science 
it  appertaineth^  and  how  profitable  the  Coiv" 
templation  thereof  v&^    We  will  add  to  what 
hath  been  faid,   the  pefcription  of  this  Sci* 
cace  which  treats  of  things  GIVEN ;  feeinj^ 
that  it  is  (as  wpears  by  what  hath  been  faid]^ 
a*  Coinprehenuon  m  all   rpanners^  of  things 
GIVEN  ^  and  of  their  Accidents  aod  Proprie- 
ties.    But  having  refpeft'  to  the  pro)^ofed  Eook^ 
we  ihalt  declare   it  to  be  an  Elementary  Dq-' 
firine    of  the    whole  Knowledge  of  tfaiAK 
GIVEN,  w)ieace  it  figiUows  that  it  uriU  bb 
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TTCif  profitable,  as  alfo  the  things  therein  con- 
tained, feeing  they  refer  to  things  GIVEN. 

rTow  this  Book  is  divided  according  to  the 
Species  or  Kinds  of  the  things  GIVEN,  and, 
in  the  firft  Seftion  are  contained  thofe  things 
which  j^re  given  by  Jleafon.  Secondly,  fuch 
as  are  given  by  Pofition :  and  laftly,  fuch  as 
are  |iveii  by  Species  or  Kind ;  for  that  which 
is  given  by  Magnitude  is  fimple,  and  particu^ 
ij^rly  conuined  in  the  others,  and  princnsally 
In  thofe  things  given  by  Species  or  Kind.  -Now 
he  hath  begun  with  thofe  things  given  bf 
Keafon  and  Pofition,  forafmuch  as  thofe  that 
are  given  by  Species  are  ppnftituted  of  them. 
BUCLlDE  gives  yet  another  Divifion  to  thii 
Book,  for  tluit  he  divides  it  into  univeifal 
Magnitudes,  |ui&es,  and  luperficies,  and  into 
Circulsur  Theoremes,  which  Order^he  hath  alfo 
bbferved  ia  the  Defipitions  and  Stiqppoikions  of 
this  Book.  Moreover,  he  ufeth  a  certain  way 
pf  infErufting,  which  proceeds  not  by  Com*, 
ppiltion,  but  by  l^efolutioa,  as  Paffus  hath 
tsaply  fet  d^vm  in  his  CoiniQenuries  o&  this 
^Ook,  .    . 

« 
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DEFINITIONS. 

Lanes  or  Spaces^  Lines^  and  Jngks,  t\i 
which  we  may  find  others  equals  are 
faid  to  le  given  hy  Magnitude. 
IL  4  Rcafon  is  faid  to  he  given^  when 
we  may  find  one  of  the  fame    or 
eqtiat  thereto, 
.  III.  ReSiline  figure Sy  whofe  angles  are  given^  and 
.    alfo  the  leajon'ofthe  fides  io  one  another ^  are 

faid  to  he  given  hy  Species  or  Kind. 
Iv.  Points f  Linesy  and  Angles^   which  have  and 
keep  always  one  and  the  fame  place  andfituation* 
au  faid  to  he  given  hy  Px)pion  or  Situation. 
V.  J  Circle  is  faid  to  he  giveii  hy  Magnitude^ 
when  the  femidiameter  thereof  %s  given  py  Mag- 
Tuitude. 
yl.  A  Circle  is  faid  to  he  given  hy  Fofition^  and 
hy  Magnitude  when  the  center  thengof  is  given 
hy  P^ion,  and  the  femidiameter   hy  Magnir 
tude. 
VII.  Segments  of  Circles^  wk^e  sidles  and  hafes 
are  given  hy  Magnitude^   are  faid  to  he  given 
hy  Magnitude.    •   ''    *  * 
VliL  Segments  of  a  Circle^  whofe  angles  are  given 
hy  Magnitude^  and  the  hafes  of  the  fegnients  hy 
Pofition  and  Magnitude^   are  faid  to  he  giver^ 
\    hy  Pofition  and  hy  Magnitude. 

a.  A  Magnitude  AB,  is 

D  greater    than    another 

A  ^-   m    •   ■  ■  B      Magnitude  C^hy^ gi'^W 

C"  ■■      .■>  Magnitude  BD^    whi's^ 

having  taken  away. tie 

.  ffven 
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given  Magnitude  "Dip J  the  refi  JD^  is  e^ualto, 
the  other  Magnitude  C 
X.  4  Magnitude  JBy  is  10  than  another  Magr^ 

tttdeCi  hy  agiven  Magm- 

B  tude  BD  .when  ha  vi7)g!added 

A  — —  '^-  —  D    thereto  the  given  Magnitude 

C ■'■  £Dy  t^e  whole  AD  u  equal 

to  the  other  mag  mtiide  C. 
Til.  J  Magnitude  Jt^   is  f aid  to  he  greater  thai\ 

another   viiignitudc 
D  C  ,  CiJ,   hy    a  givcT^  * 

A '    ■- B    magyiitude  JDy  ani 

in  nafon,  when  ta- 
king from  the  fame  magnitude  the  given  viag^ 
nitude  JDy  the  refi  R^,  hath  to  the  other  mag. 
nitude  CB^  a  given  reafof,  ' 

XII.  J  magnitude  JB  is  faidlK>  he  lefs  than  ano:^ 
'         ■  ther  viagniiiide  BCj 

A  B  hy  a  given  magnC 

D : C    tude  JD,    and   in^ 

reafon,    when   the 
given  magnitude  JD  heing  added  thereto^   th^    * 
"whole  DB  hath  to  the  *  otl^er  rnagriitude  ECy   a    ' 
given  teafon.  ' 

XIIL  J  right  lim  is  faid  to  he  drawn  down  from 
''a.  given^ointj  unto  a  tight  line  given  in  Pap. 
tiouy   the   right  line   leing  diawn  in  a  given 
angle. 

XIV.  'J  right  line  is  faid  to  h  drawn  up  from  a 
given  pointy  to  aright  line  given  inFofitioUy  the 
right  line  heivg  drawn  in  a  given  angle. 

XV.  J  right  line  is  apainjt  another  right'  line  in 
.     Tofitioni  when  it  is  drawn  parallel  thereto  through 

a  given  points  •      9. 
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PROPOSITION    I, 


I 

A  B  CD 


TW  magnitudes  J  and  J, 
bebiig   given  9  the   tea/on 

they  h4ve  to  <fnc  another  A  to  Bp 

is  alfogiyenm 
Denion/tration.  For  feeing  that 

the  inaghittide  A  k  given,  a  we 
may  find  one  equal  thereto,  y  hich  let  be  C. 
Again,  forafmucn  as  the  magnitude  B  is  given. 
Vfe  may  alfo  find  one  .equal  to'  that,  and  let 
that  be  D.  Therefore  feeing  that  A  is  equal 
to  C,  and  B  to  P,  as  A  is  to  C,  (  fo  is  B  to  D, 
2^nd  by  permutation^  ^ ^  A  fhall  be  to  B,  fo  C 
fliall  be  to  D.  Therefore  d  the  reafop  of  A  toi 
B  is  given,  for  iwk  the  fame .  reafon  as  of  C 
to  D,  as  we  have  found)  and  which  ough^  tq 
be  demonftrated. 

PROP.   IL 

If  a  given  magnitude  A^  haih  to  tbrne  other 
magnituae  B^  a  given  reajbn^  that  otier  juagnU 
Hide  2,  u  alfo  given  ty  magmtnde. 

Demonjb;  For  feeing  that  A  is 

given,   we  may  find  one  e^l 

thereto,which  let  be  Ct  And  for* 

afi^uch  as  the  reafon  of  A  to  B, 

A  B  C  D     ^5  ^^^^  given,  we  may  fiqd  a 

one  of  the  fame.  Let  it  be 
founds  and  let  the  reafon  be  of  C  to  D.  Now 
feeing  that  .as  A  is  to  B,  fo  C  is  to  D  i 
«Lnd  uv  permutation,  as  A  is  to  C,  fo  B  ^s  tq 
I> :  fiut  A  is  equs(l  to  C,  ^t^erefore  h  B  iball  be^ 
alfo  eqiial  to  D.  Therefore  c  the  magnitude  B 
is  given,  feeing  that  thereto  there  hath  been 
found  one  eqjmy  to  wit,  D.     .  . 

PROP. 


EUCLID£'i   DMA. 


¥i 


B 


E 


PROP-    III. 
A     D  If  given  mainmits   JB  and  BC; 

i  are  comfounid^  that  magnitude  AC^ 

th^  is  CQmfaUnded  ^ftbemfiallhe  aifo 

Ikmonfiu  for  feeing  that  AB  1% 
I  \  .  giveiiy  w€  inay  find  one  equal  to  it, 
C  F  which  kt  be  DE.  Again>  feeing 
that  BC  is  giiren  we  maf  atfo  iina 
one  equal  iso  that^  which  let  be  £F.  Whefe^ 
fore  feeing  that  DE  is  equal  to  AB,  and  £F  • 
is  equal  to  BC,  the  whole  AC  a  is  equal  to  ^  2*  ax.  x« 
the  whple  DF.  Therefore  AC  is  given,  feeing 
that  DF  13  propofed  equal  thereto^ 

P  R  O  P.    Ill 

A     D  If  from  a  given  vi^iinde  AB^ 

there  he  taken  away  a  given  magnitude 

JKJy   the  remainnig  magnitude  CB  k 

alfo  given* 

hemonfir.    Forafmtich   as  AB  i% 

B  i  &^^^^9  ^^  ^^^  ^^^  ^^  equal 
tliereto,  which  let  be  DE.  Again, 
feeing  that  AC  is  given,  we  may 
9^^  fiiid  one.  equal  to  i^  which  let  be  DF.  See- 
ing then  that  the  magnitude  AB  is  equal  tto 
the  magnitude  DE,  ami  the  magnitude  AC  to 
the  magnitude  DF?  the  reft  CB  a  ihall  be  a  i.axAi< 
equal  to  the  reft  FE.  Wherefore  CB  is  giveti, 
fof  to  it  there  hath  been  found  an  equal,  to 
wit,FE. 

P  R  O  P.    Y. 
If  a  magnitude  AB-y  hath  A  giveh    ' 
Reafon  to  fime  fart  thereof  jfC,   it 
will  have  alfo  a  given  reafon  to  the 
fatt  remaining  Co. 

Demonfir.  Let  DE  be  cxpofed  as  tt 

§iven  magnitu^^,   and  feeing  that 
ie  reafon  of  the  magnitude  AB,' 

tg 


A 

J 


D 
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a  I.  ief.    to  the  magnitude  AC,  is  given,  a  we  riiay  find 

one  of  the  Tame,    which  let  be  DE  to  DF  5 

therefore  the  reafoa  of  the  fame  DE  to  DF  H 

hi, frop.  given,  .But  DE  being  given,  f o  is  ^  alfo  its 

c^.p:op*  part  DF  ;  and   cbnlequently,   c  the  reft  FE: 

di.jprop.  Therefore  i  feeing  that  DE  ancHtE  are  given, 

the  reafon  of  the   fame  DE  to  FE,    is  alfb 

given.    And  fortfmuch  as  DE  is  to  DF,   as 

AB  is  to  AC,  and  by  cohverfion,  as  DE  ta  FE* 

t9,5;        to  AB  is  to  CB.    But  the  reafon  of  DE  to  FE  is 

given,  as  hath  been  demonilrated  ^  therefore 

•  the  reafon  of  AB  to  CB  is  alfo  given. 

•  ••.•..■, 

Scholium.,  .  . 
From  this  it  is  evident  that  if  a  magnitude  kath 
to  fome  fart  thereof  a  given  reafon^  by  divijion^ 
the  reafon  that  am  fart  hath  to  the  other^  fbavL 
he  dlfo  given.  Tor  feeing  that  as  DE  is  to  FJB^ 
fo  uJBtaCB'^  hy  divijion,  at  DF  $0  FE,  fo  AC 
to  CB.  But  it  hath  been  demonflratedtiat  the 
farts  DF  and  FE  are  given,  and  confequ^tfy  their 
reafon  is  alfb  giten  :  In  like  manner j  therefoie 
the  reafon  of  AC  to  CB  is  given* 

PROP.    VL 

AD  If  two  magnitudes  AB  and  BC,  hdr 

If  ving  to  one  another  a  given  reafon,  art 

B  1  £     comfounded,  the  magnitude  AC   copr 
pounded  ofthem,JbaU  alio  have  a  given 
reafon  to  each  cf  them  AB  and  Sc.  ., 
DemoTjfir,  Let  the  given  magni- 
C     F         tude  DE   be   cxpofed,   and  feeing 
that  the   reafon   of  AB   to  BC  is 
giv^n ;  let  there  be  made  one  and  the  fame  of 
the  faid  DE  to  EF ,  therefore  the  reafon  of  thfc 
i,  z.  prop,   fame  D£  to  EF  is  given  ;  and  therefore  a  the 
.magnitude  DE  being  given,  bodi  the  otie  and 
the  other    of   them   DE  and   FE,    is  given, 
b  liprop.  Wherefore  b  the^whole  DFflwll  Ut  alfo£*vci, 
^^  There^ 


I 

* 
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Thcrefow  t  the  teafon  of  the  faaae  DF  to  cache  uftof. 
of  them  DE  and  EF,  ft  all  be  given.    And  for- 
rfmuch  then  as  AB  is  to  BC,  fo  is  DE  to  EF  ;       .    . 
in  compcuiiding,  ias  AC  is  to  BC,  fo  is  DFdi8.  j; 
to  EF  :  Therefore  by  converfion,  as  AC  to  AB, 
fb  is  DF  to  DE.    Therefore  as  the  whole  DF 
is    to  each  of  the  other  magnitudes  DE  and 
EF,  fo  the  whole  AC  is  to  each  of  the  magni. 
tudes  AB  and  BC  :    Therefore  e  the  realon  of  e  2.  def; 
the  fame  AC  to  each  of  the  magnitudes  AB*. 
a^  £C  is  given. . 

jPfebP.    Vlt. 

C  Jf  a  given  magnitude  JB^ 

■£k  .  -««—  B    i$  divided  according  to  a  given 

reafon  AC»to  CBj   each  feg- 
mm  AC  and  CB  is  given. 

Demonfir.   For  feeing  the  reafon  of  AC  to 
QB  is  given,  the  realon  of  a  AB  to  each  of 
them  (AC  and  GB)  is  alfo  given.    But  AB  is  *  ^-  P^^P* 
gmn  :  Therefore  b  each  of  the  fegments  AC  j^  ^^  ^^^^ 
and  CB  is  alfo  given.  •/  r* 

.  '  A ,  x)  Magnitudes  A  and  C, 

4  I...  ..,—■>     #.N.       ,.■■<'   vhich  have  to  one  ana 

ii-,.i.B.  •  F  :  the  fame  a  given  reafo^ 

By  Jballie  to  one  ano- 


T^ 


G  E  ther  in  a  given  tedfon^ 

yijj  j^     y      V       «"i     ■■■-■■    ,      *}       A  to  C» 

Demonfir.tqxhithi 

f;iven  magnitude  tShe  expofed,  and  feeing  that, 
he  reafon  of  A  to  B  is  given,  let  the  fame  be 


a  z<  pr^pi 


be  done  of  E  to  F.*  But  E  is  giv^n,  andtherfr- 
fgre  F  is  alfo  given.    But  feeing  that  D  is 

givcn^ 
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1>  x.fp^*  gi^^t  ^  the  reafoti  of  the  hmt  D  to  F  is  giv^  $ 
and  feeing  that  as  A  to  B»  fo  O  to  £,  and  zs 

t  It.  5*  B  to  C)  fo  i$  £  to  F ;  in  reafon  of  equality,  e  y 
A  is  to  Cf  (o  is  D  to  F  ;  but  the  feaCoii  of  D 
to  F  is  ^iveiu  Thexe&ie  the  tea&n  of  A  to  C 
»  is  alfo  given. 

4 

A  D  if  ivo  or  jiiare  m.ig* 

'db>         ^    ■     »■  ■     I*  nitudes  J^ B^  and C,  ifri 

B  E  to  one  another  in  a  given 

i^i  ■    ■         *.       Hafojij .  4"^   ^^^'    '^^ 

C  F  fame  magnitudes  J,  B^ 

»  ">  ■        "  ■        and  C )   ^ave  to  *oiher 

magnitnies  P^  £,  aiU 
P,  ^veh  reafonsy  ^iho^  they  be  not  thefamey  thofi 
ether  magnitudes  Dy  E^  am  F,  jbM  (#  alfo  to  iM 
kttother  in  given  reafons. 

Demon/ft.  Forafimich  as  the  teafon  of  A  to  B 
U  given,  as  alfo  th^t  of  A  to  D,  the  reafon  of 
B  to  B  ftall  be  given  :  Butthe  rerfon  of  B  to 
£  is  alfo  given  i  therefore  the  reafon  of  tl^  t^mi 

g  to  £  fhistll  be  in  like  manner  given.  -  Again^ 
dng  that  the  reafon  of  B  to  C  is  giveQy 
.    and  al(o  that  of  B  to  £,  the  reafon  of  t  to  G 
ihalt  be  given.    But  the  reafon  of  C  to  F  is 
a  9.frop.  alfo  given,    therefore  a  the  rfeafon  bf  E.to  F 
ftall  be  given.    But  it  bath  ti^en  demoni^raifsd 
'    that  the  reafon  of  P^  to  £  is  alfd  given ;.  and 
b  B.frof.^  therefore  h  the  reafon  bf  D  to  F  fhail  be  given; 
Therefore  the  mag^iitudes  D^  £,  and  F^  are*  td 
one  another  in  given  reafoos.. 

D       B  If  a  iHagnititit 

A  ■■  ■      ■       "  ■>  ■     ■■'  -G    JB  y  he  g;i  eater  than 

^  another  magnitude 

oC^  hj  a  given  wagnitudcj  and  in  reafon^  th  mt»^ 

"^    •  nititae 
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itttule  AC  compounded  of  hoth^  /bill  le  atfo  greater 

than  that  fame  magnitude:,  hy  a  given  magnitude^ 

af$i  in  reafon :  But  if  that  compounded  viagnitude 

he  greater  than  tJ/e  fame  magnitude ^  hy  agjvel^ 

magmtudey  and  in  reafon  \   either  the  ^tmaindelt 

fbm   he  alfo  greater   tlnin  that  fame  hy  a  giveH  1 

magnitude^  and  in  reafm^    or  eife  the  fame  re-  | 

mainder  is' given  with  the  following^  to  which  ti$  ^        | 

other  magnitude  hath  A  given  rtafon.  '        -j 

'  DemoT^r.  For  feeing  that  AB  is  greater  tliail 
BC  by  a  given  magnitude,  and  in  reafc>n,  let 
the  given  magnitude  AD  be  taken  awajT* 
Tiierefore  a  tne  reafon  of  the  renoiaiiidet  DB*  it.def. 
to  6C)iseiven9  and  in  compounding^  ^theb6.^o^* 
i^afon  of  DC  to  BC  is  alfo  given.  But  the 
magnitude  AD  is  alfo  given  i  therefore  AC  is 
greater  than  the  fame  £C  by  a  given  magni- 
tude^  and  in  reafon. 

Again,  Let  the   magnitude  AC  be  greater 
than  the  magnitude  BC,  by  a  given  magnitude, 

and  ih  reafon: 
ly.        B        t  Ifaythatth(i 

A ■    ^— *C    reft  AB,  is  ei- 
ther    greitct  % 

than  the  fame  BC  by  a  given  magnitude  and 
in  reafon,   or  that  the  fame   AB,   with  that 

which  foiloweth,   to  which  BC  hath  a  givett 

reafc^,  is  given. 
Forafmuch  as  the  inae^itude  AC  is  greater 

than  the  magnitude  BC,  oy  a  given  niagnitude, 
.and  in  reafon,  cut  off  from  it  the  given  magni-* 

tude  :  Now  tfie  fame  given  magnitude  is  either 

lefs  than  the  magnitude  AB,  or  greater :    Let 

it  in  the  firft  place  be  lefs,  and  let  it  be  AD. 

Therefore  the  reafon  of  the  remainder  DC  to 

CB  is  giireh.    Wherefore  by  divifioii)  the  rea-^ 

Ibn  of  DB  to  BC  is  given.    But  the  magnitude 

AD  is  alfo  given  ^   therefore  the  magnitude 

AB  is  greater  tf  than  the  magnitude  BC  by  aerr.ie/i 

g^ven  magnitude,  and  in  reafon.    Now  let  ;he 

A  a  giveil 
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given  magiiitude  be  greater  than  the  magni-  • 
tude  AB,  and  let  AE  be  put  equal  theretb  ^ 
d  II, def,  therefore  dthQ  fcafon  of  the  femainder  £C  to 
e  $4  prop.  CB  Is  given  5  and  by  converfion,  e  the  reafoK 
of  the  Tame  BC  to  BE,  is  alfo  given-  But  the 
Came  £B  with  B A  is  given;  for  that  the  wholei 
AE  is  given  :  Therefore  there  is  given  AB, 
^ith  that  ^hich  follows  BE,  to  which  BC 
bath  a  givfen  ffeafbn. 

PROP.    XL 
£      D        B  If  a  magniiUde  AB^ 

A  — —  1  *—  1  — —  -1 C    he  greater  than  a  mag^ 

nitud&'BCi  hy  a  given 
inagninide^  afid  ifireafofiy  the  fame  magnitude  JB^ 
fiau  ie  alfo  greater  than  the  magnitude  compounded 
(sf  theth  hy  a  given  mapnitude^  arid  i»  reafon^  and 
"if  the  fame  magnitude  be  greater  than  the  trpo  others 
together  hy  a  given  magnitude^  and  in  reafon^  that 
*  fame  magnitude  JbaU  he  alfo  greater  thdn  the  reji  hy 

a  given  magnitude^  and  in  reafon, 

Demonfir,  For  feeing  that  the  magnitude  AB 

is  greater  than  BC  by  a  given  magnitude^  and 

in  reafon ;    let  there  be  taken  from  it  a  given 

a  it.def.  magnitude  AD  :  Therefore  a  the  reafon  of  th^ 

b6.;rof.  i«ft  DB  to  DC,  is  given,   and  therefore  h  the 

reafon  of  DC  to  BD  flialj  be  alfo  given :  Let 

the  fame  be  dofte  of  AD  to  DE,   therefore  th6 

reafon  of  the  fame  AD  to  DE  is  given.    But 

c  i.prop.  AD  is  given,   therefore    c  DE  is  alfo  given,* 

d  ^.pop.  and  confcquently,  d  the  reft  AE,  is  alfo  given. 

But  feeing  that  as  AD  is  to  DE,  fo  is  DC  tdf 

e  16.  5.     BD  ;  by  permutation,  e  as  AD  is  to  DCj  fo  is 

f  18.  5.     DE  to  DB:    Therefore  by  compounding,  /as 

AC  is  to  CD,  fo  is  EB  to  DB  ;  and  by  permu^ 

g  16, 5.     ration,  ^  as  A  C  is  to  EB,  fo  is  DC  to  DB.    But 

the  reafon  of  DCto  DB  is  g^ven:  Therefore  alfo 

is  AC  to  EB,  and  confequently,  that  of  EB  to 

AC.  But  it  hath  been  demonilrated  that  AE  is 

h  ii.def,  given,  therefore  b  AB  is  greater  than  AC  by  a 

.  given  magnirade,  and  in  reafon* 

BM 
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But  now  let  AB  be  greater  than  AC.  by  a 
eiveh  magnitude,  and  in  reafon :  1  fay  that  the  ' 
lame  AB  is  alfo  greater  than  the  reff  BC,/by 
a  given  magnitude,  andih  reaCoii.  : 

For  leeing  thit  AB  is  greater  than  AC  by  a 
given  magnit)ide,  and  in  reafoii.    Let  the  given 
Magnitude  AB  be  cUf  bflP  there-froih  :  Thcre- 
fbre  i  the  reafon  of  the  remainder  £B  to  AC  isi  n.  ^ir 
given,    and  confequently,   alfo   ihali  be  givea      '      * 
that  of  AC  to  EB.    Let  the  fame  be  done  of 
AD  to  DEi  therefore  the  reafon  of  AD  to  DE 
is  given  ;   and  by  coftverfeon,    i^  the  reafon  of  Jc  %.popi  ' 
Ad  to  AE  Aall  be  alfo  given,  and  corifequent-  ^ 

I7  that  of  AE  to  AD.    N6w   At  is  given,'  , 
^lerefoic  thp  whole  AD  /fhall  be  alfo  givei  j,i  z.po4. 
and  feeing  that,  as  the  whole  AC  is  to  the 
whole  EB,  lo  the  part  cut  off  AD,    is  to  the 
part  cut  off  ED,  fo  alfo  fhall  be  m  the  remain-  m  xg[  ^, 
dier  DC  to  the  reihaiindet  DB.    But  the  reaCon  , 
of  AC  to  EB  is  given :  Therefore  atfo  fhall 
be  given  that  of  DC  to  DB,    Wherefore    by       ,  ,     , 
.  divifion^  « the  reafon  of  BC  to  DB  is  given  i^JchoU  j, 
and  confequently  alfo  Ihall  be  given  that  oiP^h 
pB   to  BC.    But  it  hath  been  demonftraieji  .; 

that  AD  is  given  :  There'fofe  0  AB  is  greater  o  ^^*  «*/• 
than  the  fame  BC  by  a  given  magnitude;  and 
in  reafon. 

t  R  O  P.'    XIL 

^        fi              C  Ifiherehetbreemag^ 

A 1 I D    mtudes  JB,  BC,  and 

CD^  and  tbaythepjt 
ABy  mth  the  Jicona  BC^  io  wit  AC,  Je  given. 
But  the  fecond  BCy  with  the  third  CD,  to  wit,  BD^ 
ie  alfo^iven  :  Either  thefirjt  JBJbaU*i?e  equal  to 
He  third  (^D,  or  the  one  JpdU  ht  greatei  than  the 
bther  hy  d  ^iven  magnitude,  .. 

D««o«pr.  Forafmuch  as   each  ofthe  magni- 
tudes  AC  aM  BD  are  given,  the  given  roagni^ 
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tudes  are  either  egdar to  one  anothei|:,  or  unfe- 
quaL  Let  them  be  firft  equal :  Therefore  AC 
is  equal  to  BD,  take  away  the  poinmQn  mag-  , 
a  ?•  ax»  I.  nitude  BC,  and  there  will  remain  a  AB,  equal 
to  Ci).  Butfuppofe  them  to  be  unequal,  as 
in  this  fecond  figure,  and  let  BD  be  greater 

than  AC :  Let  then 
B         C      E  BE  be  put  equal  to 

A-4-'l 1 — 1 — D    AC    Now  feeing 

■  that  AC  is  given^ 

Wt,is  alfo  given.   But  the  whole  BD  is  alfo 
bi.p<^  givdn,  the  reft  ED  *  fliail  be  fp  alfo  5   an4 
•  foralmuch  as  BE  is  equal  to  AC,  taking  away 

e^.ax^  lithe  common  magnitude  cBC,  there  will  re- 
main AB  equal  to  CE.  But  ED  is  given  2 
Iherefpre  CD  is  greater  than  AB  by  the  giveii 
taagnitude  ED.  '  ' 

$<:holium. 
Jnd  if  tie  firfi  wiiJj  the  fecond^  to  *^?f,  -iC,  veto: 
greater  than  thefecotid  with  the  thirds  to  wit,  SD^ 

4f    in  the  other 

E        B        C  ^ure,  CE  wouH 

A-^ — 1^. — 1.— — 1_D    he  made  equal  to 

the  fame  Bhi  and 
iy  the  fame  reaforts  as  was  ajfove  demonflrated^  thai 
JE  is  given  and  equal  to  CD ;  and  therefore  AB 
greater  than  CD  hy  a  given  magiftude. 

PROP.  xm. 

H  If  there  he  three  magfi^- 

A 1        '-B    i(udes  AB,  CDy  and  £,  and 

F  tijat  the  firjl   of  them  AB:, 

C 1       ...pp    I^ath  a  ffven  reafon  to  the  , 

*    li  fecond  CD  ;    hut  the  fecond 

■    *    ■ '     II         .  CD  is  greater  than  the  third 

Ej  by  a  given  magnitude t 
and  in  reafon j  alfo  the  firfi  AB,  -fiall  he  greater 

than 
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than  the  third  £,  iy  a  given  magnitude^    and  ^in 
reafon. 

Vemonftr.  For  feeing  that  CD  is  greater  than 
£  by  a  given  magnityde,   and  in   reafon,   let 

5 he  given  magnitude  CF  be  taken  thercrfrom ; 
Therefore  the  reafon  qf  the  reft  FD  to  E  is 
given.    And  forafmtiph  as  the   reafon  of  AB 
to  CD  is  given,  let  the  fame  be  done  of  AH 
to  CF,    Therefore  the  reafon  of  the  fame  AH 
to  CF  is  given.    Bht  CF  is  given :  Therefore 
a  AH  is  aifo  giv^i.  ^  And  feeing  that  as  the  a  i.frof^ 
whole  AB  Js  to  the*  whole  CD,  fp  the  part 
cut  off  AH  is  to  the  part  cut  off  CF,  and  (p 
h  alfo  the  reft  HB  is  to  rhe  reft  FD,  the  rea-  b  19.  j* 
fon  of  the  fame  HB  to  FD  is  alfo  given.    But 
the  reafon  pf  FD  to  E  is  alfo.  given  :   There- 
fore c  the  reafon  of  HB  to  £  is  given.    But   it  c  &/ro^ 
hath   been  deqionftrated  that  AH    is  given: 
^Therefore  d  AB  is  greater  than  the  fuid  £   by  d  11,  </(/• 
a  given  magnitude,  and  in  reafon. 

PROP.    XIV. 

B          G  //  two  magnlr 

A 1 I E    i¥ies  JB  and  CD, 


D  have  to  one  anothet 

C 1  ^  F  a  given  rea[o%aiid 

that  to  each  of 
them  there  he  aided  a  given  magnitude^  to  wit, 
.  ^E  and  DP  i  either  the  whole  JE  and  CF  Jball 
have  to  one  another  a  given  teafon^  or  the  one 
Jball  he  greater  than  the  other  fy  a  given  mag' 
vitudcj  and  in  reafon*  ' 

.Demonfir^  For  feeing  that  each  of  thofe  magr 
nitudes  BE  aiid  DF,  is  given,  a  the  teafpn  of  ji  i^frof, 
the  faid  BE  and  DF  is  alfo  given  ^  and  if  that 
reafon  be  the  fame  with  that  of . AB  to  CD. 
that  of  the  whole  A£  to  the  whole  CF,  J  b  la.  j, 
(hall  be  the  fame  ;  and  therefore  the  reafon  of 
the  faid  AE  to  OF  is  given.. 
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Now  let  the  reafon  of  BE  to  DF'bc  not  the 
fame,  with  that  of  AB  to  CD,  and  let  it  be 
as  AB  tp  CD,  fo  BG  to  DF,  Therefore  thp 
reafon  of  the  laid  BG  to  DF  is  given.    But 

e  z.frop.  the  magnitude  DF  is  given,  therefore  c  BQ 
.     Js  alfo  given  \   arid  feeing  that  the  whole  BE 

i^^frof.  is  given,  i  the  reft  GE  Ihall  be  alfo  given. 
But  forafmuch  as  AB  is  to  CD,  asBG  is  to 

c  12.  5,  DF,  f  fo  alfo  is'  the  whol6  AG  to  the  whole 
GF  5  and  therefore  the  reafon  of  the  faid  AG 
to  CF  is  given :    But  tHe  magnitude  G£   is 

fix,  def.  'givttk :  Therefore  /  the  magnitude  AE  ii 
greater  than  the  maenitude  CF  b/  a  given 
magnitude,  and  in  reafon.'  '  '       ' 

PROP.    XV. 

G'  If  two    magnitudes 

I B    JB  and  CDyl^ave  ti 

one  another  a  given 
-D  reafon;  and  that  fro^ 
each  of  them  he  taken 
away  a  given  magnitude  (td  wiV,  *from  the  mag^- 
tnde  JB  the  magnitude  JE,  and  from  the  magni- 
tude CD  the  magnitude  CF)  tj^e  remaining  magni- 
tudes EB  and  FD^  either  JbaU  have  to  one  an6^ 
iher^  a  giveh  reafon^  or  the  one  of'  them  Jball  ks 
greater  thdn  the  other  hy' a  given  magnitude yan4 
in  reafbn, 

Dcmonjlr.  For  feeing  that  each  magnitude  AE 

and  CFi^  given,  the  reafon  of  AEto  CF  is 

^iven  J    and   if  it  be  the  fame  with  that  of 

AB  toXD,  that  of  the  remainder   EB  to  the 

^  !?•  S*    remainder  FD,  a  fhall  be  alfo  the  fame  ,   and 

^  ■       therefore  the  reafon   pf  the  faid  EB  to  FD 

'     •    ^"^  '  •    '"    '   •        '  ■   fhaU^  be  alfo   given: 

E         a  But  if  it  be  ndt  the 

A 1— — I— B    faine,  letitheasAB 

'  F      =  toCD;foACtpCFi 

G         ■     1   I.  I       .-D    Now  the   reafon  of 

^       ABto'CDis  gtvehi 
•  tneie- 
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therefore  a}fo  that  of  AG  to  CF  fliall  be  given. 

But  CF   is  given,   therefore  h  AG  is  given,  b  z.prof. 

But  AE  is  alfo  given,  therefore  c  the  relt  EQc  4>fro£^ 

is  given  5  and  feeing  |:ha^  as  AB  is  to  CD,  fp 

the  part  cut  off  AG  is  to  tl^e  part  cut  off  CF, 

and  fo  alfo  is  d  tl\c  reftGB  to  the  *eft  FD  ;  the  d  4.  prop, 

reafon  of  the  faid  GB  to  FD  is  alfo  given.      *^   ^ 

Therefore  feeing  that  EG    is  given,   EB   is 

greater  than  FD  ^  by  a  giyefi  magnitj^de,  ande  tU4ief. 

in  reafop^ 

PRO*^.    XVI. 

E  If  two  magniUtdes  JB 

1 — F  ana  CDy  have  to  one 
another  a  given  reafon 
-— D  and  $hat  prom  one  of 
theviy  to  wity  CDy  therf 
ie  taken  away  a  given  magnitude  DE;  and  to 
the  other  JB  th^re  he  added  a  given  magnitude 

BF,  the  whole  JFjbaU  he  greater  than  the  reft 
CEy  hy  a  given  magnitude^  and  in  reafon^ 

DemoT^r*  For  feeing  that  the  reafon  pfAB. 
ta  CD  is  given,  let  the  fame  be  made  of  BCl 
to  DE  ;  Therefore  a  ;he  reafon  of  the  faid  BG  a  2,  def 
M  DE  is  given.    But  DE  is  given,'  therefore 
ABG   is  alfo  given.    Biit   BF  is   alfo  given,  b  2. /^r*/^. 
therefore  ^  the  whole  Gt  is  given.    And  fee-c  l.frof^ 
ing  that  as  AB  is  to  CD,  fo  the  part  cuf  off 

BG,  is  to  the  part  cut  ofFDE  ^  and  d  fo  alfo  d  19.  5^ 
is  the  remainder  AG  to  the  remainder  C^\ 

the  reafon  of  the  faid  AG  to  C£  is  giveil : 
But  GF  is  given,  therefore  the  magnitude  A  J 
is  greater  than  the  magnitude  C£  t)y  a  given 
]»agn|tude^  and  in  reafon* 


Am.  ?^o? 
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FRO  P.  TfO*  . 

F  If  there  ie  three  mag* 

A  1 B    nitrides  JB^  J?,  and  CD. 

u  ■■-£ »  ttni that  the  frfi  AB  hi 

0  ''  .     mater  than  the  feconS 

C-.   ■    ■  l-  D    £,  hy agiven magnitude^ 

and  in  reafim.  Ait  the 
third  CD  he  alfo  greater  than  the  fame  fecond  Ei 
hy  a  given  magnitude^  and  inreafon ;  tiefirjtj^ 
JjoaU  %ave  ta  the  third  Qfj^jjither  a  given  reafon^ 
or  elfe  the  one  Jb all  hegreettir  than  tSe  other  try  d 
ffven  magnitude^  and  in  reafon. 

Demonfir,  For  feeing  that  AB  is  greater  thaq 
£  by  a  given  magnitude,  and  in  reafon,   l&itr 
the  magnitude  AF  be  taken  away :   Therefote 
the  lealon  of  thop  remaindi^r  FB  to  £  is  giveStf 
Again,  feeing  that   CD  is  greater  than  t^e 
faid  £  %  a  given  magnitude,  and  in  reafoii^ 
let  the  given  magnitude  CG  be  cut  off  there- 
from*^ aind  th^  reauTon  of  the  remainder  GD  to 
^^of,  £  ihall  be  given  :  Therefore  a  the  reaibfi«^  FB- 
to  GD  fhail   be  alfo  given.    But  to  the  faid 
FB  and  GD  are  added  the  given  magnitudes- 
AF  and  CG :  Therefore  the  whole  AB'  ajid  CD 
b  i^frof^b  fhall  either  have  to  one  another  a  giyen  re# 
.   fon,  or  the  one  ihall  be  greater  than  the  other > 
by  a  given  magnitude,  and  in  VeaEon. 

.  PROP.  ivni. 

B  If  there  he  thref  mojg^ 

A 1 H       mtudes'ABj   CD,  ani 

I        G  JPF,    and  that  the  oni 

C  ■! 1— —  D    of  them,  to  wit,  CD,  he 

F  greater  than  either  of  the 

£— 1,.-  K     other  JB  or  EP,   hy  a 

given  magnitude,  and  in 
ftafoni  ^^^  '^  *^  ^f"'  ^  aniMFf  fiail 

'have. 
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hav^  to  one  another  a  given  tenfon^  or  the  onefiatt 
le greater  tlian  the  other  iy  a  gifen  magnitude^ 
and  in  reafon. 

Demonfit,  Forafmuch  as  the  magnitude  CD 
is  greater  than  the  niagnitude  AB  t)^  a  given 
magnitude,  and  in  fedTon,  let  the  j|iven  niagni* 
tude  I>G  be  taken  there-from :  Therefore  the 
reafon  of  ^he  remainder  CO  to  AB  is  given. 
Let  the  fame  be  made  of  QD  to  BH,  there- 
fore the  reafon  of  the  faid  DG  to  BH^s  given. 
But  DG  ii  given,  therefore  a  BH  h  alfo  given.a  2.^ot, 
And  feeing  that  as  CQNis  to  AB,  fo  iS  GD  to 
BH,  *  fo  alfo  is  the  whole  CD  to  the  whole  b  iz.  <• 
AH,  the  reafon  of  the  faid  CD  to  AH  ffiaU 
be  alfo  given. 

.Again,  feeing  that  the  fame  CD  is  greater 
than  £F  by  a  given  magnitude,  and  ii|  reafon ; 
let  the  magnitude  DI  be  cxif  pft  there-from  i 
Therefore  the  reafon  of  the  remaindgc,  CI  toi 
IF  is  given  :  Let  the  fame  be  mad^  oF  DI  t^ 
fK,  Therefore  the  reafon  of  the  faid  DL  tq 
FK  ihall  be  alfo  given.  But  DI  h  giten, 
therefbfc  PK  is  alfo  given.  And  feeing  that 
as  CI  is  to  EF,  fp  is  ID  to  FK ;  fo  alfo  is  the 
whole  c  CD  to  the  whole  EK  »  the  reafon  of  ^  li.  5* 
the  faid  CD  to  EK  ihall  be  given.  Butthq 
r^on  of  the  fame  CD  to  AH  is  alfo  given ": 
therefore  I?  the  reafon  of  the  faid  AH  to  EK*8.f«i^-'* 
fhall  be  given.  And  feeing  that  from  the 
feiid  AH  and  EK,  the  given  magnitudes  BH 
and  FK  are  cut  olf,  the  magnitudes  AB  ai^ 
jFe  are  either  in  a  given  reafon  to  one  ano^^^J-^^* 
ther,'  or  the  one  is  greater  than  the  other 
by  a  given  magnitude,  and  in  feafon. 


fROP. 
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PJR.OP,   XIX, 

G        H  If  there  he  three  mag- 

^  •^.^  1—^  1 ' B    niiudes  JB,  CD,  and  E^ 

F  ^'  and  that  the  firfi  AB,  he 

P  .  1    ■       ■    P    greater   than  tbg  fecond 

-E  CD,  hy   a  jgiven  magni' 

•  ■  ■      iM'  ■»■■■'■'  »        iude,  an^^inSpafon'^  and 

that  the  fecond  CD  he 
greater  than  tlx  third  £^  hy  a  ^iven  magnitude^ 
and  in  reafon  ;  alfo  thefiiji  magnitude  JB  Jball  he 
greater  than  the  tiird  £,  hy  a  given  magnitude,  and 
jn  reafon. 

Demonjir.  For  feeing  that  CD  is  greater  than 
£  by  a  given  magnitude,  ^nd  in  res^fqn  ^  let 
the  given  jaiagnitu4e  CF  be  t^ken  ther^-from  ; 
therefore  the  reaTon  of  the  remainder  FD  to 
J£  is  giVj^Q.  Again,  feeing  that  AB  is  greater 
tlian  the  fame  CD  by  a  given  magnitude,  afl4 
ihitafop:  Let  the  magnitude' Adc  be  taker^ 
^here  from  :  Therefore  the  reafon  of  the  Remain- 
der GB  to  CD  is  given :  Let  the  fame  be  made 
if  GH  to  CF :  Therefore  the  reafon  of  thq 
faid  GH  to  CF  is  giVen.'  But  CF  is  given : 
Therefore  alfp  Gif  is  given,  and  the^n  AGf  lis 
*  l*y^r  '  _        ^_  alfo  given,  the  whole  a 

AH  ihall  be  alfo  given. 

.-B    But  as  QB  is  to  CD, 

fo  is  GH  to  CF,    and 

^19.  J.     C    ■  1  *    D    fo  alfo  h  the  remaindei 

HB  to  the  remainder 
FD :  Therefore  the  rea- 
fon of  the  faid  HB  td 
FD  is  given.  But  the  reafon  of  the  fame 
fD  to  £  Is  alfo  given  :  Therefore  the  reafon 
of  HB  to  £  is  in  like  manner  given,  and  fd 
ia  alfo  the  magnitude  A£  :  Wherefore  the  mag- 
p  |i.  irf.  Aitude  A^  c  is  greater  than  £  by  a  given  mag- 
nitude, and  in  reafpn.  '  - 

'  OTHER- 


letC 
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E      *  F  Confimaio^.  Let 

.  1  _.^  1  v^-.«p«  B  there  be  three  inJigl 

C      .             ^  nitudes  AB,  C.  an4 

.•^—  .1  ■       M»  D,  and  let^ Afi  hi 

J)  greater  than  C  by 

■     v..  ■        ■■     ■  e  given  ipagnitudet 

and  ip  rea(on ;  but 


179 


'be  alfo  greater  tlmn  D,  by  a  given  magni- 
tude, and  in  reafon  :  i  fay  that  AB  is  greater 
than  I)  by  a  given  magJiitude,  and  in  reafon. 

Demonfir.  Forafmuch  p|  AB  is  greatf:r  tbai|  . 
P  by  a  given  magnituiEfe,  and  in  reafon,  let  thi? 
given  noagnitude  AE   be  qit  off  there-fipm  : 
Therefore  the  reafon  of  the  remainder  EB  to 
P  is  given.    But  the  magnitude  C  is  greater 
than  the  magnitude  I^  bya  given  msfgnitudg^ 
and  in  reafon;    therefore  i^EB  is  greater  than  dij./rqp. 
D  by  a  given  magnitude,  and  in  reafon :  Where- 
fore le»  the  given  magnitude  EF  be  cut  o% 
there-from ;   and  the  reafon  of  the  remainder 
FB  to  P  fliall  be  given.    But  AF  is  e  given^ 
Therefore /AB  4s  greater  than  D  by  a  given  c  }.fn^. 
pAgnitudpi  and  in  reafon. '  f  U.  4^ 

PROP,    XX,      ' 

%         G  If  ther^  le  tpo  gi-^ 

r        -'1        ■   B    ven  mamitudesy  jfgl 

and  CD,    and  thdt 
— — ^ — P       from  them  there   h^, 

iak^n  magnitudes  JE 
qnd  CFj  having  to  one  another  a  given  reafon  i 
either  we  r^mainit^  magnitudes  EB  and  FD,  JbafU 
iave  to  one  ahoth^  given  reafons  ;  or  elfe  the  on§ 
/ball  be  greater  than  the  other  ly  a  gtv^f  mag*^ 
nmde^  und  in  r^afon:>     '   ' 
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DemonJlf*  Far  feeing*  that  both   the  magni- 
tudes AB  and  CD,'  are  given,  the  reafon  of  the 

t  ufrof.  faid  AB  to  CD  is  a  aifo  given^  ind  if  it  be  the 
fame  as   of  A£  to  CF,  that  of  .the  remainder 

b  19.  $•  EB  to  the  remainder  FD  fhall  be  i  alfo  the 
f^mcj  and  ^therefore  the  reafon  of  the  fa  Id 
EB  to  FD  fliall  be  alfo  given.  But  if  it  be 
not  the/fame,  let  it  be  fo  as  that  A£  be  tp 
CF,  as  AG  to  CD.  Now  tlie  reafon  of  the 
feid  AE  to  CF  i^  given :  Therefore  the  reafon 
of  the  faid  AG  to  CD  is  given,    But  CD  is 

pl.pof*  given,  therefore  r  AG  is  alTp  given.    But  the 

^^ipo{.  whole  AB  is  iikewife  giveri,  therefore  d  the 
.  remainder  BQ  is  given*  And  feeing  that  as 
AE  is  to  CF,-  fo  is  Ml  to  CD,  and  alfo  the  rer 
ipainderEGto  the  remainder  FD,  the  reafoi| 
of  the  faid  EG  to  FD  is  given.  But  GB  w 
alfo  given :    Therefore  the  magnitude  EB  is 

eli  ief   g'^tc^fthan  the  magnitude  BD  by >  g^ert 
r^i*  magnitude^  and  in  reafoiT. 

PROP.    XXL 

♦ 

Q     B  If  there  he  two  magnitudes 

A— 1-«— 1; E   given  AB  mid  CDj  and  to 

'   D  ^  them  he   a4ded  other  magnt- 

C -1 F    tudei  BE  and  DP,   having 

.  to  one  m^^tlm  a  given  reafon : 

Either  the  whole  AE  and  CPjball  have   to  one 

another  a  givm  reafon^  or  elfe  the  one  Jball  he 

gr$/tt^  than  the  other  hy  a  given  magnitude^  and 

*in  reafom 

Bemonfir.  For  feeing  that  bpth  the  magnitudes 
1 1»  pof*  AB  and  CD  are  given,  ^  their  reafon  a  is  alfo 
given  5  and  if  it  be  the  fame  reafoft  as  of  BE 
to-  DF,  the  rei^fon  of  tHfe  whole  AE  to  the 
whole  CF  Ihall  be  alfo  given  ;  for  it  flwU 
b  «•  $.  be  ^  the  fame.  But  if  it  be  not  the  fame, '  let 
hte  asfifi  is  to  DF,  fo  BG  to  CD:  Tliere- 
forc  the  reafon  of  the  faid  BG-  to  CD  Is  given. 

,  But 
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felt  CD  is  given,-  therefore  c  alfo  BOl  fliall  be  c  z.>o/; 
given.    But  the  wbole  AB  is  given,    therefore 
alfg  the  rf  remainder  AG  fliall  be  given.    AnddA^mfi 
feeing  that  as  BE  i$  to  pF.  fo  i^  BG  to  CD,  * 

and  alfo  e  the   whole  GE  to  the  whole  CF,  e  I2,  J« 
thje  reafon  of  the  faid  >GE  to  CF  fliall  be  like- 
wife  given.    But  AG  is  given,  therefore  the 
magnitude  AE  is  greater  than  the  magnitude 
CF  py  a  givQii  magnitude,  and  in  reafon. 

« 

PROP-    iXIL 

B  If  two  magnitudes  AB 

A*     ■■  !■"     ''C    and  BCf    have   to  Jomt 

D  ,  otbet    magnitude   D,    a 

7—  given  re^ony   alfo  thehr 

eompund  magnitude  JC^ 
fiaU  have  to  tie  fame  magnitude  JD,  ^  given 
reafon. 

vemonfiu  For  teeing  that  each  magnitude  AB 
and  BC,  hath  a  given  reafon  to  D,  the  reafeii 
a  of  AB  to  BC  is  given ;  and  by  compounding,  a  ^propi 
h  the  reafon  of  AC  to  BC  is  given.    But  thatb*.;r^ 
of  BC  to  D  is  ialfo  given,  therefore  c  the  rea-  c  8  nopi 
fon  of  the  fajd.  AC  to  D  fliall  be  likewife       . 
^iven. 

PROP.  tun. 

If  t1}€  whole  AB  hid 

■»-B    the  whole  CD  in  a  given 

reafon  J  and  that  the  parts    • 

D    AE  and  EBy    he  to  the 

farts  CF  and  FD  in  gi^ 

ten  reafons^  allho*  thty  he  not  the  fame^    the  wholt 

{to  wit^  AB^  AEy  and  BE,)  Jhall  he  to  the  whole 

(to  wit,  CD,  CF,  and  FD,)  in  given  reafons. 

Demonfir.  For  feeing  that  A£  is  to  CF  in  a 
given  reafon,  let  the  fame  be  made  of  AB  to 
CG  J  therefore  the  reafon  of  the  faid    AB 

to 
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a  19.  $.  to  CG  i?  given  ;  and  confequently,  alfo  that  a 
of  the  i-eft  EB  to  the  ttft  FQ.  But  the  rea- 
fon  of  FD  to  thefarfie  EB  i^  alfo  given :  There- 

b  8,?yop.  fore  the  rejafon  of  FD  to  FG  h  is  likeWife  g^iVen  j 

c  s.frcjp.  and  therefore  c  that  of  FD  to,  the  remainder 
GD  is  alfo  given*  But  the  reafon  of  AB  to 
ea(2h  or  the  magnitudes  CD  and  CG  Is  given  i 

a.frop.  therefore  d  alfd  the  reaCbri  of  CD  t6  CG  is 

e  %.pop.  ^iven,  aiid  again  e  that  of  CD  to  the  remain- 
der GD.    But  the  reafon  of  FD  to  DG  H 

SZ.fraf.  given,  therefore  alfo /that  of  the  fame  CD  to 

FD,   aiid  confequently 

g  5.  jproy.    ,  E  '  that  of  ^  CD  to  the  re- 

A  '    '    ■  "■  —1  —  B    mainder  FC  5  and  therci^ 

F     G  fore  alfo  the  reafon  ot 

C 1 — 1 D    CF  to  FD  fliall  be  gi^ 

,  ^  ^  v6n.    But  the  realori 

Of  EB  to  tD  IS  propofed  tp^bc  gif  en  5  there- 
fore the  reafon  of  CF  to  EB  Ihall  be  givei^.' 
Again,  for  that  the  reafon  of  AB  to  CD  is 
^iVen  ;  and  alfo  that  of  CD  to  each  of  thoTe 
.    FC  and  FD,   the  rcrfori  of   the  iantit  AB  to 

hfl.jprq^,  each  of  thfc  faid  tC  ai\d  b  FD,  Ihall  be  like- 
"v^ife  given.  But  the  reafon  of  the  faid  FD 
to  EB  is  given  :  Therefore  xht  reafon  of  AB 
to  BE  ihall  be  alfo  ^iven,  arid  coiifequently 

i  S^prop.  AB  to  the  remainder  i  AE.    Wherefore   by 

k/<ri9.5.;ridiii^ifion  k  the  reafon  of  AE  to  EB  fhall  be  like- 
Wife  given.  But  the  reafon  Of  EB  to  FD  is 
given.  Therefore  alfo  that  of  A%  to  FD.  In 
like  manner,  feeing  th^t  the  reafon  of  CD  to 
AB  is  given  i  zHS  that  df  AB  to  each  of  hli 
parts  AE  and  EB  ;   alfo  the  re^on  6f  the  faid 

1  6  prop.  ^^  ^^  each  of  the  faid  AE  and  EBi,  /  fhall  be' 
given:  Wh^tefote  each  of  the  magnitudes  AB» 
CD,  AE,  EB,  CF,  and  FD,  is  to  each  of  the 
Others  in  a  given  reafon. 


PKOPa 
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PROP.    XXIV. 

A  D  J^of  three  right  linei 

•■-^    -•— •     ^— — -—     jif  jff,  and  C,  proportith 

B  F  nal,  J  to  By  or  £  to  C, 

if      '     '  ■     •—  -- —    thefirfi  A  Hnsth  to  the, 

C  E  third  C  agiveti  reafoti^ 

»■  .         '-*     — *  ■  '     ■'     it  vili  atfo  havetotJjc 

fecond  £  a  given  renfon. 
Demonftr.  For,  let  there  be  expofed  another 
right  line  D,  and  feeing  that  the  reafon  of  A  to 
C  is  given  :  Let  the  fame  be  made  of  D  to  F  5 
therefore  the  reafon  of  D  to  F  is  given.  But 
D  is  given,  therefore  F  is  alfo  given ;  betteixt 
the  two  right  lines  D  and  F,  let  there  bfc  taken' 


fquare  of  £•    But   the  fame  re£tangh 
and  F  is  c  given  ;  (for  all  the  angles  of  that  q  2  deF 
reftangle  aresiven,  being  right  angles,  and  the     ^*  ^'* 
reafons  that  tne  fides  have  to  one  another  are 
alfo  given  5)  therefore  the  fquare  of  E  is  given, 
sind  confequently  the  fame   right  line  £  is  alfo 
given  (for  one  equal  thereto  may  be  found,    d  d  14, 2-' 
feeing  that  the  redangle  of  D  and  F  is  given.) 
But  D  is  given,  therefore  e  the  reafon  of  D  to  e  i.pFop^ 
E  is  given,  and  as  A  is  to  C,   fo  D  is  to  F; 
But  as  A  is  to  C,  /  fo  the  f(]uare  of  A  is  to  f  i,^ 
the  reft  angle  of  A  and  C,    arid  alfo  as  D  is  to 
F,  fo  the  fquare  of  D  is  to  the  reftangle  of 
D  and  F.    Therefore  as  the  fquar«  of  A  is  to 
the  reftangle  of  A  and  C,  fo  the  fquare  of  D 
is  to  t^  redlangle  of  D  and  F.    But  the  reftan* 
gle  of  A  and   C  is  equal  to  the  fquare  of  B, 
(feeing  that  A,  B,    and   C,    are  proportional) 
and  that  of  D  and  F  to  the  fquare  9f  E,  there- 
fore   as  the  fquare  of  A  is  to  the  .iquare  of 
B,  fo  the  fquare  of  D  is  to  the  fquare  of  E  : 

Where- 


»  s 
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11. 6.  "Whereforci^  as  A  is  txt  B,   foD  is  to  E,    But 
i.ieh    the  reafon  of  D  to  £  is  given,  thetefeie  A 
tklfo  the  reaIbn.of  A  to  B  is  giveiu 

OTHERWISE.    . 

Vmonjf^.  Forafmnch  as  the  reaton  of  A  tb 

C  is  given,   and  that  as  A  is   to  C,    fo  the 

fquare  of  A  and  C,  thereafohof  the  faid  fquare 

of  A  to  the  reftangle  made  of  A  and  C,  is  alfq 

given.    But  to  that  reftangle  made  of  A  and  C 

the  fquareof  B  is  equal  (feeing  that 

'A  A,  B)  and  C,    are  proportibnal;) 

—        f>^    therefore  the  reafon    of  the  fquare 

B  of  A  to  the  fquate  of  B  is  given  ^ 

my» — >-^    aad  by  confequence,  the  realon  of 

€  the  line  A  to  the  Uae  B  is  given  ^ 

-'..     n'i,i    fbr  tb  each  of  them  A  and  b,  we 

have   exhibited   an    equal  to   the 

proper  fquare  ot  each  one. 

PROP;    XXVi 

tftvfQ  lines  JB  and 

CDj  given  hy  fofuion 

do  interfeS  the  point 

E  in  which  ihey  inter-' 

fe3  one  another,  isgi^ 

ven  hyfofition, 

Demonjlf.  For  if  it  change  its  place,  the  one 

or  the  other  of  the  lines  AB  and  CD,  would 

change  its  pofition  :  But  fo  it  is  that  by  Sup- 

i  4,  def.    pofition  it  changeth  not :'  Therefore  a  the  point 

E  is  given  by  pofition.  ^ 

PROP.    XXVL 

A  "  '  '     '■■  B        If  t^e  0a:tremities  J  and  B^  of 

a  right  line  JB,  he  given  hy  fofi^ 
tiom^  that  fame  right  line  JB  is  given  hy  pofition 

And  hy  mMnitttiei 

Vtviovfiri 


tkmnfiu  For  if  the  point  A  Temaining  in 
its  place,  the  pdfitlon,  or  the  inagnit\ide  of  tb^ 
rkht  line  AB  fliall  change,  the  point  B  win 
fall  dfrvi^ere.  But  fo  it  is,  that  by  Suppo{L 
tion  it  iflpth  not  fall  elfevrhere.    Therefore  ^^ 

tfght  line   AB  is  given  by  pofitipfti   and  £» 
«iagnitudi^*  .  .  ^  • 

^     ^      PROP.  2XXVIL 
A \ — '  B         N  dUe  of  the  exttejuitiii  J  rf 

am  itragnifUne  ht  gttmi  tve  otmr  extremity  M 
fiat  U  dljbjwen.  '     / 

t)iim9njh.  For  if  the  pt>int  A  tetoaining  in 
its  place,  the  point  B  fliall  change  and  feu  in 
Come  other  place,  *  either  the  pofition  of  the 
tig^tiiite  AB,  or  its  thagnituwle  woUld  change: 
But  To  it  Is  that  accorditig  to  the  Suppofitiohy  ' 
geirtitt  the  oiie  nor  the  other  doth  change* 
Therefore  the  poitit  B;  fe  given:         .     ® 

OTliERWISfi. 

G-<        .      jConfir.  On  the  center  Aj 

\  Mth  the  diftance  AB,  de- 

;  ^      '  \        fcribc   the   circumference 

A!''\"'"^'""^   r        Dmonfir.    Theiafore  ^a(5,M 

/        that  circumfer^iice  BG  is 
^        gi«M   by  pofition.    But 
^.    ^  ,         ^  ite  Hght  line  AB  is  alfo 

gmti  l^y  pofition  j  therefore  the  ppint  *  B  is  b  li.prop. 


ib.  PROP* 


iU$  BVCUDWr  DJT4, 

PROt.   tTftti.  '" 

if  hy  a  given  f  ova 
Ay  there  ig^^rawn  « 
rigJjt  ImDJB^  againfi 
another  right  Une  BC^ 
given  If  foMohf   the 
right   line  DAE   fi 
drawn,  u  given  hy  fcf^ 
fitioiu 
t)monftr.  F6r  if  it  be  not  given,  the  point  A 
ireitiaining  in  its  place,  the  poiition  of  the  mht 
line  DAE  inay  change  i  Let  it  then  change  it  it 
bepoiBble,  and  fall^lfewhere,  remaining  paral- 
lel to  EC,  and  let  it  be  the  line  FAO  :  There- 
tore  BC  is  parallel  to  the  faid  line  FAQ.    But 
aiji*/.  ^  the  ,fai»e  BC  is  alCo  parallel    to   DAE': 
b  }o«  I.     Therefoi'e  b  DAE  is  parallel  to  the  faid  line 
•  FAG,  ^il'hich  is  abfurd  5  feeing  they  ioyn  to* 
gether,  iiid  oieet  in  A  :  Therefore  the  pofition 
of  the  right  line   DAE  falls  riot  eUewhere. 
Wherefore  the  faid  line  D^^E  is  given  by  pofi ; 
tion** 

/   PROP.  xxa. 

tf  to  a  right  lini 
jBy  given  ly  pefitionf 
and  to  a  fotTU  C  gi- 
ven therein,  there  he 
drawn  a  right  line 
CD,  which  Jball  make 
a  given  aiigte  ACD,  the  line  drawn  CD,  is  given 
hy  pofition, 

Demonfir.  For  if  it  be  not  given  by  pofition, 
the  point  C  remaining  in  its  place,  the  pofition 
X)f  the  line  CD  oblerying  the '  magnitude  of 
the  angle  ACD,  will  faff  elfcwhere*  Let  it 
fall  eltewhere  then  if  it  be  poffible,  and  let 

it 
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itWCB«  Therefore : the  aii^e  ACD  is  ^dtHf 
to  the  angle  ACEi  the  greater^to  tll§  lefrcf; 
•which  is  abfurd.  Therefore  the  portion  of  the 
light  line  CD,  ibifU  ^ot  fall  elimhefe  i  mA 
therefore  the  faid  Ixae  QD  is  givta.  by  f^^ 
fition. 

PROP,   XXIi    • 

:    Iffrcm  a  given  ^nt  Al 
It  iitawfi  io  d  t%ght-hni  BO^   • 
given  hy  fofition,   d  ^^  • 
-line  -^I>.  making  a  given 
if^le  JdB^  Hat  lincaravpn 
JD  is  given  hy  pojition. 
,  beinokpr.  tot  if  it  Be 
not  given^  the  point  A 
iremaining  in:  its  plaee, 
the   pofition  of  the  right    line     AD     keep^ 
ing  ,    toagiiitade  df  the  angle   ADB  ,   will 
change.    Let  it  change  then,  and  let  it  be  the 
tight  line  AE  :  Thetefote  the  angle   ADB  is 
equal  to  the  angle  AEB,   the  greater  a  to  the  i  i&  is 
iefler^  ^hich  is  abfurd.    Thercfore^the^  pofiUon 
of  the  right  line  AD  doth  not  change ;   and 
therefore  the  faid  (line  AB  is.'gpven  by  po- 
fition. \ 

OTHER\XrtSEA 

Cof^n  By  the  point  A  let  the*c'  b\driwfl 
the  line  EAF,  parailelta the  right' line ^BC      , 

Denionftfi  Then  ieeing  that  by  the  giveii 
i^int  Ay  and  againft  the  right  lirie  BC^  giveft 
oy  pofitiony  there  is  dta^n  the  right  lin?  hF^r 
ih<3ie  lixm  £F  and  BG  are  parallels^   But  6if 

B  b  »  tW 
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.  thft.  fame Jines  doA<^ 

^^,1    ^     r  ',11,1 ^   ,.  ithe-angle  FAD  is^ 

^-  ^  ^^         -^  ifji  cftuAlito  the.. given/ 

ai^le  ADB  ;  anda 
therefore  it  is  alfo  given.  Wherefore  to  the 
right  line  Et  given  hj;  portion,  and  to  the 
given  point  A  therein,  there  is  drawn  the  right 
fiilc  AP, :  fl^in^  th^  given  ang^FAD. 
c  i9,p^.T^^^^^^  f^^  ^**^  line  AD  isgivein>y  POt 


OTHERWISE. 


\ 


V 


dt%fi 


Con^r^  la  the  line  BG£,  let  there  he  ts^eA 
Che  giveq  point  C9   and  1^  the  fame  let  tfaooe^ 
be  orawa  the  line  CF^i  parallel  te  the  £ud^' 

DAi. 

D«»o}ijfn  Forafmuch  as  AD  and  FQiftte^pVii 
raUtsls,  and  that  on  tbem  there  .doth  iatt  tb^ 
right  line.  BC£,  the  angle  FCB  is  jsqtM.  d  t»i  i 
tl^  given  angle  AD3  ^  and  therefor^  it  is-/ 
airpgiv^iu   And  feeing  that  the  right!  Une^BQ. 

is  given  hy  pofitipn,  ^and . 
i<  thatitot  a  given  podor^tC  i 
therein,  there  is  draiwA:: 
the  rigbt  line  FC,  ma- 
kiog   thdi   given   angle 
FCB,  that  lame  line  FC 
0  is  given  .by  pofitioB* 
But .  oy  the  given  point  i 
;  A,,  oppofite  to  the  line 
FC  given  -by-  pofltioD^ . 
there  is  drawn  the  ho^ 
izZ.po]i^M>.    Therefore  ttefaid  liifc/AD  is  gjhonby ; 
pofition. 


c  i9*pof. 


OTBER* 


^kA^k^^ 


1«? 


Conftr.^  In  the  right 
line  BC  affume  fome 

point  at' F,^  and  drw 
AF. 

Dflifoiz/y.FcjVa^uch 
»s  cadi' point  zl  and 
F  is  given,  the  right 
line  AFi^^men  j*  by 
pofitionr^     Kut     theg  ^6,frofl 
line  BC  is  aXo«gi- 
'■  t^  Djr  pofition.  Th«^eforc  *  the  zogltJ^E  is 
«^iK    But  iyfpppofitlbn,  the  angle  ADF  is 
riyifen:   Therefore  DAP  (which  is  therefidueliu.i* 
J  ^f  t^  right  ^angles)  is^givdn  ;  arfd  feeife 
^tot  to  the '  right  Tine  AF  ^gfvAi  by  pofitio^ 
^«ld  to  the  given  point  therein  A  there  is 
«fa^  the' tight  line  t)A,  toak;iiig  the  given  i  ir.fWA. 
«^!e  iDAF,7'thit  fettle  llltc  PA^is  ^iv|n  by     ^' '^ 

.      Scholium. 

-^'^EtrCLWE  fiipfofiiJj  here  that  t^9  yipJit 
hnes  heingigfteu  ^y  fpfition^  m  "inctMngio  om 
another  do  maU  a  given  angle,  which  fome  da  dc^ 
monjtrate  after  this'manner. 


ai^Ic  IS  the  inclination  oPthe  lines :  Thcr<^« 
Wfe  the  artgte  whidh  niakjbs  the  riiht  linA 
jgiVten  %y  p6}it1cfl>>  ^ml  ^ncliiiing  to  cyi:  anothcrj 
»s)gi^n,  "  ^      ? 


A 


s  • 


B^  J 


Jno' 


n^ 
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Jbiother  thus  ietmfffiHth  it. 


Confir.^het  there  be  twf) 
right  \iit»  inclining  to 
one  another^  as  AB  and 
CB,  given  by  polhion* 
and  in  the  line  AB  let 
there  be  taken  ^  Jgi^^ 
poidt  A,  and  in  BC  alfp 
fome  point,  as  C  ^  and  let 
the  Tight  line  AC  jje 
draiipn. 

Defn&nftr.  Seeing  that  $$ 

well  the  point  B,  ^  €»ch 

of  th^  points  A  and  C  is 

It  yA  f,vA*  Sivcn,  k  the  three  right  lines  AB,  BC,  and  AC, 

If  f'^rF^Ff  are  givjen  by  magnitude.    Wherefore  of  thrtc  . 

dircdt  lines  equal  unto  theni,    a  triangle  toay 

be  conjaituted  :    Let  there   then  be  made  the 

'      '  {Fi^ngle  FDE,  haying  the  fide  FD  equal  tq  the 

«ae  AB,  the  fide  FE  equal  to  the  fide:  AG, 

and  the  bafe  DE  equal  to  t|ie  bafe  BC» 

Seeing  then  the;   angl^j  pomprii^cd  of  equal 
right  lines  are  equal,  we  have  round  the  an- 
gle FD^  equal  to  the  angle  ABC  5  and  thttre, 
I  h  M^     pe  thp  fame  /  a;igle  ABC  is  given. 

PROP.    XXXL 


if  from  0  given  pokii 
A  ther^  l^'drnwn  ta  a 
right  line  given  hy  ^fcfi* 
tion  Bpy  a  right  line  JD^ 
givfp  hpiagnituicj  that 
line  Jf>  JbaJl  hp  a\fo  p* 
ven  hyfofitioru 

Conftr.  From  the  ctt^ 


/ 


f\ 


3^^ TJ     TK  jer  AJ^  with  the  diftance 

Ad.  let  the  circle  JSm  be  4cfcribcd. 


EUCLtDEV  DATA. 


m 


Defnonftr.  Forafmudh  as  the  cent<;r  A  is  given 
by  pofition,  ind  the  femidianieter  AD  by  mag- 
nitude,  the  circle  DEF  a  is  given  by  pofiiion.ai.ie/. 


iveu 


o- 
h  b  zj.  prof 


tioiu 


But  the  right  line  BCMs  alfb  , 

fition  t  Therefore  the  point-of  ii^t^feftii  ,  .    . 

is  given,  and  feeing  tnat  the  poinfr  A'JS'^o 

given :   c  the  right  Ikie^  Ap  is  flv^n  ly  PqIW  c  26.;>r<?f. 

PROP,  xx}q[fc      j  ^ 


Vnes  JRoMCl  ,  ^ 
v,en  Iji  ^fltiofiy^there 
he  draym  a  rm$  line 
'  EFy  making  the  given 
angles  BEf  and  EFD^ 
the  line  drawn  EFJba%  ' 
iegiven  hy  magnitude* 


,fi 


i.  i.     « 


Conftr.  For  let  there  be  taken  in  the  line  C^D9, 
given  point  Q,  ind  from  that  point  let  he,  - 
drawn  OH  parallel  to  FE. 

Demonfir.   Forafmuch  as  the  lines  EF  and 
HG  are  paraUels,  and  that  on  them  doth  fall 
the  line  CD  ;  a  the  angle  EFD  is  equal  to^the  «  ip^  t^ 
angle  FGH.    But  the  angle   EFD  is  given, 
therefore  tjic  angle  FGH  is  alfp  given*    And 
fwrafmuch  as  to  the  right  line  CD  given  by 
pofitipn,  and  to  the  point  G  given  in  the  fame, 
theife  is  drawn   the  right  line  GH,  making  the 
given  angle  FGH,  i  the  faid  line  GH  is  given  b  i^.frof 
by  pofition.    But  AB  is  alfo  givei>  by  pofi- 
tion, therefor^  c  the  point  H  is  given^   But  the  c  x^.pop. 
point  G  is  alfo  given:  Therefore  li  the  line d  26. ;rof . 
GH  is  given  by  magriitude,   and  is  t  equal  to  «  B4*  «i 
?F.    Wherefore  f  tl^e  faiid  Un?  PF  is  givcnf  i.  def, 
by  qiagnitude. 


»b  4 


F&OP, 


S9» 
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IfuMta  taraVel  i%£^  lit^s 
4f  4ni  CD,  fiven  ij  fofi^ 
m»,  there  he  JSrapn  a  tight 
mf  £it  given  if  magnitwitf 
that  line  EFfidU  make  tha 
given  ai^ks  lEF  and  DFE. 

Qn^n  Forkt  there  be 
Uken  in  the  right  line  AB 
the  |}oint  G,  ^d  ^y  th^i^ 

)iiic  let  there  be  diawii 
the  line  Q£|  parallel  to 
tF. 

Demofifir.  Therefb)re  £F 

W  H*<*     ^^  ^^^  ^  ^^  ^^^  ^  ^^*    ^^^^^  i^  given 

b]r  Hiagaitudei  theref(;>re  QK  is  alfo  giVea  by 

fliagnitude.    But:  the  jpoint  G  is  given,    and 

tli^efoie  if  on  that  pqiot,  with  the  dift^nce 

h  6.  def^    ^^*  ^^^^  ^  de£cribe4  a  circle,    h  tliat  circle 

*   ^      jh^U  be  given  hj  poution  :  L^|  it  be  d^eiji  de* 

rcfibed»   and  let  it  be  HiClfi   the  f^id  circle 

HKL  is  therefore  siyea  by  pofition.    But  th^ 

line  CP  which  doth  cut  the  cirpuqif^rencft 

3CHL  in  Bl,  h  ^llb  given  by  pofitjonJ    Therelbie 

ez^.j^o^.the  (aid  point  of  interiedion  K  ^  is  givep* 

d%6^prop.B\jit  the  point  G  is  given :    Xh^^tfofJ  4  the 

right  \inp  Gli  is  eiven  by  pofitioo.    But  th^ 

right  line  CD  is  alto  given  by  pofi^ion :  There. 

e  feh  }o,|bse  e  the  angle  GHF  is  given.    But  to  th?t 

prop.         angle  /  the  a^gle  EFD  is  equal  :    t'herefpre 

(  Z9,  u    the  ai%k  £FD  is  given  ;,  anid   therefore  alfo 

the  angle  BEF,  for  that  it  is  the  x^fyjjaco! 

U  ij.T,  ,  |he  (ui^  pf  twpf  right  swglcs. 

OTHERWISB, 

C^n/lf.  Let  there  be  taken  in  the  right  line 
CD  thft  ppint  G,  an^le^  QD  be  put  equal  to 


XF,  th«D  from  the  center  Q,  with  the  diftance 
GDj  let  there  bed^Cpribed  tbf  w$\t  DBH,  and 
draw  GB. 

,  Pe^onfir^  Vcf^^C^PWh.  zs  the  center  G  JHi|^iven 
to  ppfition,  ^d  t)ie  feoudiameter  GD  by  mag- 
Dftpde,  t)ie  circle  BDH  h  is  given  ^  {>ai^io«vh  &  lif^/. 
But  the  Ijne  AB  U  alfo  gircn^by  pofitidnt 
Theiefore  t  the  pplnt  B  is  siven.    But  the  point  i  zy./rqp, 

G  xs  alfo  J(iven,  there- 
fore k  the  right  line  GB  k  z^fro^p. 
is  giyenby  pofitiofi.  mt 
the  right  Une  CD  l^alfo 
{[iirenoypofitjon:  There- 
lore  Itht  angle  BGD  is]  fih.  jb; 
fiveo,  Wherefore  if  IF^of. 
e  parallel  to  pG,  th^ 
angle  EFD  m  Ihali  be  m  ^9,  x^ 
given*  and  confcqgently 
illfo    the   other    ?ng}^ 
BEF.    But  the  right  lines  BQ  *nd  EF  being 
not  parallels,    let  thc^J  meet  in  the  point  H^ 
Ffiralmucb  as  5B  is  parallel  to  FG,   aod  EF 
is  equal  to  GD,  that  is  to  fay,  to  BQ  5  nlfp 
Ffl  nihaUbe  eqwlto  QH   (for  EH  and  BH1114.  5, 
being  cut  proportioijally  0  by  the  parallel  FQ,P  x,6, 
as  EF  is  to  FH,   fo  is  BG  tQ  GH  5   and   by 
peonutation,  as  EF  is  to  BG,   fo  is  FH  tp 
GH  :),TherefQi^jr  the  angle  HFG  is  eqyal  to  p  5.  i. 
the  angle  HGF,  but  tk^  faid  ft«gle  HQF  i« 
given  (for  that  it  is  equal  a  to  the  given  angle  q  t^.j. 
BGD :)  •^^eirfbie  the  ai^e  HFO  is  alfo  gi- 
V!e«.    But  to  that  angle  the  angle  BEF  is  eijual ; 
a|4  tberefaie  is  giffp,  as  alio  the  fem^iiw 


^RO^ 
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If  from  a  given  foint 
E,  there  he  drawn  unt$  - 
farattel  right  lines  AB 
and  CD,  given  hyfofi" 
tiony  a  right  line  EFG^- 
that  right  line  ETGjbaU, 
he  divided  in  a^pn  rea* 
_  fon  {to  mt)  €u  EPto  FG^ 

Conjlr.  For  from  the  point  E  Let  there  ^ 
drawn  the  line  £H,  perpeodicular  to  the  Ikm^ 

CD. 

Denumfir.  Fonfmuch  as  from  the  given  ppint 
£  there  is  drawn    to  the  line  CD  the  ri^b^ 
a  xo.prop.^^^  ^H,  making  the  given  angle  EHQ  j^trhe. 
^  *'^  ^'faid  line  EH  is  given  by  polition,   but   both 
the  oae  and  the  other  lines  AB  and  CD  is  ai* 
b  zs,frop.  fo  given  by  poiition.    Therefore  h  the  points 
of  interledion  K  and  H,  are  given.    But  the 
Cz6.;^op. point  £  is  alfo  given:    Thererore  c  each  line 
d  i,prqp^  £K  and  KH  is  given.    Wherefore  d  the  rea- 
f  ^    ton  of  the  faid  EK  to  KH  is  given.    But  as 
.     "  EK  is  to  KH,  fo  is  EF  to  FG  ;  (for  in  the 
triangle  GEH  the  line   KF  being  parallel  to 
HG,  the  fides  EH  and  EG  are   cut  proportio- 
nally : )   Therefore  the  reafon  of  the  faid  £F 
to  FG  is  given. 

OT.HERWISE.     . 

Conftr.  To  the 
parallel  right 
lines  given  by 
po(ition,ABand 
CD,  let  there  be 
drawn  from  the 
point  E  the  right; 
line  FEG:  I 
fajr  that  the  reabn  cf  G£  to  £F  is  given. 
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Bemonfir.  For  from  the  point  E  let  there  be 
drawn  to  CD  the  perpendicular  EH,  and  pro* 
duced  to  the  point  K^  feeing  therefore  that  from 
the  point  E  to  the  right  line  CD,  given  by 
po&tion,  there  is  drawn  the  line  EH,  making 
the  given  angle  EHQ,  a  the  faid  line  EH  S 


the  point  E  is  alfo  given,  therefore  c  each  of 
'  th^  'lines  EH  and  £it  is  given  by  magnitude  jez&^Mi^ 
■  and  therefore  1^  the  reafon  of  the  faid  EH  to  ^ 
EK  is  given.    But  e  as  EH  is  to  EK,  fo  is  EG  d  i,^^ 
to  EF  t^r  the  oppofite  angles  at  the  point  E  e  4.  (S^ 
"being  equal,  and  the  lines  A£  and  CD  parallels, 
'  this  triangles  EHG  and  EKF  are  equiangled  ; 
and  therefore  as  EH  is  to  EG,  fo  is  EK  to  EF  j 
and 'byjpermut  as  EH  to  EK,  fo  is  EG  to 

EFv)  ^  TlnStTtfott  the  ifeafon  of  the  faid  line^ 
EG  to  EF  is  given. 

/  iPROP.    XXXV. 

If  frm  a'^tven  faint  4^  to  a  ri^ht  line  BC^ 
givtn  ly  pofitiotif  tntre  he  drawn  a  right  line  JD^ 
which  let  he  ditrided  in  J?,  in  a  given  reafon  Qo 
mt)  er  AE  to  ED^  and  that  hy  the  pint  offeSwi 
£,  there  he  drawn  a  right  Unt  PEG,  ofpefue  to  tie 
right  BCy  given  hyfefmon^  the  line  fG  drawn  fiaS 
he  given  hyf  option. 

Confir.  For  from  the  pdnt  A,  let ,  there  be 
^rawn  the  line  AH,  perpendicular  to  the  lii|e 
SC«  ^ 

Danonfin  l^ot  feeing  that  from  the  given 
point  A  there  is  drawn  to  BC  given  by  pofition, 
the  fi^t  line  AH  mak|n|;  the  given  angl^ 
AHD,  a  the  fa|d  line  AH  is  given  by  pofition.a  Jo,fn^ 
But  BP  is  aUb  given  by po&tton ;  Therefore  J'b  25«|ngp, 
ffae  p9iii^  U  is  given*  But  t(ht  point  A  i^s  ahb 
"  '  "  ■-  ^     '   '   '  *  ^  *  ^ivenx 


€z6.  fivf t$irtn  f  .Xh^efore  c.  the  line  AH   i^  given  br 

.     ^,    .    .  inagnitudeand  bypofi-- 


<iz.6« 


?A^f«^ 


^on.    And  leeijg.  that 
frf  as  AE  is  tcK-ExJ,  fois 

AK  to  KHj  and  thattbe 
MaToh,  of  A£  to .  ED  as 


rgiven,  alfo.  ibe  nafoa 
of  AK  ttoKH  is^gkve^  5 
and  ijy^coiMoiMwfittg^f 

theicafaoofA»io3aC 
is^^yeo.   But  rAH  if 


■«  • 


igiven^  bj^mffi^p^z 


Siven  by„o»gn«ude.   .JBqt  AKis  ,aJfoaiwB 
oy  pofitMW.  ^0(1  the  pgim.A.Uimv«a;  fW- 

that  by  the^faid  giv«i  ppUt  K  U^ie  isidn^ 

the  line  FG,  oppofite  to  theiMbt  aineKBC 

bxa^i-df^ivw  by  pofitipn,}    tbeiftialwciFO^*  «« 

given  by  pofitioD.  ,♦%♦»« 

.  PROP.   SCXVL 

iben  ie  ;Arawn  to  a  figh>k9K 
BC\^iven  ^  ^fofition^  a  rij^U 
Itne  JJ)^  and^to  it  ie^Oda^ 
right  line  AE,  ia0imgt(i  t%^ 
Jam^JD  a^imn  reaping  '^nd 
that  hy  th  extremity  £  iftbti 
ndded^kfiei4£^  th^eh  drawn 
aright  lim  ^EiU  (fUpqfite^iQ 
the  line  EC,  given  hy  pofitioUs 
^f  fime- line  JFEiCJMl  he 

axawn  tP  ^e  line  BG,.th^  j^eipendlcular  AIL, 
and  let  it  be  molpngpAto  tbe  poiat  G. 
r.Sl^V^\  jFpraf|«uch    as    from,  lihc  given 
foint  A,  there  is  drawn  to  the  right  Un?  BC, 

given 


"Ft^ 


isacam's  data. 


glve»  by  pofition,  tfti  tight  QL^  if? hkh  makes 
the -given   angle  GLDj   ^  that  .lirfe  GL  isa^o. 

fivttt  by-  pofition.'    But  BC  isalfo   givenb*6;p 
J"  pofitiofl,    therefore  i  the  point  L   is  gi- 


ve»3    and  feeing  that   tke  point    A    is  Moc  z6^frcf^ 

^iV<eii,  the  line  c  AL  is  given.    B&t  ^fc«li,rfrivch 

aa  the  rcafon  of  AEto  AD  is  given,  and  thatd  4.(5. 

il<as  the^  f»id  AE  is  to  AD,  fo  is  AG  to  AL  ; 

(becaufe.  the*  triaiiigleff  ALD  and  AGE   are*    - 

equiangkd)' the  deafen  of  AG  to  AL  is  alfo 

gwen..  But^AL  is  giren  by  magnitude':  There-e  t*frof^ 

vcfite  AG  is  given  by  magnitude.    But  it  is 

aUo -given  by*, pofition,   and  the  point   A  isfij.froji 

fiveft'.v  Therefore  /  th<5  point  G  is  alfo.  given. 
.lid'  feeing  that  by  the  fame  giten  point  G, 
there  is  drawn  the  line  FK^   oppofitfe  to   thcglS.^cf* 
right  line  BC,   given   by  pofition,  g  the  faid 
line  FK  is  given  by  pofiticn.  ^ 

xixvn. 

If  unto  fOraUtl  right 
lines  JB  and'CD^gZ"' 
venfyfofttiony-therehc 
iraUm  a  right  Ine  EF^' ' 
divided  in  tbe  point  O^' 
in  a  givenreafon^  (to  * 
jp2>,  of  IG  to  GFi )  -  \ 

:  hut  if  by  the  point  of 
'feSion    6;    there  he^  ^ 

-^ ».        ^»  dravm   ofpofite  to  the '-  ■ 

rjgWJjwr^  or  CDj  gimt  by  pojtion,-  a  right  ' 
inm.M&K^  that  km  dravm  Jbail  be  given  hy  po^  ' 

Coii^  For  let  there  be  takdi  in  the  line  AB 
the  given  point  L,^  and  from  that  point  let 
«»«  be  drawn  the  line  LN,  perpendicular 
to  CD.  ^  *^ 

Dtmofifir.  Seeing  that  from  the  given  point 
Li^  there  is  drawn  to  the  right  line  CD,  the 
wnjLNt  nwkingthe  given  angle  LND,  the 

faid 


«•> 


^ 


J 


^^8  EUCUDFi  J>MA. 

%Xo.p^SA^  tJS  a  is  given  1^  pofition.  But  CD  i^ 
alfo  given  by  pofition  t    Therefore  the  point 

p*^5•frotfi  N  ^  IS  given.    But  the  point  L  is  alfo  given  : 

ti6*frof.Therdore  c  the  line  LN  is  given  ;  and  feeing 
that  the  leafiMi  of  FG  to  GE  is  given,  and 
that  *  as  FG  is  to  GE,  fe  is  NM  to  JMLL^ 
the  reafon  of  the  fsad  MN  to  ML  is  given  ^ 

cl  6i/r^*  and  in  compounding,,  d  the  reafon  of  LN  to 
LM  is  alfo  given.    But  LN  is  given  by  mag*- 

e  2.  frof*^  nitude,  therefore  ML  is  e  given  by  ms^itude. 
But  It  is  alfo  given  by  poStion,  and  the  point 

f  Vj^pof.  L  is  given  :  Therefore  the  point  M  /  is  alfo 
erven«  And  confidering  that  by  the  faid  point 
M  there  is  drawn  the  nght  line  KH,  oppofite 
to  the  risht  line  CD»  given  by  pofition,  the 
(lid  line  &U  is  alfo  given  by  poiitipn. 

Scholium. 

,  *  EUCLIDE  fvtpofetb  iere^  that  as  FG  it  to 
GE,  fo  NM  is  to  Mf^  5  hut  hy  another  it  it4hus 
ienumfiratcd. 

the  lines  EF  arid  LN  are  parallels  #r  not  fa- 
roMel*  :  Let  them  in  the  £rfi  flace  he  fatauels^ 
and  forafmuch  as  hy  GonfimSzon  the  lines  £Lt 
FN,  EF,  and  LN,  are  jarallels,  EN  fidU  he  0 
faratteltmam  i  and  therefore  the  fide^  EF  is  egual 
to  the  fide  LN  Jgaini  feeing  that  MS  ,is  faral^ 
lei  to  FN,  ana  GF  to  MN^  GN  fiaU  he  alfo  4 
faraUeUmam  ;  cLnd  therefore  the  fide  GF  is  ejual 
to  the  fide  MS.  Wherefore  the  equal  fides  EF 
and  LN,  Jball  ^ve  to  the  equal  fides  FG  and 
^  1  ^       MNf   g  one  and  the  fame  reafon.    Therefore  as 


h  17.  ii 


FG,  fo  is  LNto  MN\  and  in  disUing^ 
toGF,fois 


h  as  GE  toGF.foithJUto  MN. 


ifoM 


tt&0  fupfoft  that  the  lines  EF  and  LN  1$  nu 
paraUeb^  tut  that  they  mett  in  the  point  O.    For^ 

afmuch  .  as   in  the 
triangle.  OFN  there 
is  miwn  HKj  fo* 
ralleixo  FN  onecf^ 
thejides  4  i  the  fiiesi  >«  & 
OF  and  OK  are  dh- 
videdpf^pqrtionahhi 
and  tlmefore  at  FQ 
U  to  GOy  fo  is  NM 
id  MO.  Jgain,  fee* 
it^  that  in  the  tri^ 
anigie  OGM  there  ie 
drami  £Li  farallei  to  the  fide   GMj  the  fidee 
OG  and  CM  are  divided  pfoportionaUy  :  Wherefofrt 
k  as  OE  is  to  EG^fo  is  6L  to  LM-^  and  iy  com^  k  2.  & 
foumdir\g^  1  as  OG  is  to  EG,  fo  is  OMto  LM\  hta 
U  hath  been  demor^rated  that  as  FG  is  to  GO^  fol  18.  5« 
is  NM  to  MO  ;  therefore  in  reafon  of  equality^  m  m  *»•  J» 
ms  FG  ?>  to  GE^  fo  is  NM  to  ML. 

^PROP-    XIXVIII. 

Ifuntopdraltelrighi 
lines  JB  and  CD^  tbere 
le  drawn  a  right  lime 
EFj  and-that  to  it  there 
he  added  fome  ethef 
fight  line  EG^  which 
hath  a  given  reafon  to 
the  fame  EF^  hut  if  if 
the  exiremtty  G  of  tM 
added  line  EGj  thert  le  drawn  a  right  line  HK^ 
againft  the  parallels  given  hy  pofitzon  JB  and 
CD,  the  line  drawn  HKfijaUbe  alfo  given  hy  po^i 
Jition.  I 

Conjiit*  i^or  let  thttt  be  taken  in   t)^e  line       / 
AB,  the  given  point  N^  and  frpm  them^  let 

there 


^  EUGLIDE'i  JiJTAl 

therd  b«  di^tm  io  CD  the  pei)peiriiculat  KJ^i 
«nd  let  it  be  prolonged  to  the  poist  L. 

Dew(M|/fr.  Fofafinuch  as  from  the  given  point 

Sf  thef e  is  (kawn  to  the  right  line  QD,  given 

bf  pafitioify   the    ri^t   line  NM   making  a 

given  angle  NMF,  the  faid  angle  NMF  a-  is 

a  Jo«f  rpp.given  bf  pofiticm.    But  the  line  CD  is  alfia 

V      *  *  givWl  by  g^fitioli :   Therefore  *  the  point  M 

Di5-F0P«ij  gIVfen.    But  the   point  N  is  alfo  given: 

^  ->5  ^oi,  Therefore  c  the  line  NM  is.  given,   and.  *>r 

c  zo-pqp.^^^^  the  reafon  of  EG  to  EF^is  giviSn,   aiid 

a  M  5t  that  *  afr  EG  ist©  EF,  fo  is  LN  to  NM,  the 
VT  "'fWrM  of  LN  to  NM  i^  alfo.  giveii :  But  IBM 
ii*r/»o  fe  given,  thetefore  LN  is«  aif©  given.  Bit 
\  27  X  the  point  N  is  given :  Thetefow  fthfe  poitt  i 
^•^  Ms  alfiigivert.  Seeing  then  that  by  thegivtti 
point  L  there  is  drawn  the  tight  Imb  HK^ 
•  ,A  *v>»*.opPofite  to  the  liiie  AB  given  by  pofitioii,f 
•^^^^-^the  faid  line  AK  is  alfo  given  by  poitd«Mu 

P  R.  O  P^    3CXXIX-  ' 

If  at  tlkfieiof  d  tnai9^t 

ARC  an  given  by  magniiwLci 

the  triavgie  isgivcn  by  KifA 

Conftu  For,  let  there  be 

|H  ej^pofed  the  right  line  DQ 

given  by  po&tion,  ending 

&  the  point  D  ^  but  being 

infinite  towards  the   other 

^  part  G^   and  therein  let 

-'-  there  be  taken  DE,  eqtial 

toAB. 

Demonjtr.  Now  feeiiig  the 
faid  AB  is  given  by  magni^ 
tude,  t)£  is  fo  alfo ;  but 
the  fame  DE  is  alfo  given 
by  pofrtion,  aiid  the  point 


a 


a?- jrey.  jj  -^  ^*^^^  ^  Therefore  a  the  point  E  is  given* 


Agairii 


iiJCLIDE'i  ^ATA. 


I 


'MgUii,   Let  !EF  be  put  iqual  to  BC  ;  an* 
feeing  that  BC  is  gUrta  hj  magnitude,  £F  ihalt 
be  fo  atfb.    But  the  faid  EF  xs  in  like  manner    . 
ven  by  ^oOtidn,  and  the  point  £  is  given  t 
hereforc  b  the  point  F  is  giYcn.  \^  tj^froP^ 

Furthermore,   Let  FG  be   taken  equal  tb 
AC.    Now'fbtafmuch  as  the  fold  AC  is  gi-^ 
-i^en  by  magnitude,  FG  is  fo  aire.    But  FC2 
is  alfo  given  by  pofition,  and  the  point  F  is 
siven  :  Therefore  the  point  G  is  alfo  gitien* 
Now  from  the'  center  E,   With  the  difianc« 
£D,  let  there  be  defcribed  the  circle  DHK,   Cd^M, 
jind  that  circle  ftaU  be  given  by   pofitlom 
Again,  on  the  center  F,  and  diftance  FG,    let 
there  be  defcribed,' the  circle  GLE.    There- 
ftrte  d  the  faid  circle  GLK   is  given  by  pofi-  dS^iif. 
t|on  I  and  therefore  e  the  point  of  interieftion  e  %K^prop4 
K  is  given.    Bui?  each  of  tlie  points  E  and*  F 
bgiven  :  Therefore  etch -line /EK,  EF,  z^fx6.poh 
PRL,    is   given-  by  pofitioft  •  and   magnittrdc. 
Therefore  the  triangle  EKF  is   given  *,by 
icind  ;   but  it  is  equal  and  alike  to  the  triao- 
jgle  ABC  5  and  therefore  the  triangle  ABC  is 
jdfo  given  by  kfnd. 

<  Scholium. 

^EUCLtDE  fiipfofetfh 
here  that  a  triangle  vphofr' 
fides  are  given  hy  viagni" 
itide  and  fofitiony  is  pven 
hy  kind^  hut  the  antient 
Iriterfreiers  iemonftratt  ht 
in  a  Manner  tlms,  Foraf* 
much  as  the  fight  lines 
KB  and  EF  are  given^  g  g  t.  fi^of* 
the  reafon  which  they  have 
to  one  another  is  given 4 
Jlfo  the  right  lines  E)P 
and  FK  heing  jgiveMy  their 
ftafen  is  alfo  given '^  and 
in  like  manner^  the  rettfovt  . 
.    C  c  pf  i 


!  40*  ^      EUCLIDE'x  Djtr4. 

4i»imiEKa»iFK  is  givei^    Jkain^ Jttim 

that  the  fanie  line^  KE  and   EF  are  given  fy 

^  hfcb.  lo^poEtiont  n  tJ^  avgU  KEF  is  given  hy  magnitude  : 

f  frof.         Moreover y  tker\gB.  lines  EF  and  FKSeingmven 

,.         h  fofitionf  He  angle  EFKh  given  ly  'magnitude^ 

AsJsalfotheripd^iEKF^anifoinihetriafigh 

EKFareM  the  angles  given,  andalfothe  rea- 

i  J.  def*    fo»s  of  the  fides  •   Tber^ore  i  the /aid  triangle 

EKFisgivinhykind^  '     \ 

PROP,   XL,    / 

»     »     » 

Ifthean- 
gks   of  a 

triangle  J^ 
BC^  are  gi^ 
venhT/mag-^ 
nituaey  ti^ 
triat^le"   is 

}  ^      Kind.         J 

0)vj?n  Let  there  be  expofed  the  right  line 
P£,\given  by  pofition  and  by  magnitude ;  aiid 
let  there  be  cooftituted  at  the  point  D  the 
aii|^  SDF,  equal  to  the  angle  GjBA  t  but  itt 
the  point  £  the  angle  DBF,  ei|ual  to  the  angle 
.fiCA  ^  therefore  the  third  angle  BAG  is  equal 
to  the  third  angle  DFE. 
,    Demmfir.  For  each  of  the  angles  conftituted 
in  the  points  A^  B,  aiid  C,  is  given :  There- 
fore each  9f  thofe  which  are  pofited  in  the 
points  D,  F|  and  £»  is  alfo  given  ^  and  feeing 
that  to  the  right  line   D£  given  by  pofition, 
and  to   the  point .  D  given  therein,  tlwre  is 
drawn  the  right  line  DF,  which  makes  the  gi- 
ft ig*po{*  ven ,  angle  LDF,   a  the  line  DF  is  given  by 
pofition ;   and  by  the  Tame  i^foii,  the  line 
bij./To/.EF  is  given   by    pofitioi^:    Thcrefbre   >  the 
poinCT  is  given  by  pofition.    But  each  of  the 
jQ  z 6. /re^;*  points  D  and  £  is  given  :  IDherefore  e  each  of 

the 


mJCUXX^i  DATA.      ^  403 

^feliats  DF,  DE,  uidEF,  ii ^tim bjr iixagiii>- 
tnde.    Wherefore  the  triangle  DP£  Is  given 
by  kind^  andiaaUke  to  the  triangle  XBC: 
Theidbre  the  triangle  ABC  is  given  by  kind. 

PROP.    XLL 

■.i  1         '  ■' '   ' 

If  a  tfian^t  ABC,  bath  one  a^gle  SJCghiti 
and  that  the  two  fuUs  EA  and  aC,  wbicb  da 
fOf^ituteitf  bavi  taone^  anotbtr  a  given  reafonp 
the  triangle  U  given  fy  kijtd. 
.  Conjtr.  For,  let  there  be  expofed  -the  rieht 
Hse  DF  ghien  by  liiagnltude  and  poiitioi^  But 
thereon,  and  at  the  given  point  JF,  let  there 
be  conftinited  the  angle  D^E  equal  to.  file 
angle  BAC  > 

Demonjtn  Now  the  a^g^e  BAC  4s    given: 
Tfaerefoie  alfo  the  angle  DFE   is  given,   and 
feeing  that  to  the  ri^  line  DF jnven  by  po*  - 
fidon,  and  from  the 'given  point  r  therein,  is  • 
iaiem  a  right  Ikie^  f  £>  making  -.thegiven  an- 
gle DFE,  a  the  faid  line  FE  is  given  by  pofi-      ^  ^__ 

tiom    But  feeing  that  the*  *P-P^* 
A  reafbn of  Afi  to  Adis gi-« 

•Ab  ven,  let  the  fame  be-niMie      - 

of  DF  to  F£,  then  lee  DE 
be  dravn.  Thexefbre  the 
leafon  of  I^  to  FE  is   .       . 

fiveo.    But  DF  is  given  2 
facreiore  l  FE  isgiven  byb  ^frof^ 
magnitude.    But  the  fame 
FE  is  alfo  given  by  pofi* 
tioo,  and  the  point  F  is 
given.     Theretbre    e  thcC  %7*ffof, 
point  £  is  alfib  ^ivcn.  But 
each  of  the  points  D  and 
F  is  given :  ThercftMPe  d  each  of  tne  right  lines  i  25./raf. 
DF,  FE,  and  Dl,   is  ghren  by  pnfitipn  and 
magnitude.    Wbtiefmf  e  the  tiiamle  SffiF    ia«  }9-Mr* 
-     -^  <;«  *  given  ^ 


.A 


»    ^  t         '.  < 


4^.  felHSLlDEl. 

angks  ABC^ft'iid  Dp^  bai^e  in  aogle  tquail  ta  a» 
aflgte,  th4tis  tD  fay,  the.itiigle; J^C^  t&thAi 
a,ng}<i  D$£,  a^^  the  Iideg  wbiGhjcx>Aflitut(l^ 
f  6.  6.  tbofe  equal  angles,  proportional  5  /the  trian- 
gle ABC  is  alifte  to  tlibnrian|le  DEF.  But 
the  triangle  DEF  is  given  by  kind :  Therc- 
Sp^  the  triangle  ABC  ih  given  by^  kind..    \ 

,  *  ,  -■•      •     'PR  O.P.,  XIIL    •"'  '■'  .  >, '  ■.','  I 

j^  the.  fida  of  a  ttia^gk 

givjsn.rgdfanir  the  tmvg^ 

fJtfGisgiveaifytind.       f 

Conftr.  For,  Let  thcift 

M  ai^oled'th&ugbfelfee 

Di  givstt  by::  magiui£ude| 

aiid  fe«ttffi;ifaat:t&e.  rcA^  -^ 

tbatof^BGteAC  is^giif 

iven).l[^t.dle  ijupehenuidi 

«fiDitd;.£»...       •  -;    -{ 

.    Hemonftr.   Now  D  iJ 

a  t.mp,  .       "^ ^^^'   *    >  «?7«n>.  there&jp  tf  E  is 

*  *       .,    wimjifTyiRii    u  y,.    alfo  given,    Afeain,  fee- 
ing thfttithe  jrenCoQiOfAC  to  AB  is  given,  let 
the  fame.br  mad^.of  :B   to  ]|^. /NoV  £  is 
bz.fio/.  gtveu^f  therefore  4  F'is  tlfo  given.    Nfi^iv^of 
three  right  lioes,  .equai^  tat^e  three  giien 
,  .  :  .  ;lr4ght  linei  Di  E*  and.F,  (and  of  wMch  three 
lines,  two  of  xhkm^,  in  .what  jnanner  foevet 
they,  be  t»kcO»  are  greater  than  t^e  other  :) 
Let  there  be  c6l?ftituted  ;i:he  trianjrfe  QBjCy  in 
.         -    {uch  fort  jisw  Jy  may  he  eq)ial  ik^\fii  ;    but  £  js 
equal  to  KQ,  and  GH  equal  fto  T'J   therefbm 
each  of  tbe,faid  lines  HK,|KQ,  and  GH,  is 
S-J^^w^A  given  By  magnitude :  Whatefcipiv^tjif  trjaogl^ 
HGK  is  given  by.  kind.    Aiidi  fje^ngj  tliat^j 
•BC  is  to  CA,.,.fQ  is.D'tQ  £J  aj»d  tlMM:  d  ift 
«^jHu^o  HlC,  andJE^to^KG,  /as  BC  is  to  C A, 


«b})>^  is.te  ¥Q..  Ag»i»' %^<$  ttor  ts  CA 
^tb  A£,  fd  is  £  to  J,   ana  :t&t  £.i8  ^eQuHl 
4X)  KG)  and  F  to  GH  %  9s  Cd  is  to  AB,  fo  is 
KGtoQHi.    But  k  fatth  betn^-i^m^med 
^t  as  BC  ik  u  €11,  fo  is  HK;«o  JCO  .•  Tterf- .. 
iifixe  bf  atalbtt'ofeqimity,  as]f)fi(Gi3  toAB,j 
fo  is  HlC  tQiGH.   Thearrf<a»j  4.  8»  ttiend?'^ 
^BC  is  alfo  given  tqr  kind.        ;^  .    \     -  ; 


^0$ 


*m     ^  ♦ 


« » 


1^  ' 


prop;  sliii. 


•C  ''C    ■" 


if  rte  fides  BC  and 

,^BJf  nhotttone  of  the,  ^- 

I  etitt  armies  vf  a  reSan-      '    -  ^ 

gled  tmifiJiBC^  bav^ 

to^nc  another  a  given 

reafon^  that  ^riavglc  is 

.fj^nhj  kind. 

Conftr,    Let  there  be  ' 
expofed    the  right  line 
pfe  given  by  magnitudQ 
and  'pofition,    ancf  on 
it  let  there  be  defcribed 
the   feqiicircle  DGE  : 
Therefore  a  the  femicir*  a  6.  def^ 
cU  DGE  ngi'veaJby  ppfition. 
i  JkmomfiK  For  tde  line  D£  being  given,  and 
divided  inxvo.sqwil  pafts^  the  cOitfef -^f  tt|e 
£ii4  cH^clriX'  2[ivtn  bjr  pofitipa,  dad.  the  (e- 
toidi^met^  byjm^piitiide..  And  forafniuch  ^ 
•ihe  Tcaftn  tit  £iC  ta  BA  fi  gfren,   let  thjp    . 
(ame  be  ipade  of  DE  to  F  :  Therefcire  the  re%- 
tqfa  of  DE  to  p  is  gfyen.  '  Bttt  D£  is  given, 
•fberefoi^.  ]^  ^  is  alGo  given;    I^ow  BCTis  gi«a«^  b  2  .; r<7f, 
«r  khariVAE:  There&re£D  18.4  lOfo  gieat^rc  19.  i. 
Uii|n.F.^'Le|:JJ(^ befitted  eqaal  to.  F»«  and  lot  4x4.  u  ^ 
£Q  he  dravte  (rtll^ft  oH  the  centerl^!^  vJth  tla^      .\  '  ,^ 
<diftadce  CG,  let  ths  i2iTde  GK  \»  d^cribe4. 
l%(»w  that  cicclr  c.is  given  by  {to&ii^fti, ;  feeiiwo'^^^  - 

thid  cte  .pcoiai  M' h  .^vw^M^l^itia^Sm^'^' 
•  .  if  C  c   J  Bpeter 


4^  ^    TXJCLlDWs  DJTJ. 

*  mertt  1X3  alfo  given  by  magnitude.  But  tHe 
€s|tiickcle  DGcis  alfo  given   by    pofitionr 

f  ts.frof.  Therefore  /  the jpoint  of  interfeflion  G  is  given. 
But  the  points  D  and  £-  arc  alfo  given,  thero- 

g  26.frtf.fcnt  {-.each  ^f  the  tight  lines  DE,  DG,  and 
EQ,   is  giveA  by   pofitiou   and  magnitude. 

^  J?;/^.  Whereforer  i  the  triangle  DOE  is  given  by 
kind.  And  feeing  that  tne'  triangles  ABC  slnd 
DGE  hav^  an  angle  equal  to  an  angle,  to  wit, 

i  it.  J.  the  right  angle  WAC  to  the  fight  angle  i  DOE, 
and  the  (ides  about  the  angles  CBA  and  EDQ 
propordonal.  But  each  of  the  others  ACB  and 
DEG  are  lefs  than  a  right  angle  :    Thofe  triai^ 

k  ?•  tf.  gles  ABC  and  DEG  k  are  alike.  But  i;ha 
triangle- D6E  is  given  by  kind:  TheieCgire 
the  triangle  ABC  is  alfo  given  by  kind, 

PROP.    X^IV. 

if  a  tmf\£Uj^y  hath 
one  angU  B  g^vhn^  and 
that  the  Jides  SJ  aniJC^ 
ahout  anotper  Tttt^  MJC^ 
lave  /r  one  another  4  ^- 
ven  rea/dny'the  triangh 

-^ ^C  is  given  hj  kind.    . 

B  ^  r        '  jConfir.  Now  the  gi- 

▼en  angle  B  is  either  acute  or  obtnfe,  ^r  it 
was  a  right  angle  in  the  foregoing  Propofir 
tion.)  Let  it  be  in  the  ficft  place  acute,  and 
from  the  point  A  let  AD  be  drawn  perpendi- 
cular to  BC.  .   :  •  .  ^ 

Dmnonftr.  Therefore  the  an|^e  •  ADB  is  g£- 

ven :  But  the  angle  B  is  alfo  giveii  ^  and  therp^ 

*     fere  the  third  smgle  BAJB^  is  given :  Wherefbc^ 

%^.ftcp.a   th#  triangle  ABD  is  given   by  kind;  audi 

hi.iif.    therefore  A  thereafon  ofBA  to  AD  is  givexu 

3ut  tha  reafon  of  the  fame  BA  to  AC  is  alCb 

cB*p6f.  given:  Therdbre  rthe  reafon  of  AD  to  AC 

IS  givan,  aoA  the  aingie  ADC  iaa  right  angle : 

.    i  Wfaere-^ 


Wherefore  tlte  trianele  i  ACD  is  gfv«n  1)]rd4^^io/* 
kiad :  Therefore  e  the  %,^i\C  is  given.    But  t\*itf. 
the  angle  3  is  alfo  given  ^   and  therefore  the 
other  «nde'  Bl^Q^is  given:  Therefore  fth^t^o^frtf* 
triangle  ABC  is  g^ven  by  kiod.  ^ 

Conftr.  Now  let 'the  angle  ABC  be  obtufe* 
and  on  the  iide  CB  .prolongedy 'let-,  there  be 
drawn  the  perpendicular  AT)./   i     \ 

Demonfir.  Forafmuch  as  thr  an^le  ABC  is 
given,  the  angle  ABD  whidl  follows  it^xihaU 
6e  givem  Btrt  the  angle  aDB  is  (alio  giv^  : 
Therefore  the  third  angle  DAB  is  given. 
.Wherefore  g  the  angle  ABETIs  giyen  by  liqd  s  g  i^K^f. 

and  therefore  ib  the  rea-h  ?•«*(• 
£bn  of  DiAilo  AB  ir  giu. 
ven«    But  the  reafon  of 
AB  to  AC  is  alfo  g|Preft*:{. 
TheicfOl«i  thereatont>f>8*^^ 
DA  to  AC  is  given,  and         ' 
the  angle  D  is  a  right 
angle  :  Therefore  the  vi'* 
angle  DAC  is  givea  bf 
kind,  and  theretore  the 
angle  ACB  is  given.  Bur  ' 

the  angle  ABC  is  alio 
given :  Therefore  the  third  inffle  BAG  is  gir 
ven.    Wheiefoie  the  fiiangle  AffC  is  given  t)f 


<.    i    V 


Cc4,  ;     PROP. 


4   r 

J 


m 


£UCI4De*ii  imsTMi 


V 


-^    V    •         hi  »rtt  r/' 


,A, 


9f  mfm 


tie  tmwk^  ABQ  isgir 
Cotifir.  For,  let  ^he 


zj.frof 


&iq|Ie  BA£i  b»  Ai'SMdjd  info  ^  equal  Darts  by 
'«  d»  tine  ADi.  tburefQr^r^  t^  apgle  CAD  is 


c  i8. 5* 


'   i)Mn0i|^i%  Se«iig,|^|^  gs  A^  ii»  to  AC,  fo 
Jtis  BD  tp  CP;;  . % c^mpoijui^inK  r  as  the" 
line  compciinded  ^  GA3  is  to  CA,  ip  is  BC 
to  CD,  and.  hjr  p^rWtaiiion,  ns  the  linot.  com- 

Knded  of  CAB^js  to  CB,  fo  is}CA  to  CD. 
tlie  rcafoB  of  the  line  coi«pfiun^ed[  olF  C^ 
tD  BC  is giv^n^  tKerefg^^  th^  reaC^ui  oFcA  ^ 
CD  is  alS  :{^Yt^  .»nd  the  angle  CAD  is  gi« 

d  44.^tf.'***-  Thejretotc  i'the  m^^gW  AGO  is  giv^ 
^  ^  ^  hR  kind,  and  .tbw^pre  tJiQ  ^ngj^  0  i^s  ^iyeot 

But  the  angle  BAC  is  alio  givep  :  Ther^femgi 
1 40^ frof. the  third  angle  B  is  given  :   Wherefore  r  the 

triangle  ABu  is  given  by  kind, 

OTHEJIWISE, 

Con/h.  L^  BA  be  prolongod^jlireftlf  iinto 
the  point  D,  in  fucl^  Curt  p^s  that  AD  vasffl^ 
equal  to  AC»  and  let  CD  be  ]oiiied. 


Vf^o^fti 


n 


■^ 


AXUtk 


>  v\ 


T^  It 


,i-     (given,     Bwt  tbe  aMk 

yen  angle 

J.  J  V7  J|h#  M  ^«  BAG  /  isf  Ih  h 
equal  to  tne  two  int^r- 

.ADC,  yrh^h  ^%  gmg  5-  J- 
T»     qual  tb  one  ^othor^  -hpf  n  44«.fV0f * 
*f    ipe  the  fides  AC  an4  ^ 

. .  ,  c  AD  are  equal :)  Whcif- 

e  fllfi  >f }»Hgl?  *JOC  i  is  given  by  kind,  and 
i^x^  m  ^^T&M  given.    But  the  |Ag|e 
^^'i^aUiig^vffi:  therefore  i\i\  r^|0&ini 
?  A?|  i^  giyw : -Wheiefoie  i^  triang^i  .^  *^^^ 


hath  one  angU  S  given^ 

.  ^nQthnmigkSMXh^m 

"io  tie  other  -jide  TSCa 
given  reafon^  the  trian- 

fk  ABC  u  given  hy 
ind. 

Qnifir.  For  let  the  angk  BAG  t>e  divided  in- 
ta  pif%  4S^^  pans,  by  the  line  AD. 
^Ptmonpr.  Tbeiefore  (as  hath  been  ihewn  in 
the  foregoing  Fropofition)  the  compound  line 
CAB  is  to  C$,  as  AB  is  to  BO.  But  the  rea- 
fbn  of  the  fald  compound  line  CAB  to  CB  is 
given :  Thefefflt  ^o  the  reafon  of  AB  to  BU 
^  '  is 


9t^ 


eOclide's  data: 


U  gireii.    fiiit  tfie  apjle   B  \is  alfo  given : 

t4S.M«.ThN:efere  iht  triangle  A^D  a  ijs  given  by  kind^ 
J.  JK  ^  ana  therefore  h  the  angle  fiA0  4$  given;   But 
7^     the  angle  BAG  is  double  to  that  of  BAD  i  and 
therefore  it  is  alfo .  givpn.    Therefore  the  t  hffi 
angle  C is ' given,    wboefore  the  triangle  ASQ 

''    1 


is^Venbf  k!ind. 


.1 .1 


OTHERWISE. 


.» .- 


Cof^.let  HA  be,  prolongad  diiedly.x^i 
to  ILD  be  put  equal  tb  AG;  and  let  CP  be! 

Denun^.  Forafaiucb 

'  ^:  as  .  ^e  reafon  of  the 

.line    compounded   of 

^CAB  toCB  isgiveiw 


>■ 


r 


and  that  AD  is  eqiiaf 
to  AC,  the  reafon  c^  ^ 
BD  to  BC  is  given  ; 
and  th^  angle  B  is  alfo 
^eA : '  Therefore  tht 
triansk  CDB  ^ia  gi- 
ven ny  leind  ;  SnA 
tbetefere  i  the  aagla 
I>i8  given  i  Therefore  the  angle  BAG  vhicii 
is  double  to  BDC,  is  alfo  given :  Wherafoit 
the  other  aittle  ACB  is  givan ;  and  theiefoie 
the  triaoi^  aBC  is  given  by   '  ~ 


tKOt; 


^     •    « 


/. 


£UCLID£'i  i>jrrA, 

l^ROP.   XLvn. 


XeSiline  fgmet  m 
CDE^  given  hy  kinij  mi$ 
ihidei  into  trtar^ks  given 
ty  kind. 

Ccnfir,  For  let  the  right 
lines  EB  and  EC  be 
dravm. 

Dewumlh.     Forarmuck 
as    the    reAiline  figura 
ABCDE    is    giren    bf 
kind,   the  angle  a  BA£  * 
4s  given,  and  the  reafpn  of  the  fide  A6  to  A£  ^ 
anb  given :   Themoie  h  the  triangle  BA£  b 


%ii 


is  given  bf  kiAd.    Wheftfere' the  angle  ABE 
'is  given*    But  the  vboie  angle  ABC  is  aHb 


^iven :    Therefore  c  the  licinaining  afngle  EBC  < 
-a  giiren.    But  the  reafon   of  the  iide  AB  to 
tit  fidt  BE,  and  alfo  that  of  AB  to  BC  h 
:|^ven ;  Tfaefrfore  d  the  reafon  ^f  £C  to  BE  is  4 

ftven,  and  the  angle  CBE  is  alio  given : 
herefiofe  e  Ae  triaiwle  BCE  is  given  bf  e 
ddnd.  By  the  fime#iroouifc  it  may  be  demon- 
ftrated  that  .tlir  tmngle  CDE  is  given  by 
kind*  Therefore  the  rediline  figures  given  by 
kind  divide  thettielves  kto  ttsangks  gives 
by  kind.  • 

PROP.    XLVIIL 


If  on  om$  md  th$  fame 
riglilime  AB^  ere  £f€ti» 
M  tnavgks  m  AQd  ani 
JBDf  given  fyfoRiian^ 
thofe  twianglet  fiaU  have 
to  one  emibet  a  given 
U0f(m^  m  JGM  to  JBD. 

Confiu 


•  '•  ■■• 
¥'p«h 


K  n 


etc 


»j.«5r? 


e9.fr9f. 


Confir.  For  from  the  poiqts  A  and  6,  let 
there  be  draws  at  mht<|hg||es  of  the  line  ABt 
the  lines  AE'and  Bg,  and  prplpnged  utitp  the 
Mff^  £  aiid'  H  J  but  by  the  points  C  and 
P;  let  ttietie  be  dmwi|  the-  li^es  £CQ  and 
JFDH,  parallel  th  AB.; 
Dtmonjir.  IfbrafiaiBch,  then  as^the  triangle 
BC  i»/giirftt  by  kiafl,  a  thj  reitton  of  KAjto 
A  k  given,  aid  the  migleCAB^dfp  gireii } 
lit  the  angle  "BAE  if ;  given  ^  Therefore  the 
f^cmaiivnf!  ^ng^  CA£  is  alfo  given  j^  but  the 
AngU  CAfiji*igiy«*  5  ^d  the  efore  the  4th'et 
ingle  ACE  ^  ^Jfo  gii^en.  Wherefore  h  the 
iriangl^  A£Q  js  j;iven  by  kind.  Not^  the  rea^ 
{bo  oJF  |A  lOr  Ao  e  is  given  ;.  (^  ^  tke  f edc 
(bo  of  £A  IP  AC^  aA(f  tiiat  of  •  AC  to  A&  as 
«ven ;)  .^nd:ih  like  aiajinei:^  idi^iViloB  tf  FA 
^  AH  isigivfik  Tt^f^foff^-^e  tilt  leafM  or 
|A  to  Af  Vgiv^  i  but  as  AS  is  fft)  A^.  fo 
/.  t  be,  parailelogrfiai  AH .  ta  tbe  jaraUdolram 
AQ;  WtA/Cf  is  j^t^ebtlf  QtAH»  andAJSE 
tuie  half  of  ,AQ  i  tbert^^  t^jft^n  of  % 
tria^i^  ACBtothe  tmiigle,ADB  hm^rms 
for  k.  is  ,tht  fium  reafoii  ivkH.  that  of  AH 
to  AQ  j";  tliftt  is4p  &jr^  8A  to  AF,  wbicii 


P&QE.  XU& 


If  on  ont  and 
ptfiH  k'^gbt  line  AS 
there  ic  defcrihd  a^ 
t^fL.  reSikne  iapet 
JfXXi  i^jmB^ 
kcT^  ty   khtdf,   thtf* 


« 


V  »     U> »  >w    wM 


iher  djhvin  reafon  (ta . 
tpn)jECFBto4QB. 

Conjtr.  Yoi  let  the 
lines  FA  and  F£  be 

\         *^         drajrj^ 


■i* 


drawn :  ^Therefore  each  of  the  tfiangles  a  A£F,t  Ai.pni. 
AFE,  and  ECF  islgivtn^  by.  kind.  ^^  ^ 

DtmovJlY.  Seeing  that  on  one  and  the  Caflae 
light  fine  £F  there  are  defcrib^prik  triangles 
]^F  and^EAF.  given  by  kind  Li-^hJteafon  of 
14JF  to  EAF  b  is  given.    Thjweforc  ij  com-h ^.ff&f. 
jtounding)  c  the  reafdnfof  AECF  to  BidF  isco.^o«^. 
|iven;.  Bi*  nlcnreflTon  c^  iliu  Mv'jMJT  *to 
FAB*  is  yven,  ^  beiii^  they    are  triailp;lad48./r^« 
fiveo  bjc  kfiid,  dercribe(fo4  one  and  the  pme 
#ight  line  aF  :  .Theref|re  t  the  reafon  of  AE-  e  %.p9i^ 
CF  to  F^  hrgwv    \fherefore   by    jpm- 
gduncUag,  jnAc  reafon'  6f  AE<3W^tcrTttf§  isf  6»^<^ 
|i^en<    But  the   realon  of  the  fame  FAB  to 
JeBD  ria  giy«n  :   Therefore  £  tb^  reafon  of^Apcf^ 
A6CVB  to  ABI2  is  alfo  given^  h  ajprof ^ 

PROP,    t* 


'.-*  ''.?.  £ 


oi9i  ttnon^  a-gitspft 
^th0fe  Miies '  tmi  H 

akke^   mld^  Alike  ft^ 
fttdy  tUf  itWjitw  t9 

Lkfitm^  Td'tlM 

two  lines  AB  and 
CD,  let  there  be  tak«n  a  third  proportional : 
Therefore  as  AB  is  to  CD,   fo  is  cD  to  G, 
But  the  reafon  of  AB  to  CD  is  given :  I^ere* 
fore  the   reafon  of  CD  to  Q   is  alfo  given  : 
'WlQQlf^V^e  a  the  reafon  of  AB  to  G  is  given,  a  &  ptopi 
But*  as  AB   is  to  G>  foisAEBto  CFDrbw.iy, 
Therefore  the  rvafon  of  the  fame  AEB  to  CFD  20.  tf * 
it  giv«nv 

PROP* 


V  .  Vi    i 


M-^.^O 


\ 


Elf GUEDB*/  HATjll 

PROP/  U. 


IF  ftfo^ 
rw-fc  /inei 

CD,  bav0 

tltr  a  fi" 

v€nf€afo7Sf 

and    tbak 

upon-tbew 

.^   ^  ^    tiere      h 

JOL  defcrihei 

m^  nBilike  figures  JEB  and  CRD,  gwen  If  kindp. 

twBf  will  have  to  one  another  a  given  reafon,  (f0 

witf  that  of  JEB  to  CFD.) 

CanUr.  For  on  AB  kt  we  jreftangled  figure 
AH  be  defcribed  alike  and  alike  poiited  to 
DF. 

Dmonfir.  Now  DF  is  giim  by  kind :  There 
&re  alfo  AH  u  spven  by  kind.    But  A£B  is 
alfo  given  by  kind,  and  deCcribed  on  the  fanK 
a^M*.line  AB:    Tberefere  a  the  reafiM  of  AEBto 
AH  i$  KiTen :  And  ieeing  that  the  reafon  d 
AB  to  CD  is  given,  and  that  on  fhoTe  lUies 
are  defcribed  tM  reoiline  figu);es  AH  and  OF 
b  f««yro^.fIike,  and  alike  po&ed,  the  leafon  »  of 
^^UidlineAHto  DF  is  giveiu   Bitt  tlia«« 
of  A£B  to  AH  ssalib  given^  Therefore  ^ 
capwf.  teafoa  €  aif  A£B  to  Dt  irgtren.      * 


EHOP. 


^ir 


Von  arfgk  line  JM, 
given  hy  magnkuie^  then 
fe  defcrihed  a  figure  ACM^ 
g^en  ty  kiTii^  tbatfigyfe 
\  JCB  ii  gmem  hy  magni^ 
tuie. 

^  Confif.  For  on  the  fame 
line  AB,  let  the  fquare 
.  AD  be  defcribed.  There- 
fole   AD    is   given  by 
kind  *  and  by  magni- 
tudt. 
Dmmmftr.  Seeing  thit 
en  tlie  right  line  AB,   are  deicribed  the  two 
-  i«&iUne  figures  ACB  and  AD,  given  by  kiAdt 
'  0  the  reafoni  of  ACB  %Q  AD  is  given :  There*  a  ^fr9gk 
jbre  h  ACB  is  given  by  magnitude.  b  t.firof. 

m 

Scholiuai. 

• 

*  n»  MntkiU  Interpi^eier  bath  noted  here  thA 
"mfenfpuift  u  given  by  kind^  fw  that  all  the 
jos^s  thereof  me  given  \heir»  aU  eaual  £ad.f^he 
'M^g^et :  But  eJfo  tbe  reajbnt  of  the  fides  are  given  \ 
.for  thofe  fides. heitig  all  efial^  their  reafons  are 
MfoFOfuaL  Moreopetf  whenfeever  a  ffuOH  ti  ett^ 
fofed^  a  fguare  equal  thereto  may  he  mthiUted  j 
and  therefor t  the  f^aate  ir^imfn  iy  magnitude,  m 
.Mifo  each  fide  thereof 


PROP. 


«    Vta 


4^ 


'^■'"i^'t*    1     v*^^*'  *»o  fi. 

•  ■'"■■"y  p  1.1  "ify  1  gmies  JD  Ad  EIT,  h- 

'  vmln  kihd,  ygnd  teat 


t^mtatm 


JQt..-  .P- 


KOtU. 


„ll«  II    Ml   I     fc>m 

3»S 


[  \  on§  fide  Mb  t  oj 
hath  tgapie 
otSsff  m^Mm  -  .y^,-^ 
tht  mberfitsfifaU  JkL-pt 
'  '  alfo  ho  tbf  other  Mdis 
given  reafom. 

Dhun^K  For  fefbig 
fliamhe  reafon  of  ^D 
.«    .  .         ^  to  Sv  !sr  rffven;  ind 

a  J.  i^.  *%  that  J  of  gD  toBAi  *'  the  reafon  of  the 
h S.mp.  »i*  A»t^  FH  fe  giwti.  iftit  tlW  rtealUi  dt' A* 
cj.i?/;  Ifte  MI  to  FB  <?  15  alfo  given :  Tbei^^eii 
ilfcjiUf.:  thMfcttfo»4jf  AB  td  BF  i$  given.  In  like  tiM^ 
.V  .\  .  uiier  alfo  th#r«aibg8  0f  the  <«*r  fides  ttf  t»i 
other  fides  are  givem 

*      * 

PROP;   LIV. 

ahi^,  gimt  hjfltm, 

have  to  one  afi6t^r*d 

given    reafim;  •  agb 

their  fiHes  fithVW  tb 

cite' another  in.  a  gi^ 

ven  reafon,         '    ' 

'    Conftr.  ¥bt  dtbit 

the    figure    A    is 

alike  aiid  alike  po* 

fited  to  B,  or  is  pot :  Let  it  in  the  firft  place 

^-  aliKe,  and  alike'  jpofited  ^  and  let  there  be 

t^ken'the  line  G,  a  third  proportipnal  to  the 

lines  CD  and  LF; 

Vemonftn 


ElJCLtDE'/  DATA. 


4.^7 


Demonfir.  As  CD  is  to  Q,  ^  fo  rs  A  to  B.f  for.t^i 
But  the  rcaron  of  A*  to  B  Is  given;  'thercforcio.  6. 
alfo  the   reafon  of  CD  to.  Q  is  given.    A^d 
fefciitgthat  CD,  IF,  and  6,  ate  proportional,    '       ' 
I  Wfo  the  reafon  of  CD  to  EF  ispvcn.    Butb  2^.frof» 
A  arid  B  are  given  Hy  kind  :    Therefore  e  the^  $}•  ptm. 
other  fides  iCall   have  given   reafons  to  the  • 

other  fides.  '  *      • 

JNow  let  the  figure  A  be  not'  ^likc  to  tha 
figure  B,  and  let  there  be  defcritied  on  EF  t\\6 
filurir  EH,^  alike  aid  alike  pofiied  to  A :  . 

lereforc  the  figure  EH  is  given  by  kind  ; 
but  th^figuref.B'JS  alfo  given  by  kind :  Therie- 
fbre  if  there^fph  of  B  to  EH  is  given.;  zndd^9.fr&f. 
tfercfbre  the  itafon  ^of  A  to  the  faiti?  EH  c  ist  i^ffQfi 
a!fo  given  :  But  A  ia  alike  to  EH  :  Therefore 
(by  what  is  abovefsiid)  the  relfofr.of  CD  to 
.  EF'is  given;   and  in'like  manner*  the '*reafoa     .    . 
of  the  other  fides  to  the  other  fides  is  given. 

OTft  EHwis-?.-'  .-■■■■ 

Confir.  Let  there  Be 
expol!edthe  given  line 
GH :  Now  either  the 
.  figure.A^is  alHce-to  tiiej 
-  figure   B,  drnot.    Letj 
.  it  in  the  fiift;  plaqe  bei 
'  alike,  and  let  it  b^   as 
'  CD  is  to  EH,  fo  is  GH 
tq  LK  ;  then  on  GH 
and  LK  let  the  figjares 
M  and  N  be  defcribed 
alike,  and  alike  pofited 
to  the  faid  A  and  B, 
TtASth  figures'  M  and^  N  flteill  be  confeqtiently 
given  by  kiad. 

DcMonflr.  Therefore  feeing  that  as  CD  is  to 
ZF,  ib  is  QH  td  Lit,  and  that  ori  thofe  lines 
CD,  £P,  QH;  and  LK;  are  deibribed  the  figuras 

Dd  A,B, 


'  -^     A  isMo  ,B,  fcv.is,M'to  5?.    Bu^  tte  .IeafoBu©l>• 
'      A  to  B  is  givca :  Theitfoirc  the,  reaton  of  M 
g  5z./rof  .to  N  is-  giyep,    But  gU.  is  giyetti  <»nfi^iu« 
:  ;  tKatf  it  ,}«.anfia«e  givw  jU|c^  Itad,. <fe£(3rtt»d 
'  Kan  a  rifthr.iaei givei^jftinagaitude  j  tEorafote. 


tKat  f  it  ,}s  .'^figure "  g^^w  jl*;  Wnd,.  &ft3rtt»ai  ., 
'  ,,  on  a  r^^ftjij  '  "    — """  -  *  *  —  -~ 

C'awmr!  z.  Now,  bit  LK  let  the  fquare  O.  be? 


I  \  ■  •■  Jf,  is  alio  BiTeo. 


hfiJj.  s».  defctfcqdi  ;Xherefoie:  b  i.bit,£s^ts.O  is  girtti 

Wo/,         by  kiiiid>  •   •■.  ■■•• .     •    ' 

ZWwfljj/?*.  ».■  tlfhcieforft  tlje.  reaCon  ?«  O  to 

Nis  £iv«n.  ;Bui  N  is  given  t.JherefbieO. 

iM  $z.  is  givm  5   np4  cowfe^jeittly,  j  alfo.  KL.    Bu* 

«  ^fc  Kt  is  ffv«ii.  But  as  <3H  is>  to  tK,  ft  jgXnp- 

gjwir  1  ar^  t^re&rft,^e  figrn^  A  and  B  beinft'i 
»  n- Prop.iJivtiaMMHy.-.  ithe  ofhwCdes^ot  the  «ae 
^'"^  Sgntts.-6iSkj^o  bav«  to,  j^e  «d»fct  C«ies.g*: 
ven  rcafbris.  But  it' the  fiaures  be  not  alike, 
the  latter  part  jtf5|heleaMp|w«i(0|»  here  above 
muft  be  oblervea. 

rRQP.   i.V. " 

Iffaj^aci  J  he  given 
hy  \hindt  aM  hy  magni* 
tudij  4he  pdtf  4lmeof^ 
Jbaihe^rm  if  mSig?> 
tuie% 

ri^^ilAe   BC  givt* 

M  \,  ^  «  .  ^  -  magnitydel  be  expo- 
fe^ ;;  ^ict  tk^a,  let  thcrc^-be^Jbribcd  tbc 
fpace.  8,  alike  and  ajKfee  p»ike*  ta  A.  j.  Uwt^ 
fore  tlto^'faTd  fpace  i)  is  given  bjjf  kind.  ,•  . 
D^wpir^^:  Ko»  that  h  is  4€lci|6c4  oft.tjiff 
.  ^^  Unc  B(?.  ftiyeii  bv  rfrwmtude^  ifi?  «*?.«  «^y«l 


^iX 


<  t 


An  '  I    IW* 


B 


4 


a  St 


EOCUDfi'i  DJTA. 


41* 


Thetefote  ^  the  reafon  of  A  to  P>  is  givttuhi.pof^ 
But  tliofe  figurta  A  aitd  D  are  given  by  kind : 
Therefore  c  the  reafon  ot  thdine  EF  to  theft  $4.frcf^ 
hit  BC  is  a^enti  fittt  BC  is  giveu^  Xbexefofff 
li  BF  is  4m  dhrea.    But  the  tear0o   of  thed  ^^ief*. 
fame  EF  to  FG  it  givea:    Theretbre  e  FCl  is  c  t^pal* 
f^yftiu    Aiid  by  tb^  fame  reafofts  it  imY  be 
dieimmibateii  that  each  of  the  otber  &!«&  are 
li^en  bjr  ttftgnitude.  *  * 

OTHERWISE* 

C^Jin   Let    thli 
fpace   GHIKL   bt 

ren  by  kind  And 
iba*gmtude  :    I 
fiay  that  the   fides 
fl-    thereof   are    given 

by  magrtittide.    tdt  •^  •     .    ' 

on*   ilie  lighl  liml 

QB   iet   tiiere    be  ^ 

defcribed  the  fquai^ 

GM  5    therefore  /f /ti,  ji» 

QM   is    given   bypy(;|p^ 

klndt 

t>eviofijlr.  But  tlfe 
fJ)Ucfe    GHIKL     is 
'  '  alfo  given  by  kin*  .* 

^therttote  ^  the  leafon  of  the  (ame  f^ace  GKg^^^prc^^ 
to  GM  is  giveh.'    But  GK  is  given  by  iiiagn*. 
ttide  ?  ThetefoVe  h  GM  h  alfo  given  by  n&agnt-  h  t.ffpf. 
lUde  ?  and  fiefeing  thilt  GM  isthe  fquaie  of  the 
Ifrte  GH,'i  thai:  line  GH  is  given  by  mSgnl  ifih  si* 
tttde^'  Whertfbre  ii»like  manne^r,  eafch   of  thcjprop, 
other  lines  HI>  IK,  KL,  and  LG»  ii  given. 


Dd  1 


PROP- 


4^ 


EUCUDE'i  DATAi 

PROP*    LVI. 


If  tmo  tfuyvnglei  taralU^ 
kjgrami  Jt  and  By  Lave  t<^ 
one  another  a  given  feahm 
as  onefiie  CDjf  the  fir fi  J^ 
is  to  one  fidoFG^  of  the  fe- 
cond  B  \  fo  the  other  fide 
GEy  of  the  fecond  By  is  to 
that  to  wbin^  DH  the  other 
fide  of  the  firfi  A^  hath  the 
given  reafon  that  the  farauekgram  A  hath  to  the 
farallehgfam  S. 

Confir,  For  let  HD  be  prolonged  direftly  to  L, 

To  that  as  CO  is  to  fG,  lo  HD  may  be  to 

DL  ;  and  finilh  the  parallelogram  DK. 

Demonfir.  'Se^ng  that  as  CD  is  to  FG,  Ip 

t  34*^^   ^^  ^^  ^01  DL«  and  a  that  CD  is  equal  to  KL  s 

as  LK  is  to  FG,  fo  is  G£  to  DL  ;    aad  thus 

'         ,  the  iides  about  the  equal  angles  DLK  and 

£GF  are  reciprocally  proportional :  Wherefore 

b  14*  &     h  DK  is  equal  to  B  ;   and.  therefore  feelkig  the 

reafon  of  A  to  B  is  given,  and  that  B  is  eoual 

■  to  DK,  the  reafon  of  A,  to  DK  is  giyen.    But 

CT.  6.      zsi  e  A  is  to  DK  (that  is  to  B)  fo  Is  HD  to 

DL ;   therefore  the  reafon  of  HD  to  DL  is 

alfo  given :  and  feeing  that  as  CD  is  to  FG, 

fo  G£  is  to  DL,  and  that  the  right  line  HD 

bath  to  DL  a  given  reafon  ;   to   wit,  that 

which  the  fpace  A  hath  to   the  fpace  B  ^  as 

CD  is  to  FQ,  fo  GE  is  to  that  tp  which  HD 

hath   the  given   reafon  that  the  fpace  A  hath 

.    to  the  (pace  6,  that  is  to  fay,   the  reafon  of 

HD  to  DL. 


PROP. 


EUCLIDE'x  DATA. 
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P  R  O  P.    LVIL 

V 

Ifagmn^ac0  JD  he  affiled  to  a  given  ijgit 
fine  jS  in  a  given  /ingle  CJB^  the  Ireadth  CJ 
cfthe  afflieation  is  given. 

Confir.  For  on  AB,  let   there  be  dcfcribcd 
tbe  l^quare  AF;   therefore 'tf  the  fame  AF  isa/fj5.  jz. 
given :   Let  the  lines  EA,   FB,  and  CD/  \>tffof. 
prolonged  to  the  points  G  and  Hi 

Dtmonftr,  Seeing  therefore  that  each  fpace  AD 
and  AF  is  given,   their  reafon  is   alfo  given. 
But  h  AD  is  equal  to  AH:   Therefore  the  rea-b  j6.r. 
fon  of  AF  to  AH  is  given  :   Wherefore  the 
rcafoa  of  EA  to  AG  is  given,  (for  c  it  is  thee  u6^ 

fame  with  that  of  AF  to 
AH.)  But  £A  is  equal  to 
AB  J  therefore  tTie  reafon  ^ 
of  AB  to  AG  is  given. 
Now  feeing  \Jiat  the  angle 
CAB  is  given»  and  the  an- 
gle GAB  alfo  given,  the 
refiduc  GAG  is  given.  But 
the  angle  CGA  is  alfo  gi- 
ven, being  a  right  angle:  Therefore  the  rc- 
joaining  angle  ACG  is  given.  Wherctore  the 
triangle  ii  CAG  is  given  by  kind.  Therefore  a  4c.  pr^T^ 
the  reafon  of  CA  to  AG  is  given.  But  the 
f caibn  of  AB  to  the  lame  AG  is  alfo  given  ; 
Therefore  the  reafon  of  CA  to  AB  is  given  ; 
and  the  faid  AB  is  given  .  Wherefftre  CA  is 
alfo  given. 


I?d  J 


PROP. 


4^* 


EUCLIDE'i  Dj^TA. 


c  43. 1, 


e  14..  6. 


.  flk^  to  a 

^ight  Hnif 
ACjWsni^ 

given    hf 
kind^  the  IreadtJjs  of  the  iefdSf'  dH  ^en. 

Coiijlr.  For  let  AC  be  divided  ia  two  equal 
parts  in  the  point  F  :  Therefore  as  well  AF^ 
as  pC  is  giv^n.  On  the  faid  line  FC  let  there 
be  defcribed  the  teftangled  figure  FG  alike  and[ 
alike  pofited  to  DE.  Therefor^  FQ  1$  givcri 
py  kind.        ^  • 

.  JDemonJir.  Seeing  the  figure  FG  is  defcribed 
an  th^  rigb^  line  FC  given  by  mg^gnitude,  tbft 
liud  re£tilfq^  FG  is  a  alfo  given  hy  magnitudit. 
But  PG  is  equal  to  AB  and  IL  ^  (for  h  AI 
and  F£  being  equal,  and  e  f^B  and  fiQ  alfa 
equal,  the  Gnomon  ICL  is  equal  to  AB ;  and 
therefore  their  added  figure  XL,  coanmon  to 
both,  FG  ihaU  be  equal  to  AB  and'  IL  :) 
Therefore  the  figuresi  AB  and  IL  together  are 
given  by  magnitude.  But  AB  is  ^iven  by 
magnitude  V  Therefore  i  the  remaining  figure 
IL  is  alfo  given  by  magniiude.  But  it  isi  alfq 
given  by  kind,  feeilig  it  is  e  alike  to  DE : 
Therefore  /  the  fides  of  the  fame  IL  are 
given  :  4Wher6foie  IB  is  given  ;  and  feeing 
that  it  is  equal  g  to  FD,  the  fame  FD  is  al- 
fo given.  But  FQ  is  given,  therefore  the  re- 
mainder DC  h  is  given  ;  and  i  in  a  givtn 
reafon  to  BD,  and  therefore  k  BD  is  given, 

PRQP, 


PRO*.   LIX. 

ven  &au 
MB  hi  af" 
plied  acw 
1  coriinf  tp 
a    ffwtn 

figfi  (if 

cecding  U 

ttpt  CBpwen  hf  khtd^  tie  headths  oftU  excejjes 
tJEnndCF  aregh^n. 
Canfir.  Tot  DE    being   divided    iirto  two 

^rtia'A  ptrts  in  G^  iet  tnerc  be  (jlefcribed  on 
PE  the  rcftiiiftc  figure  OH,  ilike  aiki  alike 
(iofited  to  CB; 

'  D^onp.  Nbw  fteing  that  CB  is  alike  to 
GH,  tbofe  tglnvsCB  and  Gm^i^ft  about 
one  am)  thefifme  diameter^  knd  QH  Is  given 
bjr  kiqid,  as  iiCB..  But  it  is  deTct^d  on  thfc 
given  liijeOfi  :.  Therefore  a  the  feme  GH  is  a  iLfro^n 
alfo  given  bt  jn^gnitude.  But  A3  Is  given  : 
Therefore  JKB  artd  •  QH  are  g^ven  by  magni^. 
tude.  Now  thdfc  figures  AB  and  GH,  are 
£qval  to  111,  ffor  Af^  LE,  ^nd  EI,  beinj;  e- 
igual,  tj^c  Gnomon  Qrif  is  eqt^l  't0  ABj  and 
therefore  ad<|fng  QH  cdtarmorr  to  both,  Lj 
Ihallbe  equal-  to  AB  an^  GH  5)  therefore  LI 
is  given  by  magnitude;  h\k  4t  i^  alfo  given 
by  kind,  being  ic  is  h  alike  to  OB.    Therefore  b  *4-  ^' 

.irthe  fides  Dfthe  fai4  LI  are  given-,  feeing  PSS  f»^* 
it'  is  equal  to  GE :  Therefore  d  the  remainder  4  ^prop. 
CF  is  given,  and  in  a  given  reafua  e  to  Cii.e  l^ef,   . 
l^tierefore/CEii.givem  -''  '       ^2  /'Qf. 

D  d  4  Schjj- 


4^ 
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g  i4«  *• 


b  iv*!f< 


I  p.  5. 


.  \SUCLWE  fuf- 

'^fcfiib  bete  thatCB 
ajid  OH  are  about  one 
^  ^and  tie  famedftrntter^ 
have  fiaU tbus  Je- 
w>w^rtfl«7V.*  LetCB 
'  'TiiaGflbt  two  alike 
jaraU^hgrams  ii^of^d 
"TXt  'afyve\  that  u  ^0 
fay j*^ that  tbe  equal 
ai^lfit  join  together  m 
£,  the  fide  CE  meets  direSfy  with  his  bomohgal 
fide*  EHi  and  the  fide  ME^  hU  coiryejfwdent  fide 
J^G  \  and  let  the  iiameter  FE  be  drawn^  I  fop 
that  thf  faid  iiame^  FE  polopg^dy  wi)l  fojs  ^ 
the  point  K  ^  that  is  to  fay  ^  the  faraUelograms  GH 
and  CB^  Qf^fijt-  about  ofie  and  the  fame  diameter. 
For  if  it  pe  ^i$d^  the  4ia»^etef  EF  being  fro^ 
4ucea,  T^ii  fflfs  qbovp  thefoivi^Kf  mi  bp^  it. 
Let  it  inihe  firfi  fiacf  fafs  abaveit^  a^d let  it  cut 
GKf  prqmged  in  the  point  M^  ^ndby  the  point  M9 
let  there  be  drawn  MN,  parallel  to- KH^  which 
fiall  n\€et  Ef£^  prolonged  in  tha  point  N^  and  FS 
in  0,    .  *    , 

Deittof^fir.  Fofafmuch  aa  ^he  paiailelogram? 
GN  ^nd  CB  are  v/ith  the '  paraUelpgram  LO 
about  one  4n4  the  /apie  diameter,  they  are^ 
alike  to  ope  another,  Wherefore  as  FC  is  to 
CE,  fo  is  £Q  ^0  GIA.  In  like  ^anner^  feeing 
\\)&  parallelogram  CB  and  GUare  alike,  aa 
JC  is  tp  CE,  fp  is  EG  to  GX\-  Therefpre  b 
^s  EG  is  to  QM,  *fo  is 'EG  10  Ql^.  Where- 
foip  i  QM  and  QK  are  equal,  a  parr  to  th^ 
whole,  which  is  abfurd :.  By  tjie  famc^  rea- 
lons  it  may  be  deraonltrated  ;  that  the  diame- 
ter piolpnged  will  not  fall  below  tbt  point  K  2 


Thcrefbie  the  parallelograms  CB  aad  QE 
Cft  about  one  and  the  fame  diameter. 


4*t 


PROP,    LX. 


C£  ^^  T>(f)  »'P  p^f^ 


If  a  faroM^ 
gram  JB,  given 
by  kind  and  iy 
magnitude  ,  fe 
pygmented  or  di-* 
mtmjked  h  a  OnO' 
won  CFD  ,  tie 
Ireadtht  of  'the 
Qnomon  ^confifim 
*if^  of  tie  lines 


^  pemmfiu  For  leeing^  that  AB  is  given,  and 
the  GiioflDon  CFD  ajno  given^  the  ivhole  pa<* 
l^llelogram  BF  is  given :  Bur  it  is  alfo  given  ' 
t>y  kind,  feeing  itjs  alike  to  BA  :  Therefore 
'ft  the  fi^es  of  tl^  fa^e  BF  are  given  ;  and  a  SUt^Pf^ 
thereibire  each  or  the  lines  BB  and  BQ  is 
given.  But  each  of  the  lines  BC  ai^^  BO  is 
given ;  therefore  each  of  the  lemainlng  lines 
V£  and  DQ  is  alfq  given. 

Ccmjif.    Now 

let  the  parallel 

logram^F,  gi« 

ven  by  kind  and 

by    magnitude^ 

be  '  diminifhed 

by    the  jgivcn 

Oopmon  CFD : 

I  fay  that  each    .    ^     * 

of  thf  lines  CS, 

and  DQ  is  gir 

ven* 

Vemenftr.  t.   for  feeing  that^  BF  is  gtveo^ 

^d  the  Gnomon  CFD  given,   the  remaining 

fySi^ip  Afi  is  ;^lfoffivein^    Bw  it^s  ftllo  given 

rr-    '  ■  •  '  ^  b|  •  - 


mC^m 


G 


T*— I- 


mmmi^mmmm 


J> 


B 


4a<  ^CLlDWs  ^DJTA. 

hf  k!fta,^feci«g  it  is  alike  ta  BP  :  Thcfe^e 
)  iSffrof.l  the  fides  pf#[^  faid  AB  are  given,  andtherc* 
fore  each  pf  th^  Jio^  CB  and  BD  is  given. 
But  each  of  t)|e  lines  BE  -and  BQ  is  giyen : 
Therefore  alfo  each  of  the  remaining  line&  iQ^ 
and  DG  is  given.    "  ^'v 

PROP.    LXI,  \  ' 

If.  to  one  pM  of  a  }(r 

,gure  JBCBf  given  iykiTidf 

'  there  ie  apflm  affacep\^ 

taUekgram  CD  J  m  dgi^n 

angle  BCPf  and  tha^  the 

given  figure  JC  hatfi  to  tJ» 

^foraUeRgram  CD  a  given 

reifmiy  the    taraUehmam 

'CD  is  given  ty  kind. 

Co^r,  For  by  the  point    ' 

B,  let  BH  be  drawn  pa- 

rallel  to  fcE,  and  by  the 

point     E    let    EH    be 

^rawn  parallel  tp  CB,  and  let  EC  and  itB  be 

prolonged  to  the  points  X  and  Q. 

Dentonfir.  Forafnmch  as  the  anrie  BCE  is 

*  l-def.    *g{ven,  and  the^  reafon  of  EC  to  CB,  a  the  oa- 

tallelpgram  CH  is  given  ^  by  kind.  But  oae 
figure  ABCE  is  alu)  glt'en  by  kind,  and  |s 
defcrlbed  on^tfae  fayieiine  BC,  as  the  paral- 
lelogram CH  given  by  kind  ^s :  Therefoieji 
b  49.frof  ^fie  reafon  of    the  figure  ABCE  to  the  pi- 

*  ralielogram  CH  is  given.    But  by  ruppofitioi, 
the  reafon  of  the  fai|[  figure  ABCE  to  the  p4- 

CJO.I.    ralielogram  CD  is  zViB^^vftity  and  CD  i^x 
d  aprop.  ^tial  to,  CG :'  Thflirafore  d  the -reafon  of  Cfi 
to-OO-is  given.    Wherefore    the  reafon    of 

*  »•  tf*       the  .  line  EG  to  the  line  CK  js  given ;    (fgr  e 

i^  CH  ii  to  CO,  fo  is  EC  to  CK.)    But  ihe 

reafon  of  EC  to  CB  is  alfo  given  :  Therefore 

f  8.jprof.  iFAtkitafon  oPthc  faid  CB  to  CK^ U  givrn. 

And 
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And  feeing  th^t  Jtli?  agric  ?C^  is  givert,*alfo 

the  foUowinjg  imgle  BCK  g  is  given.    But  the  g  ij,r.' 

angle  BCF  is  propofed  given  5   and  therefore     A^pop. 

the  iiMnaininp!  angle  FCK  is  given,    Alfothe 

angle  CKF  is  given,    for  that  h  it  4s  equal  h  xjj.  i. 

to  the  angle  BCK :  Therefore  the  other  angle 

GFK  is  given :    Wherefote  i  thfe  triangle  FCK  i  Ao.frop, 

is  given  by  fckid^^  «nd  therefore  the  reafoa 

of  FC  to  CK  is  given.    But  the  rcafon  of  CB 

tfe  the  fame  CK  is  alfo  given  .-    Therefore  i  Jc  a  pifi. 

th«  «?afon  of  FC  to  CB  is  given  ;   and  the 

angle  BCF  is  aUb  given.    Wherefore  the  pa^  ^ 

ifllelogram  .CD  is  given  by  kiqd. 

Scholium. 

^  *  Altho*  it  h  mamfeft  tint  a  fataU^Umm  tha( 
hath  one  avgle  given^  and  the  teafon  oftjj^  fid/g^ 
abmt  the  fame  ar^le  alfo  given^  is  given  ^ 
kind,'  af  Euclid^  doth  here  Sclarey  fo  H  is  npt- 
withfiandrnz  that  th^  antient  Interpfitet  doih  thm 
iemonftrate  it. 

Seeing  that  in  the  farallehgrm  CH  ife  a^igli 
BOB  isgivpny  the  afigte  tEHis  alfo  giveni  /</f 
the  right  Im  EC  faUing  on  the  farqU^ls  EH  an4 
CB^  ioth  make  the  two  internal  angles,. on  thf  ..  .  . 
film  part  egiidl  to  two  right  angles.  4nd  there^ 
fire  feeing  that   the  an^ie   EQB    is  give^  tW  f 


(^  amtber  is  ayb  ^vau 


?*0R 


» 


4>S 
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PROP.   LXIt 


r      f 


*  « 


If  twp 
riew  lines 
JB  and 
CDf  have 
to  one 
another  a 
given^reM" 
fpn^  and 
that  on 
One  .  (f 
them  JB^ 

*  i  ia£T£       Its 

itfmhi  a  figure  AEB,  given  hy  kind ,  hut  on 
the  other  O),  a  [pace  parallelogram  BF,  in  a 
0tven  angle  DCF,  and  that  the  figurp  J^B  hath 
to  the  parallelogram  DF  a  given  reafo^  the  par 
raUehgram  DFis  given  hy%ind. 
r  ^S^fi/'J^^  on  the  line  AB  let  there  be  de- 
ftnbcd  the  parallelogram  AH,  alike  and  alike 
jpofited  to  DF, 

Demonfir.  Seeing  then  th^^t  the  reafon  of  AB 

i^r   -r  l^  P^^^^  *"^  ^^^  on  thofe  lines  are 

dcFcribed  the   reftilipe  figures  AH   and  FD, 

^50./^r<?p.tlikc^r?d  alike  pofited,  a  the  reafon  of  AH 

.  ^  to  FD  is  given.    But  the  reafon  of  FD  to  AEB 

b  S.prop.  IS  alfo  given  :  Therefore  b  the  reafon  of  AH 

to  AEB  IS  given.    But  tfac  angle  ABH  is-^U 

r  ff  ^^'J.'  ^^^"g  ^^^^  to  the  angk  FCI>^  and 
fo  the.  figure  AEB  is  given  by  kind  »  and  to 
AS  one  ot  the  fides  thereof,  the  parallelogram 
AH  IS  applied  in  a  given  angle  ABH,   and 

cSj.trop.       \^,.^^'  °^'  ^*^^  feid  figure  AEB  to  the  faid 

^  ^  para  e  ogram  AH  is  given ;    Therefore  e  th^ 

paialleiggram    AH   is   given  by   kind;   and 

thcretorrf^  FD  which  is   alike  thereto,  isalfo 

.   given  by  kind. 


PROP, 


EUCUDE'i  HiffA, 


4*9 


P  R  O  P<   LXin. 


•    -♦ 


If  d  trtarigk 
ABC  he  given 

/quart  B^^CD^ 
and  CF,  wh^h 
u  defaibid  im 
eacb^thefidetf 
JbalL  have  a  gi^ 
vin  teafon  t^ 
the  triMngh 
ABC. 

DemonJh.Foi 
feeing  that  om 
one  and  tho 
fame'right  Una 
EG,  chera  aia 
ydefcribed  tbe  two  reAiline  ficures  A£C  and 
CD,  given  by  kind,  a  the  reaHoa  of  tke  £uDea40.  jtM* 
ABC  to  Cl>  is  given  ;  aAd  therefore  the  ^  '  '^ 
leafon  of  the  Tquares  BE  and  CF^  to  the 
triangle  ABC^  is  alfo  given. 

PROP.    LXIV- 

Jf0  frkT^Ie  AiC^  tgik 
an  oitufe  at^k  ABC  gi^ 
veuy  that  J^ace  of  which 
the  fide  ACfuhtendif^  th$ 
cbtufe  angle  ABC^  u  m^re 
in  power  than  the  fides  AB 
and  SCy  that  comprehend 
the  /aid  ai^le^  fiall  have 
a  given  re/^on  to  the  tri- 

V5      .      B     3J  CoT^r.    Let  the   line 

CB  be  prolonged  dire^y,  and  from  the  point 
A  let  tbe  perpendicular   AD  be  drawn :  I 

fay 
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fdy  that  the  fpace  of  which  the  fqiure  of  the 

line  AC  doth  .tf ciei  ttfl  fi]u^fft  of  the  lines 

a  12*  z.    A6  and  BC,  that  is  to  fay,    a  the  double  of 

the  te&an^e  conuined    under  GB  and  BD^ 

iball  have  a  given  leafon  to  the  triangle  ABC. 

Demtafit.  f©r<ecinft,|tbat  the  ahglc  ABC  is 

ghrepi  the.angle  ABD  is  al{b  given.   Bdt  the 

sli^e  4kDB  Mtalfo  giireiT^  .therefore  the   otb^r 

b  40.  pop.  •■g^*  BMWsv  givcjl :  Wherefore  *  the  triangle 

c\  M     AH> is jgivea by Xind >.. thferefo^ tf the  reaion 

^^   ^'    of  ADto  DB  is  given,    B6t  a^  AD  to  DB,  fo 

d  t,  6«      ^  the  refUngk  of  AD  aod  46  -is  to  the.  teftan* 

ile  of  BC  and  BD«    But  the  reafon  of  AD  to 

.    Sb  is  gilwtft:  Therefore!  alfo  is  the  leafon  of 

^  reAttiglle  of  AD  andlBC  to  the  feftangle 

if  BC  and  BD  ^rven :   iiVheiefore  Hai  reaion 

«£  the  dioufalt  of  the  faad  reAangle  BG  and 

BD  to  |te  liaangle  of  AD  ^tnd  BC  is  alfo 

[Tea*   Vut.  the  laid  redangle  of  AD  and 

C  h^b  alfo  a  .givcii  iteafon  toi  the'  tlldfigMt 

«  ..         ABC  ^ ^t».  double icatfbn: 9  for  the  fe^ngi^ 

e  \x:  t.    it  «  dottUe  lo  the  tritogle)  th^efore  the  rea; 

CiD9  o&the.  double  of  the  teft^iteitf  of  BG  ttA 

SB.frof.  BD/'to  the  triangle  ABO  k  given.    AaC  th<i 

fame  double  of  tne  re^bogle  of  CB  and  BD 

is  th^  fp^ice  -of  whia&    €h«>  Iquarc    of  the 

line  AC   doth  exceed  the  fquares'of  the  lines 

AB.aifd  BC  3  Theidfbre  the  fame  fpace  hath 

m  gifUk^tubm  to  the  ffiangl^-ABCi 


ts 


f 


1    ' 


,..»••  V      •'•  «  »•    '  <        .  ' 


\         •        •     - .« 


!»<! 


Jf^A* 


40 


t » 


E HOP,  ljw; 


k-  ■*?. 


//  a  ttiangle   Att,  iafi 
ine  MUH  mMe  ^CB  giv^Mf 
tiat  jpaccy^ffwhich  the  fidM 
fuhtendifig  the   /aid    aeuf 
t^leU  lefs^i^^ 
th^  fidts  comp  "" 
f^$  acute  a 
a  given  rta/nn 

^onftr.  From  the  pduit 
A  let  diere  be  ^ranj^  tne 
liaeAtk  perpendiculAfrto  AC  f-tfiytteitfpaigit 
of  wfadw  tbe  fq^^axe-  $>f  f)ie  line  )ftS  is  lefiT 
tfcan  the  fquares  of.  the  lines  AC  and  CB,* 
tkat  is  to  fa^r  ^  the.  dottWe;-^  jt^e  •  |ftaft>ngle  a  i  ^  i^« 
of  fiC  spdCdD,  haSrh  a  j^veOieaM  «»  tinr 
tiiaogie  ABC#      ,..  ^ 

J^emonfir*   f  ok.  feeioj^  tkftt  ^  the  au^Ie  G  is 
gjiven,  and  .tke  ^t^U^^DC.  4C»  gsM^  thia^ 
odaetiMit  XLhjp  iff  gittfn  :  t  Whe^leiD«»  t^.       :..i  .: 
tti^nuStF KbC  is'fiiveii  iw  kiai  'y^^iikett^  .^  ^.^ 
f^i^  tk  'leafofl  0£  AD  ID  J3G  i»  fs^ea^.^d^?^'^^^* 
cooit^qvaatlf  alio^  that  .o£  the;i£iao|^  oi.      jr 
BC  ami  CD  t»  the  reaasgk  of:BC  and  AD  :.^^*^' 
Ttietefore  th«i  tea£b»  of  the  io^bkt  of  lahe  reA'< 
angle  ofi  BC  an^  CD- to  the  i«^x^  of  BG 
a|ia  AD  i^gdven.    But  the  fcafon  tff  the  fatt*-       *"  ,    ' 
re£bingLe  of  JCaa()AD  totfaetriangk  ABC     •  ^ 

j^  giveiv  (C<><  d  the  re^ftangie  is  deuUe  .to  tikt: 
ttiangle ;  )  Therefore  e  the  reafon  of  the  dou-  d  4^«** 
ble  of  the.  reftangie  of  BC  and  CD  to  the  e  8*  frof. 
^triangle  ABC  is  given*  And  feeing  that  the 
fame  double  of  the  redangie  of  BC  and  CD 
is  tlglnVT^^f^of  the  fquare  of  the  line  AB  is 
lefs  than  the  fquares  of  the  lines  AC  and  BC, 
th»t  fpace  of  which  the  fquare  of  the  liii« 

AB 


•^  .-B 
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ABiskfs  than  the  fquares  of  the  lines  AC 
andF'"   '    ■'  •  ' • 

angle 


and  BC|ihall  \^vt  a  giveit  reaTonto  the  tri- 
ABC. 


If  a  \ria7igli  JC$^ 

hath  one  angle  B  giv^^ 

the  reSanglemMe  of  the 

'  lines  JB  and  iCy  caur 

tainiw  the  fame  attgle^. 

fihiU  have  agwen  teafon 

totietriar^le.  ■*' 

.  Confir.  fox  from  the 

point  A  kt   AD  be- 

drtiwn  perpeftdlcular  to 

CB.    '      ■  ''  *■• 

. :  tmtmflr.  thcitfow  feeing  that  the  angle  B 

if  given,  and  alfo  the  angle  ADB  ;  the  other' 

.angle  BAD  is  likewJfe  given.    Wherefore  the ' 

a  fOb  frcf .tfiaagle  ADB-a  is  gfvea  by  kind ;   and  confe- 

JwnxVf  tlie  reafon  of  AB  to  AD  is  given, 
iut  asAB  is   to  AD,  >fo  the  rcSanS^  of 
.AC  and  CB  k  to  the  reaangle  of  OR  and 
-.       '    AD  ;  Thctcfore  the  reafon  of  Se  leftangle  of - 
"^      AC  and  Ci  to  the  reftangle  of  CB  and  AD 
is/  giveik    But  the  wsafon  of  the  faid  reftan- 
gle  of  CB  and  AD  to  the  triangle  ACB  i^ 
^AT  Vir/)«  ^^^^  S^ven  5  (fdf  that  it  is  dotible  reafon,  the 
J  i  r^'"*^*"?^*  '^^"8   *>«Me  c  to  the  triangle:) 
•  o-frof.  Theittore  d  the  rcafon  of  the  reftangle  •?  AC 

and  CB  to  the  triingle  ABD  is  given. 


FROF 


EUCODE^j  nJTJ.  4)) 


PROP*    LXVIL 


If   a  triangle    JSC 
bat%  qnt  angle  SAC  ^i^ 


vetif  that  Jface  lytphch 
the  fqU^re  of  th€  line 
tompou^ed  of  the  two 
fides  tJ  andJf^y  that 
contain  the  fame  g7v9n  4i»- 
gk  MdC  dBtly4m§$d  tkt 
fyuMvc  of  the  other  fik^ 
2^  itJbaU  have  a  given  tea* 
feu  to  the  ttiat^fo  JBC. 
Cnnjlr.  For  let  BA  be  piolciiged  in  luch  fort 
ii  dm  AD  tmjbe  ec|u«l  to  AC^  then  ha-' 
wing  drawn  DUE  iafiniteif ,  from  the  point. B 
kt'jBE  bo  drawn  parallel  to  AC^  meeting 
the  faid  D£  ia  the  point  E. 

J)emmtfiK  Folrafmuch  as  AQ  Isnqual  to  AC^ 
i  DB  H  equal  to  B£;  (for  the  two  triangles  a  4.  5,  ^ 
ADC  and  BDE  are  alike)  and  ffom  the  top  B  rZ 54 
aa  drawn  to  the  bafe  D£,  the  right  line  BC : 
Tbcfefim  ^  tfaK  reOangie  of  DC  and  C£,  witb 
th«  iJQuare  of  BC,  is  c^ual  to  the  fquare  of 
BD  s  nut  the  fame  BD  is  compounded  of  BA 
tnd  AC  ;  therefore  the  fquare  or  the  conipound 
9f  AB  and  AC  is  greater  than  the  fquare  of 
BCt  of  ti^  4reaangle  of  DC  and  C£. 

Now  I  %  that  the  reaangie  of  DC  ^nd  CB 
liath  'a  given  rea&n   to   the  triangle  ABC : 
Forafmuch  as  the  angle  BAC  is  given,   the 
angle  DAC  is  alfo  eiven.    But  each  of  the 
angles  ADC  and  ACl)  is  given,  it  being  the 
half  of  the  9njgle  BAC  whidi  is  given.    There' 
fctfo  h  the  tridnglft   ADC  is  given  by  kind  lb  40. pfopk 
and  tburefixe  tb^  reafon  of  DA  to  DC  is       /  ^ 
giveok    Theie£pie  c  the  reafon  of  the  fqvare-i     '  ^„^ 
v(tba($i4  DA  to  die  fquare  of  DC  iff  alfo^^^'^'^ 

S  e  given* 
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ii.6.      given.    And  feeing  that  as  BA  is  to  AD,   d 

fo  is  EC  to  CD,   and 
^^  alfo  as  BA  is  to  AD, 

e  I.  6.  A  e  fo  is  the  r^angle  of 

BA  and    AO   to    the 

fquare  of  AD  s  and  as 

ft^6*  a/        Arr  EC  is  to  CD,  /fo  alfo 

is  the  reftangle  of  EC 
and  CD  to  the  fqtlkre 
.ofCD  J  by  permutation, 
'  as  the  redangle  of  BA 
and  AD  is  to.  the  reft- 
angle ©f  EC  and  CU, 
fo  is  the  fquare  of  AD  to  the  fquare  of  DC. 
But  the   reafon  of  the  faid  fquare  of  AD  td 
the  fquare  of  DC  is  given  :  Therefore  the  tea-* 
fon  of  the  reftangle  of  BA  and  AD  to  the 
reaangle  of.  EG  and  CD  is  alfo  given.    But 
At)  is  equal  to  AC  ••   Therefore  the  reafon  of 
the  reftansle  of  ^A  and  AC  to  the   reftangle 
/    of  EC  and  CD  is  given.    But  the   reafon  of 
,    the  reftangle  of  BA  and  AC  to  the  triangle 
g  (6:prop.  ABC  g  is  given,    becaufe  the  angle  BAC  is 
iiS*po£.  given  ;  Therefore  ^  the  reafon  of  the  reftangle 
EC  and  CD  to  the  triangle  ABC  is  given« 
l&t  the  reftangle  of  EC  and    CD  is   that 
whereof  the  fquare  of  the  line  compounded  of 
BA  and  AC  is  greater  than  the  fquare  of  BC  .* 
Therefore  that  Ipace  to  which  the  fquare  of 
the  line  compounded  of  BA  and  AC  is  greater 
than  the  fquare    of  BC,  ihall  have  a  given 
reafon  to  the  triangle  ABC. 

Scholiuni« 

*  Euclid E  fuppofeth  in  this  place  that  wlen 
in  an  Jfofceies,  tripigh  a-  rigla  line  is  drawn 
from  the  top  to  the  hafe^  tlx  [auare  of  that  Irne^ 
with  the  reaangle  contained  unier.  the  fegnients  of 

th$ 
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ike  lafesj  is  equal  to  the  fquare  of  either  of 
the  other:  IpgSy  which  the  antient  interpreter  doth 
thus  demanfttate. 

Confir.  Let  ABC  be  an  Ifofceles  triangle^ 
Vhofe  legs  are  AB  and  AC ;  and  from  the  top 
A  let  AD  be  drawn  to  the  bafe  BC :  I  fay- 
that  the  fquare  of  AD  with  the  rcftangle  of 
BD  and  DC,  is  equal  to  the  fquare  of  either 
Of  the  legs  AB  or  AC. 
Demonftr.  Now  the  line  AP  is  i)erpdhdicu- 

lar  to  BD,  or  not :  Let 
it  in  the  firft  place  be 
perpendicular  :  Therefore 
it  will  cut  the  bafe  BC 
into  two  equal  parts  ia 
the  point  D  ;  and  there- 
fore the  reftangle  con- 
tained under  BDandDC 
is  eq[ual  to  the  fquarc  of 
the  laid  BD,  and  adding 
to  them  the  common 
fquare  of  AD,  the  reft- 
angle  bf  BD  and  DC  with  the  fquare  of  AD, 
ihaU  be  equal  to  the  fquares  of  DB  and  AD;  ^ 
But  to  thofe  fquares  ot  AD  and  DB  i  the  i  47.  r- 
fquare  of  AB  is  equal :  Therefore  the  fquare 
dt  AB  is  equal  to  the  redangle  of  BD  and 
DC,  and  the   fquare  of  AD  together. 

Now  fuppofe  AD  not  to   be  perpendicular, 
but  tl»t'  from   the  point  A  there  aoth  fall  on 
BC  the* perpendicular  AE,    that  being  fo,  BC   * 
ihall  be   cut  into   two   parts    equally  in  ther 
point  E,  and  uneciually  in  D.    Wherefore  the 
reftangle  of  BD  and  DC,    with  the  fquare  of 
DE,   fe  is   equal  to    the   fqtiare  of  BE  j    and  k  j.  2.' 
adding  the  commoif  fquare  of  AE,  the  rcdarl- 
g!e  6f  BD  and  DC,    with  the  fquares  of  DE 
^nd  AE;    ftall  be   rqyal  to  the  fqtiares  .of  BE 
and  AE,    But  /  the  fquare.  of  AD  is  equal  tO  t  47.  u 
thfi  two  fquares   of  DEand  AE:    Therefore 
*   .  E  e  i  the 


4i6 
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the  ntftai^le  of  BO  and  DC,  with  tbefquaip 
of  AD  u  equal  to  the  fquares  csf  BE  and 
A£.  But  to  thefe  fquares  of  B£  and  A£  the 
f(H»are  of  AB  is.  ftquai :  Therefoie  the  iquare 
ct  AD,  with  the  rcftangte  of  BD  ^  JDC, 
19  equal  to  the  fquare  of  AB. 


OTHERWISE. 


Of^/^t* 


D  !•  6« 


4Ftwn  perpendicular  to  CD»   and  kt  A£  be 
dfawiu 

Demai^r.  Forafmuch  as  the  angle  BAC  is 
given,  the  half  thereof  ACF  fliall  be  alfo 
given.  But  the  angle  AFC  is  given:  and 
therefore  the  triangle  AFC  is  given  by  Xind : 
Therefore  the  lealon  of  AF  tp  FC  is  given. 
But  the  reafon  of  CD  to  the  fame  FC  is 
alfo  giveiL  feeing  that  CD  is  double  to  FC : 
m  6.  prop.  Therefore  m  the  teafon  of  CD  to  AF  is  gtyen  i 
and  therefore  alio  the  uafon  of  the  redangle 
of  CD  and  EQ,  to  the  reftangle  ^f  AF  ivtKi 
EC,  is  given  5  (for  it  is  the  fa^  teafow  n  u 

w^  "  But  the  rfafoa  or 

^  the  te<%angle  of  AF 

ajad  FC  to  the  trs*. 

angle  A(i^  is  gi- 

ym\    feeing  it  isi 

i  K  >> '  double   a  to    tbir 

•ArS^    /  V  fame       .  triangle., 

Therefore  the  rea- 
fon of  the  redao^ 
gleofCDandCB 
BK  ^      t^    ^     triaiigift 

li      ACE  is  atfo  given. 

But  the  triangle  ACE  is  equal  to  the  triangle 

p  37.  !•    ABC  p,  they  being  both  conftituted  on  oaa 

and  the  lame  bafe  AC,  and  between  the  fam 

parallels 


o  4r.  t. 
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pandlek  AC  tnd  BE :  Therfefoie  ;  the  rcafonq  8.;rif» 
of  the  reAaogle  of  CE  andL  CD  to  the  trien- 
Ale  ABC  is  |;iveii.  But  the  faid  reftangle  of 
CE  aad  CD  is  the  fpace  by  which  the  Iquare 
<»f  the  line  compounded  of  AB  and  AC,  is 
ffieater  than  the  Immre  of  BC :  Theitfore  that 
^sce  by  whidi  tife  fquare  of  the  line  cooi- 
vouaded  of  AB  and  AC  is  greater  than  the 
Iquare  of  fiC^  l»th  a  giren  reafon  to  the  tii- 
aagk  ABa 

OTHERWISE. 

Tor  the  given 
angle  A  is  ei- 
ther a  right,  a*- 
oute,  or  obtuffe 
angle:  Let  it 
inthefirftplace 
be  fuppoted  i 
right  angle  : 
Therefore  the 
fquare  of  the 
line  eoBKouad- 
ed  of  BAC,  it 
pvkxtr  than  the  fquare  of  BC,  by  twice  the 
fsftangle  of  BA  and  AC  \  (feeing  that  r  the  r  47.  r. 
f<iuafe  of  K}  is  equal  to  the  Tquares  of  BA 
ind  AC  ;  and  the  fquare  of  tile  line  coM- 
Mnadcd  of  BAC  t  i^  zqixA  to  thofe  two  s  $•  t. 
I^ates  of  BA  and  AC,  and  twice  the  reAari-^ 
g!e  of  the  faid  BA  and  AC:  )  Whevetore^thii 
futfon  of  dotthic  the  raOan^  of  BA  and  AC 
ifa  the  triatigle  ABC  is  givent. 

Qot^x.  Now  let  the  angle  C  be  fuppofed 
acute,  and  fram  the  paint  A  let  there  be 
drawn  pn  CB  ehe  perf»endteaiai  AD. 

^mwfir.  Fbm&tiudi  as  die  titta^gk  CAS  k 
an  Oxigonium  triangle,  and  the  perpendicular 
Aid  being  drawn,  the  fquare  of  CA  and  CB 

E  e  5  are 
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t  ij,  ^  are  equal  t  to  the  fquare  of  AB  with  twice 
the  reftangle  of  CB'  and  CD,  adding 
therefore  the  common  dpuble  reftaiigle  of  GA 

and  CB,  the  fiquares 
of  CA  and  CB,  witk 
the  double  reftangle 
6i  the  faid  CA   and 

^  ^      I    \  jjjg  alone    fquare  pf 

the  line  com^oXin^ed 
of  ACB,  are  equal  to 
the  fquare   of    AB, 
--j^^     with   the   double  of 
•*'     the  reftaugle  of  CD 
and  CB,   and  over  and  above  the  double   of 
the  rectangle  of  AC  and  CB,  that  is  to  fayi 
f he  dbubie  of  the    reftangle   contained  under 
the   compound    line  of  ACB    and  CB  (for 
s  r.  2.       the  reftangle  of  ACD  and  CB  is  x  eqi|al  to 
the  reftangles  of  AC  and  CB,  and  of  CD  and 
CB  ;)   Therefpre  the  fquare  of  the  line  copa- 
pbunded  of  ACB  is  greater  than  the  fquare  of 
AC,  by  double  the  reftangle  oi  ACD   an^ 
,    CB,    And  feeing  tTiat   the  angle  ACB  is  gi- 
ven, and  the  angle^BDA  alfo  given,  the  other 
y  40/»ro/.*^gie  CAD   is  jgiven  :  Therefore  y  the  trian* 
T  f      gle  CAD  is  given  by  kind,  and  therefore  the 
teafoh  of  CD  to  CA  is  given,  and  by  confe-? 
quenge  the  reafon    of  the    line  compounded 
2  6.pQf,  of  ACD  to  CA  z  is  alfo  given.    Whercfor© 
the    reafpn  of  the   reftangle   of  thqfe  lines 
a  I.  6.      Qompovnded  of  ACD  and  CB  4  to  the  reft- 
angle of  AG  and.  CB  i^  alfo  given.     But  the 
reafon  of  the   faid  reftangle '  of  AC  and  Cfi 
\i,66.froj,x6  thp  triangle  CAB  J  is   given,,  feeing  the 
angle  C  is  'given ;   therefore  the   reafon .  oi 
double  the  reftangle. of  the  Ijne  compounded 
gf  ACDai^d  CB  to  the  triangle  CAB  is  given. 
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Laftly,  Let  the  iu^ 
gle  BAG  be  iuppofed 
to  be  obtufe,  and  ha- 
ving .prolonged  BA 
from  the  point  C^  let 
the  perpendicular  CE 
be  drawn  on  the  faid 
line  B  \  prolonged  5  .  -  ; 
and  let.  AF  be  pro- 
pofed  to    be    equal  to    AE.     .  ' 

Demotijtr^  Foraunuch  as  the  angle  BAG  is 
obtufe,  and  the  perpendicular  GE  being  drawn, 
the  Tquares  of  AB  and  AG,  and  the  double 
of  tlie  reftangle  under  BA  and.AE,  or  AF,. 
are  ail  alike  equal  ^  to^  the  Iqu;(re  of  BG,  ^ndci2.2, 
adding  the  commoa  double  redangle  of  BA 
and  AG,  the.fquares  of  the  rai4  AB  and  AC, 
witii  the  double  of  the  redangle  of  the  fame 
AB  and  AG,  that  is  to  fay,  d  the  fquare  of  d  4.  2« 
the  line  compounded  of  BAG,  and  the  doublq 
of  the   reftangle    of  BA  and  AF.are  toge*, 
ther  equal  to  the  fquare    of  BG,    with  the 
double  of  the  reftangle  of  BA  and  AC.    Let 
the  common  double  of  the  rectangle  of  BA- 
and  AF  be  taken  away,   and  there  will  remaiq; 
the  fquare  qf  the  line  compounded  of  BAG, 
ejqual  to  the  fquare  of  BG,   with  th?  redan- 
gle  of  AB  and  CF ;  (for  the  reiSangle   of  AB 
and  AC  is  equal  e  to  the   two  rectangles  of  e  i.  2, 
AB  and  AE,  ^nd  of  AB  and  CF  : )  Therefore- 
the  fquare  of  the  line  compounded  of  3AG 
is  greater    than  the    fquare  of  BQ    by   the 
double  of  the  redangle  of  AB  and  CF.    And 
fprafmuch  as  the  angle*  BAG  is  given,    the 
SMigle  CAE  /is  given.    But  the  angle  AEG  isf  i  j,  u^ 
alio  given ;  therefore  the  other  angle  ACE  is 

fiven :  Wherefore  ^  the  triangle  ACE  is  given  g4o./ro/ • 
y  kind,  and  therefore^  tHp  reafon  of  CA  to 
AE,  that  is  to' fay,,  to  A^Fisgfivcn.    There- 
foie  jithe  reafon  of  the  faid  CA.to  FG   ^r^J^S^P^f* 
i-  ,;;.     .  ,     E  0.^4      ^^.-^       .vallb- 


9' 
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M>  ftlvtti.  But  the  re^fon  of  the  fame  CA 
I  Zfpof,  to  C£  Is  pytik  %  thsrefore  a  the  reafon  of  CE 
ti9  CF  is  alio  given.  Wherefore  the  reafon  of 
llhe  redangle  of  EC  and  AB  to  the  redan* 
gle  of  FC  and  AB  is  given ;  (for  the  redan.^ 
k  z.  6.  gle  is  to  the  redl^ngfee  k  a?.  C£  is  to*  CF)  and 
alfo  that  of  the  reftangle  of  AC  and  AB^ 
)  8.  frof.  to  the  reAangle  of  EC  ahd  AB.  Therefore  / 
the  reafon  of  the  reftangle  of  FC  and  AB  to 
the  redangle  of  AC  and  AB  is  givj^.  9uc 
the  i^afoA  i>f  the  redaji||le  of  AC  and  AB 
m66>(rof.^  the'  triangle  ABC  w  is  given  :  Therefore 
alfo  the  yeaion  of  the  dbubie  of  tiie  tcdangie 
of  FC  and  AB,  to  the  ^iangie  AfiC  is  gi- 
ven. But  the  faane  double  ot  the  vedangle  of 
FC  and  AB  »  that,  whereof  the  fiquete  isf  th» 
line  compounded  of  BAC  n  greater  than  tfas 
f^uare  of  BC,  vheredf  that  fpMi  bf  which  the 
fi^are  pf  the  line  compoitwied  of  BAC  is 
greater  than  the  £qilate  of  BC^  hath  a  givcft 
l^afon  to  the  triangle  ABC* 

OTHERWISE* 
Confif,  Let  the  iine  B>'.  be  ptoionged  to  thn 
poinf  D,  iu  fuch  f!on  i  >  AD  any  be  ojual  «o 
AC,  and  let  CO  be  drawn. 

Btmonp.  Forafmuch  as  the  angk  BAC  ia 
given,  e«\ch  of  the  angles  APC  and  ACfi^ 
which  is  the  half  thereof  fhaU  be  aiCo  giiren  ; 
and  therefore  the  other  angle  DAC  is  aUiKi 
fl40./ro/.givcn:  Therefore*  the  triangle  ACD  is  gi- 
ven by  kiud.  Vhtevsfove  ttw  reaCon  of  AC 
Xo^  C\}  is  given.    And  fondiqiich  as  <iic  «n* 

S^  ADC 
is  giv«n^( 
Xxt  each 
oftfaean^ 
glesDEC 
and  APC 
be  made 
tt^tlalvci 


4t 
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the  Cud  ADC  :  Therefore  Teeing  that  the  an- 
gle BDC  is  equal  to  the  angle  DEC,  and  the 
angle  DBE  is  common  to  the  triangles  DBE 
and  DBC,  the  oth^  angie  BDE  is  equal  to 
the  other  angle  BCD  ;   and  therefore  the  tri- 
angle  BDE  is  eouiangled  to  die  triangle  BDC. 
Therefore  o  as  £B  is  to  BD,  fo  h  BD  to  CB  :  o  4.  tf 
Wherefore  the  reftangle  of  EB  and  CB,  that 
is  to  fay,  p  the  rectangle^  of  EC  and  CB,    y  p  y.  1. 
with  the  fquare  of  CB  is  equal,  r  to  the  fquareq  5,  z. 
o9-fiD,  thuis  m  fay,  to  the  fquara  of  the  r  17. 6. 
line  compounded  cf  BAG  i  for  AD  is  equal 
tt>  AC  4  and  therefofe  the  reOangle  nf  EC 
and  CB,   with  the  fquare  of  CB^  that  it  to 
fay,  the  f^uave   of  the  line  opmpoitnded  tf 
BAG  is  greacei  than. the  f(|iiare^f  the  it^ 
angie  of  JSC   and  C£  :  I  fay  therefore  that 
tfae  realbn  of  the  faid  reOangk  of  3C  and 
C£  to.  the  triangk  ABC   in   giv^o.    FomC^ 
nnich  as  the  nngle  BD£  iitqfual  an  tba  nft« 
gle  BCD,  and  tie  angle  ADC  nqind  to  the 
aigle  ACD^  tfae  other  avie  CPE  as  ema 
to  tfae  other  angle  ACB :  Wt  the  nngle  0£C 
is  alfo  equal  to  the  angle  AFC  ;   cherefom 
the   remaining  angle    CAF  is  equal  to  the 
remaining  angle  DC&    Wherefore  the  trian- 
gle AFC  is  equiangled  to  the  triangle  DCE; 
and  therefore  x  as  CA  in  to  AF|  fo  is  CD  .  .  x . 
tn  C£  ;  and  by  pcfnwttaifon^    aa  A€  is  to    ^ 
CD,  fo  is  AF  to  C£.   Bnt  the  reaion  of  A<; 
to  CD  is  given  :  Theaefore  a2A>  the  tenfon. 
of  AF  to  C£  is  ^vtn.    ^ota  tfaejpnint  A 
let  AH  be  dmwii  perpendkniair  tn  fiC  :   Fof* 
pfsHudi  ts  thn  angle  AFC  is  given*  and  die 
angle  AUF  alio  given,  tfae  thini  nngle  HAF 
it  |tv«n ;  WtmeilMe  t  the  tfiangle  ABT  isMO'l^"!^ 
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fivenby 
ind  ; 
and  by 
confe-  ; 
quence  - 
the  rea* 
fon  of 
AF  to 
AH    is 

•  given. 

But  the  reafon  of  AF  to  CE  is  alfo  giveifr: 
M%.frop.  Therefpre  u  the  reafon  of  AH  to  CE.  is  gi- 
ven ;  and  therefore  the  reafon  of  the  reSangle 
of  AH  and  BC  x  to  the  reftangle  of  BC  and' 
C£  is  aUo  given.  But  the  reafon  of  the  reft- 
angle of  AH  and  BC  to  the  triangle  ABC  is 
likewife  given  ;  (for  the  reftangle^  is  double 
to  the  triangle)  and  the  re^langle  of  BC  and 
C£  is  that  whereof  the  fquare  of  the  line 
compounded  of  B AC  is  greater  than  the  fquare 
of  BC.  Th^trefore  that  fpace  of  which  thq. 
fquare  of  tl^e  line  compounded  of  BAC  is 
greater  than  the  fquare  of  BC  by  a  given  rea- 
xtm  to  the  triangle  ADC. 

Scliolium. 

^  The  antiint  Interfreter  peteniing  to  fiev 
the  confifuBion  of  the  angle  DEB  equal  to  the 
angle  ADCy  fditl  that  on  the  line  SD  and  in 
the  point  D,  the  angle  BDE  ought  to  he  made: 
equal  to  the  4tngle  BCD^  and  that  the  right  lines. 
BC  and  DE  he  drawn  until  th^  interfea  in  E^ 
in  fuch  fort-as  he  fuffofeth  toe  angle  BCD,  ta. 
iegiven^  hut  it  is  not. 

'  The  fame  Interfreter  afterward  Jhews  hoxp  there 
may  univerfaUy  from  a  given  fointy  he  drawn  a 
right  line  given  iy  fofition  to  a  right  line^  making 
an  angle  equal  to  a  given  angle.  But  we  will 
alfo  rejeS  this  way^  feeing  we   have  elfewhere 

Jhewn 
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pevn  emoil^  more  iriefandeafy.  For  examfif^ 
'^  we  would  from  tU  faint  D  drawU  tke  line  K! 
given  by  fojition  a  right  line^  ^akit^  an  tfi^fc 
^jual  to  a  given  ai^le  JDC^  as  m  herei  rejuiref^ 
weha^e  no  more  tO'dpJ^ut  p  aJjTume  the  foint  JC 
in  tfje  faid  line  BC^  aid  there  make  tie  trianA 
CKL  equal  to  the  given  an^le  ADQ  :  If  the  Sm 
JCL  doth  meet  with  tl)e  point  D,  it  JBall  he  tic 
line 'required.  But  if  it  meet  not  r^ith  it^  from 
the  point  D  let  there  he  drawn  the  line  DE^  pa- 
rattel  to  tie  faid  KL',*  cutting  BC  froloffged  j« 
J?,  and  the  angle  hECJbaU  he  equal  to  the  given 
angle  JDC^  for  on  th  two  paraVel  lines  LK  and 
D£,  there  doth  fall  the  line  BE  5  and  therefore 
ihean^le  3EC  z  is  equal  to  the  angle  LKC,  which  zzf.  u 
hath  been  made  equal  to  the  given  angle  JDiC  j 
and  by  confequence  the  fame  angle  DJEC  is  alfo 
equahto  Abe* 

PROP.    LXVIII. 

If  two  pardttelograms;^JB  niid  CD 9. have  to  one 
another  a  given  reafofij  and  that  a  fide  hath  alfo 
a  given  reafon  to  a  fide,  thp  other  fide  Jb all  have 
tikewife  a  given  reafon  to  the^ther  fide.^ 

Comftr,  Let  the  reafon  pf  BE  to  FD  be  gi- 
ven :  I  fey  the  reafon  pfAE  to.  FC  is  alfo  gi- 
ven. For  to  the  right  line  EB  let -there  be 
applied  the  parallelogram  FH,  equal  to  the 
parallelogram  CD,  and  conftituted  in  fuch 
fort  as  At  and  EG  may  make  one  right  line  : 
t  Therefore  KB  and  BH  will  alfp  make  one 
tight  Unc, 


Demonfir. 


v/ 


^  tT 
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kkMtoMlA 


,_,   Foia&iuchitt 
|xV   the  reafon  of 

ABtoCDfe 


mami 


'     w    III  a  t     a 


4Sl 


»««i«l«Mf)- 


I^ 


given ,    aad 
that  £H  is  e- 


qual  to  the 
raidCD;tl» 
{{  feafon  of  AB 
to  £H  isgi* 
ven  ;      and 


therefore  the  reafon  of  A£  to  £Q  is  alfo  gi^ 
iren.  Seeing  therefore  that  £H  is  equal  and 
eqniangled  to  CD,  as  ^  £B  is  to  FD,  fo  is 
FC  to  £a  But  the  reafon  of  £B«to  FD  u 
ghren  :  therefore  alfo  the  reafon  of  FC  t^ 
EG  is  given.  But  tlie  lealbn  of  A£  to  the 
fame  £(J  is  alfo  given :  Therefore  the  wXqm 
of  AE  to  FC  is  given. 

Sctioluin»» 

t  EUCLIDE  Ifavim  fqptei  JM  4nd  £0  di- 
nSlj  in  one  right  Rtu^  prc/tMy  conduitth  tlua 
KB  Mnd^tHJbaU  alfo  mati  a  rijgrU  Unt  ^  ttU 
wtfiai  itmonftrate  U  tiff*  Stetvg  ibtlims  JE 
and  EG  ate  pjlted  iire9fy,  the  angles  JEB  and 
C  !;•  T»  BEG  c  ar£^  e^al  to  two  r}gbi  (i9^i  \  at^fegit^ 
that  JB  it  a  fataUel^am^  tie  hnu  AX,  and  & 
are  ftnaUeU,  on  whicJj  toe  line  JS  dot$  faU^ 
and  ifmefare  the  two  internal  at^s  J  and  BEa 
d  ttfg  aljb  eptal  to  two  right  a^giei^  and  ukiifg 
away  tie  common  at^le  SEJ^  ihert  wH  rspiain 
the  angie  Jf,  ejual  to  tie  angle  BSG^  and  €vn^ 
fijnentfy  theh  ofpofite  angles  EBK  and  H  ana 
aifo  ejual  to  one  another  :  Jgain^  teeing  that  BQ 
is  a  parallelogram^  the  two  tines  BJE  am  HG  ar^ 
payailel'sy  on  which  BH  doth  fall  ;  and  therefore  the 
tw9  imtmal  angles  H  and  EBH  d  are  equal  to 
two  right  angles.  But  it  bath  been  demonftrated 
'        ■         -  thaj 


4  *9-  !• 
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that  Hit  tjualto  EBK:   Thtnfon  tbt  two  an- 
gles EBK  and  Bl^H  ate  tlfo  t^ai  to  two  rigl^ 
apgleti   and  thermre  e  toe  two  Ihui  KB   tade  14.1. 
ia  d»  meet  direSlj  aetording  10  BVCUDS- 

OTHERWISE. 

Ont/U  L<t  the  given  right  line  K  be  ezpo- 
fcd,  atx)  feeing  that  the  realoii  of  A  to  B  is  (i-; 
vcn,  kt  the  lame  ba  andc  of  K  to  1. ;  thorc- 
fbre  the  fcafon  of  K  to  L  is  alTo  given. 

DeKO^.  But  K  is  given  ;   therefore/  L  isf  z.fnf. 
alfo  given.    Agiin,  feeing  that  the  feafon  of 
CD  to  £F  is  given,  !et  the  fame  be  made  of 
K  to  M :   Tbeiefore  the  rcafon  of  K  to  M  is 
l^ven.    ButKii  giveo,  therefore^  M  is  alfogi.fw^ 

given  i  and 
-•  iberafbie     the 

T—..M  reifon  of  L  ta 

M    is     given. 
Nowfee^tfaat 
A  AisNiiiaiigleil 

■^^  to  B,  Jthe  ie»-h  jj.  & 

fan  of  the  Cud 
AteB  iscom- 
[•■^TCi  pounded  of  that 

V      *  ofth<lides,ihar 

blofay.ofCD 
toEF,  andofCattrEH.  But  alfo  the  lealbii 
of  K  to  L  is  canipounded  of  E  to  M,  and  o£ 
.IC  to  L  ;  therefore  the  leafon  compoUDded  of 
CD  to  EF,  and  of  CG  to  EH,  Is  the  fame 
With  thftt  which  is  cosipounded  Qf  K  to  SI, 
aad  of  M  to  L  (the  leafon  of  K  to  L  belnfl' 
the  faoH  as  of  A  to  B : }  But  the  leafon  1^ 
CD  to  EF  is  the  fame  as  of  K  to  M  :  Thcie- 
foie  the  other  reafon  of  CG  to  EH  is  alfo  the 
fame  as  of  K  to  L.  But  the  faid  leafon  of 
M  to  L  i>  given :  Theiefoie  alfi)  the  lealba 
of  Ca  tg  m  is  given. 

PROP, 
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ci 


AK  K- 


*  CBandEIft 
having  the 
aj^kiDdnd 
F given,  ani 
that  a  fide 
hath  Alfo  a 
given  reafon 
to  a  fide  I  in  like  manner  theoibeA  fideJbaU  have 
a  given  reafon  to  the  other  fide. 

Omfir.  Let  the  reafon  of  BD  to  FH  be  alfo 
given :  I  fay  that  the  reafon  of  AB  tp  £F  is 
given.  For  if  CB  be  equiangled  to  H£>  it  is 
manifefi:  by  the  precedent  Propoiition ;  but  if 
it  be  not  eqiuangled  thereto,  let  the  rig^t 
line  DB  be  conftituted.  and  in  the  given  point 
B  therein,  let  the  angle  DBK  be  made  equa} 
to  the  angle  £FH,  aiid  finiih  the  parallelo- 
gram DK* 

Demonftr*  Forafmuch  as   each  of  th^  angled 

BKL  and  BAK  is  given,  f  ^he  oth^r  angle 

a  40k frof.  XbA  is  given ;  Wherefore  the  triangle  a  ABK 

is  eiven  by  kind  ;  and  therefore  the  reafon  of 

AS  to  BK  is  given.    But  the  reafon  of  CB  to 

b}$.^M)p«£H  is  fuppofed  to  be  given,  and}  CB  is. equal 

to  DK  I   therefore  the  reafon  of  DK  to  £H 

is  given ,  and  feeing  that  DK  is  equiangled  to 

EH,  and  the  reafon  of  the  faid  DK  to  EH  is 

c  6S.frof.  given,  as  alfo  that  of  DB  to  FH,  c  the  reafon 

of  BK  to  FE  is  given.    But  the  reafon  of  the 

d  ap.  1.     faid  BK  to  BA  is  alfo  given :  Therefore  d  the 

reafon  of  AB  to  F£  is  given« 


Scholiuiiij 


«         * 
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Scholium* 

t  EUCLIDE  fuppofeth  there  that  a  faraVthh- 
gram  having  one  angle  given^  dU  the  other  an* 
gles  are  alfo  given;  and  as  weU  the  antient  Inter^ 
peters  as  others^  do  give  the  reajons  why^  the  an- 
gle  F  being  giveUf  the  other  angle  EfialL  he  alfo 
given^  it  being  the  remainder  of  two  right  angles^ 
for  that'  on  the  faraUel  lines  EG  and  FH  therp 
doth  fall  the  line  EFy  which  makes  e  the  two  in- 
ternal  angles  (of  the  lame  fart)  F  and  G,  efualti9'^* 
to  two  right  angles,  nut  to  thofe  angles  f  the  o/-f  }4«  x* 
fofite  angles  G  and  It  are  equaly  and  therefore  th^ 
are  alfo  given. 

From  whence  it  foBows  that  the  angles  BDC  and 
F  being  given  by  fuffofition^  all  the  other  anglet 
of  the  two  parallelograms  CB  and  EH,  are  alfo 
given :  Therefore  the  angle  DBK  having  been  made 
equal  to  the  angle  F,  the  angle  K  Jball  be  equai 
to  the  angle  Ey  and  given  as  that  is :  But  the 
angle  BJL  which  is  ofpcfite  to  the  given  ^ngk 
BuCj  is  alfo  given '^  and  therefore  BaK  which  ie 
the  remainder  of  two  right  angles^  fball  be  alfo  gi^ 
ven  I  infueh  fbrt  as  in  the  triangle  ABK^  the  two 
angles  BJK  and  BRA  are  given,  as  EUCLIDE 
iotb  declare  in  this  flace. 

PROP.    LXX. 

If  of  two  fdraUelograms  JB  and  EH ,  the  fides 
about  the  equal  angles,  or  apout  the  unequal  an^ 
gles  {yet  neverthelefs  given  angles  have'  to  one 
another  a  given  reafon^  to  wit  {AC  to  EFy  and 
€B  to  FH)  alfo  the  fame  farallelograms  -  JB  and 
EH  fball  have  to  one  another  a  given  reafon. 

/Conftr.  For  let  AB  be  prolonged  to£H,  and 
on  the  right  Hue  CB  let  the  parallelogram  CM 
be  applied  tqual  to  the  paiallelogran  £H«  in 

luch 


44l 


pof. 


bi4.& 
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fuch  fort  as  AC  may  be  dire£l   to  CN  ;   that 
is  to  fay,  that  AG»  and  CN  4nake  one  right 
a  rch  68*^^°^  >  ^"^  ^J  confequence  DB  ihall  be  a  direft- 
^    '      ly  with  Bit    . 

Dem^i/tr.  Forafmuch  then  as  CM  is  .equi* 
angW  KM.  equal  to  £H»  the  fides  .about  the 
equal  angles  ftall ,  be  feaipiocally  i  proportion 
nai:  Wtei^oce.as  BC  ia  to  HF,  fo  is  F£  to 

NC.  But 

HFisgi* 
vca  : 
Tberefora 
the  reafon 
ofFE  to 
KCUal^ 
fo  given, 

But  tha  reafba  of  AC  to  tba  lama  £Fis  gi^^ 
c  i.pop.  Ten :  Tbeiefi»re  c  thrreaCoa  of  AC  to  NC  ia 
atfo  giveq. . . Whetafore  the  raafop  of  AB  to 
i  u6.  CM  IS  given ;  (for  ft  is  the  faaoe  4  as  of  AC 
to  CN  J  Euc  CM  is  equal  to  £H  :  Therefore 
the  icafon  of  AB  to  £H  is  civen. 

Confir.  Now  fuppeCis  Atf  Qot  to  be  equiaii'* 
gled  to  £H»  and  on  the  right  Una  CB,  audi 
in  the  given  point  C  tharajin  2  Let  thaie  ha 
co.nftituted  the  angle  BCK,  equal  to  the  gi- 
ven angle  F,  and  lb  finiib  the  parallelogram 

Dmonjlr.  Foiafauich  as  the  angle  ACB  h 
given,  and  the  aocie  BCK  atfb  givea,  the  n^ 
mainiog  aiU'le  ACK  is  given  :^  Tharefiorf  tlia- 
fc  ^o.prop4  triangle  ACK  s  is  given  by  kind ;  and  tb«e^ 
flsre  the  realba  oJF  AC  to  CK  is  givea :  But  the 
reafoo  of  AC  to  £F  is  alfo  given :  Thereftiit 
the  reafon  of  CK  to  £F  is  given.  But  th^ 
^  lealbn  of  BC  tp  HF  is  itfo  given,  and 
the  angle  £CK  is  equal  to  the  angle  F  ;  tiiei»« 

fore 
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fore  (by  the  firft  part  of  this  PropoCtion)  the 
reiTon  of  CL  to  %A  is  given.  9ut  to  the  faid 
CL,  AB  is  equal :  Therefore  the  reafon  of 
AB  to  £H  is  given. 

PROP.  Lxxr. 

j^r  of  two 

tnanmsABC 
mi  DBF,  she 
fides  ahottS  she 
equal  aitgW^ 
J  Mnt  Di   cf  « 

dfe  ahms  $ig 
unepMai^u 
(yet  newerib^ 
)efs  given  stales)  have  to  om  dnotler  a  given  fea^ 
fon  (to  wit  A&'  te  DE  and  JG  ^  DF)  the  fmm 
triangles  Jhat  have  alfo  to  one  another  a  ghen 
riafon  MC  to  DEP. 

Con^r^  Let  the  piraUelognun  AQ  «ni  DA 
be  finiihe^  . 

bemonjlr.  Seeing  that  the  tw6  pitalklogniaii 
AG  and  DHf  hate  the  bits  aSbUt  the  e^ual 
angles  A  ani  D,  or  elfe  about  the  unfcqkijl 
angles  (ney^the/efs  given)  kave  a  given  reoh 
(on  to  one  aaothety  the  te^Scaa  ofthe  piiA2L'jo.frof* 
klpgram  AO  to  the  paaallelMraixl  DH  Is  gi- 
ven. But  ^the  triangle  ABG  is  the  l^f  of 
t^  paraUelogfam  AG  h  and  the  triangle  DEF  b  l^frof. 
the  hai^  of,  tl»e  paraitelogriM  DH. .  Thertf<ire 
the  reaCofn  x£  tne  triangle  ABC  to  tfa»  trian- 
gle DEF  is  .given.   ♦ 


Ff  pjia^ 
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n  r 


f  If  of  tw9  triavgks  ABC  and  DEP^  tie  tafes 
gBC  am  EP%  art  in  a  given  reafon^  EC  to  JEF^ 
and  that  from  the  angles  J  and  Z>,  there  he 
drawn  to  thofe  hafes  the  rtght  lines  AG  and  DW, 
making  the  equal  avgles  AQC  and  IXHF^  or  elfe 
unequal  {yet  neveru^elefs  given)  which  fiaU  have 
to  ^me  anothef  giten  reafoHs  AG  to  DH^  thofe 
triangles  ABC  and  DEPjbaU  have  alfo  a  given 
nafou  to  one  another^  to  wit^  ABC  to  DEF\ 

Conjlr.  For  let  the  parallelograflfi  KC  and 
LF  be  gnifhed; 

•  Demonjtr.  FoTafmuch  as  the  angles  AQC  and 
DHFareequai,   or  unequal   (yet  given)   and 

a  29.  !•  that  the  angle  AGC  a  is  equal  to  the  angle 
K£C.  But  the  angle  DHF  equal  to  the  an- 
gte  LEF,  the  sngtes  at  the  points  B  and  E 
are  equal,  or  elft  unequal  (yet  given)  and  for 
that  the  teafon  ^f  AG  to  DH  is  gmn,  and 
AG  is  equal  to  KB.  But  DH  is  equal  to  LE, 
alCo  the  Keabii  of  KB  to  L£  is  given.  But 
the  reafon  of  BC  to  ^F  is  alfo  given,  and 
the  angles  at  the  points  B  and  £  are  equal,  or 

fe70.|r«jp. elfe  unequal  (yet  given  :)  Therefore  i  the  rea- 
fon of  the  paralldogram  KC  to  the  paiallelo* 
gram  LF  is  given ;  and  therefore  the  reafon  of 
the  triangle  ABC  to  the  triangle  DEF  is  gi-  . 

<  41.  u  ven,  feeing  thofe  triangles  c  are  the  one  half 
af  th^  pacailelograois. 

PROP. 


*  ' 

PROP.   LXniL 


4si 


tfof 

two  fH^ 
S  raUelo' 
prarnsJ* 
c  and 
EQ^th§ 
fiiet  a» 
ioiit  th€ 
iaualan* 

gktCand  F,  or  elfe  about  the  unequal  angles  (Jmt 
neveTthelefsgiven)are  in  fitch  fort  to  one  another ^iMi 
Hf  the  fide  CB  of  thefirfi^  is  to  the  Sde  FQ  ef  thtt 
fecond  y  fo  the  other  fide  EF  of  the  feconi^  is  to 
fo9ne  other  right  line  CN.  But  that  the  other  fid4 
AC  hath  alfo  to  the  fame  right  line  CN  a  given 
reafon^  thoje  farallelograms  will  have  alfo  to  one 
another  a  giveH  redfon  JJf  to  EO. 

Cohftn  For  in  tne  firft  place,  let  the  pittal- 
leiogram  AB  be  equiangled  to  £Q«  and  ha- 
Ting  placed  CN  directly  to  AG  :  Let  the  pa- 
rallelogram CM  befinifhedj 

Demonfir.  Forafmuch  then  as  CB  or  tfi/L  it* 
^al,  is  to  FQ,  fo  is  £F  to  CN,  and  that 
the  angles  N  and  F  are  equal  (for  N  is  ^qual 
to  the  angle  ACB,  which  is  put  equal  to  F) 
the  parallelograms  CM  an<F£G  a  are  equal ;  i  141 6; 
But  as  AC  to  CN,  fo  h  the  parallelogram  AB  b  i.  61 
is  to  the  parallelogram  CM  or  £Q  : .Therefore 
feeing  that  the  reafon  of  AC  to  CN  is  given ^ 
thereafon  of  AB  to  £Q  is  alio  given. 

ConJhr.Zi  Now  fupnofe  the  paraUelognuA 
AB  not  to  be  equiangied  to  the  parallelogram 
£Q,  and  let  there  be  conftituted  atfthe  given 
poidt  C  in  th^  line  QB,  the  anele  BCK^  ecual 
to  the  angte  £FO^  and  fo  fioiih  the  paraUelO'^ 
gramCLi 

/.       .      F  f  1  ;  .   tUffii^lifin 


Demovjlr.  i.  Seeing  that  each  of  the   angles 

ACB  and  KCX^lfSdtn;  tba'd^eiiaining  angle 

c/Jj.69,  ACK  is  alio    given.    But  c  the  angle  CAK  is 

prop.         |iv^fi,    as-  alfo  the    remaining  angle  AKC  : 

d  40,pap.t|^ercft)re  ^  the  triangle  ACK^JigTve^,,  by 

kyi^'^  and  theiefore^lie  reafon  of  AGtofcK 

ilvgiven^    But  the  reafcn  ^oi  the  fame  AC|  to 

c  Q»prop,  CN  is  ilfo   given  :   Tnerdfdre  e  the,  rearon  of 

CK  ioCN  is  given.  ■  Afid  feeing  tteat  a^  OB 

H  to  FG  ;  fo  i§.EF.to  the  .right  line  CNj  to 

n^hith  the  other  fide  KC  hath  a  given  ircT- 

Con^  and  that  the  angle  BCK  is  equal  to  the 

tfij^tf  F4  \\^  ffii^n  df  tl^  pUraiklogTtm   CI4 

\9  \\9t  pftf^eitdbtfti^  £G  is  givm  (by  tkefirA' 

f&tr  t)f  Biid  ^rdl^filidn)  lnitlheparaHie)pgram 

€L  is  «q\Hil  ^  thfe  j^arallelogfam  AB:  thetc* 

ftite  tte  r^albfi  df  the  parailieidgnim   AB  ti 

tlvt  |iata(lelo]^iil  EQ  Is  giYdn^ 

PHOA    LXXIV. 

tM^^ikl  'iuigtes-  (y9i  ^^vtrt^il^s  given  ar^es) 
have  a  given  reafon  U  dite  an0thin,  Mf  one  fide  CM 
^fth$  pft  fiaU  H  V6  im  fiib  FGof  ifhe  fiddJid^ 
fi>  -the  MerPe  3F  df  tlje  fitoM^  IbaU  ht  ib'  thff 
h  th  itfhkh  H^  6th&r  fidi  JX:  of  tJk  ffrfi  imti.  « 
jgiven  hof&n,' 
"'  '/^  :  Omftr^  F^i  -eitlftT  AB  is  eqniaflgled  or  not  15 
^•'  ^  Oil^ol'e  it  iri  x\i€  firft  )?hceiPb  be  dq^iangifid, 
and  to    the    ri^ht  litfe'  fi(D  '  fet ;  there    be 

paralleltgr^nr   £0^  ^nd   (b'^i^iAedy  «s  tfafu: 

Sifch.68.  cAC  and  CN  may  be  ditt^t  Tfierei'ort  i«  DB 

J^rop.        and . BM*  flviHr  be  alfo "dirdf^  (that .  is«s  «ie 

^ight  line*)     ■      .  •       i  -  .         ,     - 

■Demoh/l^.  Seeifen^  that  the  lielafch  of  AB.  to 

-EU  is  ^tv£n^  tfnd  tlMt  >GM  ii  .eqdai   to  CXi, 

the  realon  of  AB  to  CM  is  alfo  givth  Ji.*tijjl 

•tl^Brc&ife  the  reafon  0)  AC   to  CN  is  given 

(teeing 


,.^ing  AB  h  i^  OU,  k  ^  A^  b«  Glfj).tadb  i.  6. 

Ibr  H»atCM  |s  ^ual  and.  e(|iistagie4  to  1^, 

the  fides  about  the  equal  jinglas^f.  the  pafal^ 

lelbgra&sjfiM  andSOf  c.arQf^aiplQa^y proc  14.6. 

portional ;  and  therefore  as  CB  is  to  FO,  Jb 

is  £i^  to>  idMv    flfut  the  isafonv  of  AC  to  CN 

'  is  ^8it  :   rTherefore  as  OB  U  tv  FQ»  *fp  is 

£f  to  tfaait»«v^khJLG  l]4th.%  giaroArearonw'r 

Co»A.  X.  Now  fuppc^e  AB  ifofi  tp  be  tqui- 

tnglttf  to  fiQy'Cad  Ui/tHt  gursn  pqist  C  ot 

the  }i«t» '  C69  /  Itt  titers  faf  irani(l9tt&d  th^  )kA- 

g}e  BOK  equal  to  th^  ang|e.  ESQy  and  Uni^ 

the  parellelig^ain  CL-  :    j    •.  .  - -V   •  ^    * 

•l>#i»«i^r.  I.,  feeing  thea\ttet  .tha  reafoB  -of 

•  AB  to  EG  is  given,   and  <^  that  AB  is  equald  j6.  i. 

to  CL,  alfo  thliesS&ii  df  OU;  ti)  EG  is  given, 

an^  the  angle  BCK  is  equal  to  the  angle   F, 

W  ^r^re'  OL  >  Is  equiangled   t*  EG  :efch.6g. 

•Therefore  Ay  t^e  firft.  part  of  this  *^3pofi-  prof. 

t|oii)  as  CB ift  to  ra, '  fo  is  EF  to.«at  to 

«he  wJiio&  eXs  .tiaih-  %.#ven  reafony  Ha|  the 

%cafon  ol?-A.Gl»o iJJC  i4\given  ;    Ms  afcpcars 

by  what?  tUf Jl>  Msa  dcatonftrated/in  thJ  litter 

«art  of  lie '  pieQ?4«flt  propofitian.)    Thfrcftve 

^s  GB  ss'wFQ,  £0  is  EF  toyilhat  to  ^hith 

AG  hatfi'*  given /reafofii      /.         ,      ..^1 

f  ••      .    -     .    .  •  r      .y  i  .,    \x 

h     :    md  DEP.^  in 

,  /jiific    ?o    owe 

4*i^1m'  41  fIi^w  rw/ow,  i!if  tl)efide  AB  of  the  firjt^ 

fiaU   h  to  tJjg  fide   DE   of  the  ficond,  fo   the 

■  F  f  J  '       <>^*^»' 


4H 


EOCUUE's  DATA. 

§ther  fk  bE  rf  the  fecand^  fiaU  }$  to  l£irt 
fMt  Im  to  tkwUcb  the  otbpr  fie  AC  cf  the 
J^  hatb  aghennafon. 

Qmp.  For  let  the  naraUekgrams  AQ  and 
PHbe  fioiflied.      ' 

.  DtmonSr.  Forafmuch  as  the  reafon  of  the  tri* 
angle  ABC  to  die  triai^le  DEF  is  given,  air 
fo  the  redfon  of  the  parallelograai  AQ  to  th^ 
parallelogram  DH  is  given. 

Seeing  theref6|re  that  the  two  paraUelogram^ 

AQ  and  DiK  in  e^l  angles,  or  unequal  anr 

gles  (neverthelefs  given)  have  to  one  another 

1 74  P^t'  ^  gi^^f^  ^reafon  ;  as  ii  AB  is  to  D£,  fo  is  Df 

to  that  to  which  AC  hath  a  given  feaifpn. 

PROP,    LXXVI, 

If  frm  the  tepAof^t 
tndvgk  JBC^  pv^  h  ^»^f 
the^e  be  dxavm  (p  th  }afe 
3C,  a  pejpendmkr  Im  MK 
that  Iwe  JJX  ^JiaU  have  to 
the  baft  BC  agi^n  reafon* 
Demenfir.  Forfceingthat 
the  triangje  ABC  is  given 
Iqr  kind,  the  icafop  oFAB 
to  BC  is  given  ;  jand  the 
angle  B  is  alfo  given.  But 
the  angle  ADB  is  given  ;  therefore  the  othpr 
a  40.  ;ro^  ingle  BAD  is  given.  'WSbcrefpre  a  the  trian 
gle  ABD  is  giv^  by  ^d  ^  and  therefore  the 
teafon  of  AB  to  AD^ls  given.  But  jhc  rea- 
lty ^prof.  Ton  of  AB  to  BC  iriivcn  :  T^ieieferc  i,  t%  r^a 
fott  6f  AD  to£ut$gtveQ.  '.    %  .< 


*  ?i^6b, 


\         » 


fiUCUDE'i  P^fSr^it 


4ff 


Jft90fyure$  JtCand  l)EF^  iiyen  h  Jdnd, 

lave  to  anotbfi-  a  j^ivin  reafon^  tt$  ftqj^n  tdjh 

fiaU  It  given  ofwhUbvoupleafe  oftbe  fides  Qfone 

Qf  the  fguHs^  to  wiici  you  fleafe  fif  the  fides  of 

the  othetfiguH. 

Conflr.    Ftor 

lines  BC    s«W 
EF,  let   xh 
be      defcrii 
the  fuuaies 
and  LU. 

DemovfirJFht- 
afniuch  as  on 
one    and    the 
fame  nght  line 
BCi  aie  defcri- 
bed  two  figures 
ABC  and  BG^        _ 
given  by  kind,  a  the  reafon  *  ihc  faid  ABC  »  49-/i«!P- 
n>  BG  is  given  .  In  like  manner,  the  reafon  of 
DEF  to  EH  is  given  j  and  feeing  that  the  rea* 
foil  of  ABC  to  DEF  is  given,  and  alfo  that 
of  the  fame  figure  ABC  to  BG  ;  ahd  a^aln  the 
reafon  of  DEF    to  EH  ;    h  the  reafon  ot  BG  o  B.fr^ 
tp  EH  is  given  ;  and  theiefore  the  realon  of 
SC  to  EF  is  alfo  given. 


Ff  4 


PROP; 


4y* 


»  \ 


'  ^2  h 

WW    &^^ 

rttf/b»   -w 

gtire    DFy 

^7tA    that 

one  \M$ 

EC  batp  a 

fon  to  m 

fide    OT, 

there&^n* 

^^i  figmc  D^  is  Miven  hy  fcfn^.  : 

CQi$r.  Tot  on  ^  vigM  ||iie.BCL  lu  Jlie 

fquaro  BH  te  defcnbed,  and  ti^tht  right  line. 

;t>£,  let  the  par4)elograi|i  DK  be  applied  equal 

tP$H,   in  Uicb  manner,   as ,  that  QD  and  Dl; 

a  /ri.68.  itiay  be  placed  cjireftly,  a  and  bf  poqfequefioa 

fro/.         FE  and  JEK  alfo  dircftly, 

D^monJlr.Th^tetote  leeing  that  on  one  and. 

^      J  the  fame  right  line  BC  at^^defcrlbed  the  twa 

'    -       reftiline  figures  ABC  and  BH,  given  by  kind^ 

h^MrtfJ  the  reafon  of  ABC  to   BH  ft  given.    Bin 

/  the  reafoiT  pf  the  faid'  ABC  to  DF  is  alib 

c  8,  prop,  given  : 'Therefore  tf  tlie  leafon  of  BH  to  DF 

is  given.    But  BH  is  equal  to  DK :  Therefore 

the  reafon  of  DK  to  DF  is  alfo  given.    And 

feeing  that  BH  is  equal  and  equiangled  to 

DK,  both  the  one  and  the  other  being  reft- 

d  14.  (5.    aiYgles^  ^  the  (ides  oC  thole  figures  are  recipro' 

caHy  proportional ;   and  as  KC  is  to  D£»   fq 

is  DI  to  CH,    But  by  fuppofitlon, .  the  reafpn 

of  BC  to   DE  is  given  j    therefore   alio  the 

reafon  of  DI  to  CH  is  given  j   but  the  reafon 

9f 


BOCLIDEV  HJetAl  4fT 

•t  :tX  to  DO  is  aVo  given  s  >(fer  IHte  io 
X)a  ^r  M  DX  ta  DFO   Thtnete  /  iAiq  fea-^e  t.  6. 
fcn  oT'DG  lo  CH  js  glv«iu  fiafiCHtu.  equal  f  a<Mf« 
K^  BC,  fi^imthaf  Sli  li  t  fSMira  j  tttertfei^ 
tfh«  i>eiroii  ^r  fiO  C«  DO  is  gittn.  .  But  ths 
of  the  lam  jiC  to  £>&  h  alfo^en.^ 


before  the  rrttf^n  eP  D£  to  4D0J»  jri^en^ 
iiid  the  eiigfe  «t  D  k  a  tight  angk  ;f  Ta 


eie^ 


ibfe  ^  DFie  given,  l^  kind 


u; 


•  .      L 


f*r 


gfcb.6u 


f-    4 


\^t 


'  'if  ^M  pHaj^s  JSC'  Mnd  BFQ^  'J^av$  Mn  dn^ 
gk'^M  cqiuU  to  ak  0»gle  F,  But  fnm  iilgr  efidi 
iMeiS  aniF4beu^h  ^amnfiifendimignMI} 
a^FH^tbthf  Ufes  40  and  MG^JJud  ibst  4iif 
ih^  hafs  4C  of  d$  fir^  tmngW'  MQi  it  t$  tU 
perf$mdiailar  Bv,  Jk  Ma  the  haf§  SJ^i^.  thfoti$9. 
tfiangh  MPQ^u  $0  tU  fnpndimiMr  ffM,  thctm 
uitL^lu  4fiC  M£Fa  m  i^mi^i.    : 


*^€onfr.  FoT  «boiit  the  triangle  EFQ  Jet  thcie 
be  del'cribed  t|ie^rc|^^TFLu,  then  on  the  right 
Hue  -lEQ,  an4  ^  we-  point  E  given  therein, 
let  there  be  made  thfe-  a,n§!e  OliL^  equal  i^ 
the  angle  C,  and  let  FL  ant}  LO  be  drawn, 
and  the  BeypCBdicvlar  L^I,  »- 


mT.'.    1 


•  »  .  •-    11 


'  '  T 


4^1  EVCUDE's  J>JTjL 

r2Mi0lf?nSeetDgth«n  ibattte  angle  jGOBL 

-    18  equal  fotbe  angle  C^and  the  angle  £1.0 

%%%.l.    is  equal; t0  tbe  angle  £FG»  $ xhfsj  i^itig  ixt 

one  and  tbe  fiMoe  ugnient  of  the  circle  ^  the 

third  aoglie  £GL  is  equal  to  the  third  angle^ 

A*   Wherefoi^  the  triangle..  ABC  is  aUfceita' 

the  trisuigja  lELQ,  and  the  perpendiculars  IgQ^ 

aodUiAie  drawn':    Therefore  t  as  hCMi 

to  BD,  fo  IS  EG  to  LM  ;  but  bjr  fiippofuioa 

'  as  AC  is  to  BD  s  fo  is  EG  to  FH  :  Therefore 

^^  .       »  LM   is  equ^t  to  FH.I  BUif.  the  faid   LM 

I  Ji ';      is  e  paraUel  to  FH  :  Therefore  d  FL  is  alfo  pa- 

5   ,         laUei  ta  EG  }?  and  thcti?ft»c  the  angk  FfeE 

eio  I*    **  **  equal 'to  the  angle  LEG.   But  tb^^ap- 

^*   *     gle  C  is  alCo  equal  to  uie  fald.  angle  LEG,  an4, 

f  xr.  J.    Ac  angle  FLE  to  the  angle  FQL  /:  Ther«f<H% 

alfo  thei  apgle  C   is«quaitothe  angle  FQ& 

But  hy  fuppofition  the  angle  ABC  is  eqi:^^ 

to  the  angle  EFG:  Therefore  .the  third  anr 

gle  BAG  is  .equal  to  the  third  angle  FEG  ; 

w  herefoie  Hit  ttiangle  ABC  is  equiangled  to 

^         the  triangle  £FC« 

ScholiunD,  n 

'f  Now  that  Jic  JC  U  to^  BD^  fo  ]Eduto  LM^ 
ttuhyfome  thus  demonfiriAei.  Foi(jtfmiich,ai ih^ 
angU  C  U€qual  to  the  dime  QBl^i  and  ih^^mgh 
BuC  to  the  avgU  LME^ each V^ing  a^hgatan* 
gicy    the  other  angle  CSD  is  tqual  to  ibe  \fhtf 

g  4. &  anffle ELM :  Thmfpre ^  as  jE^tf  t6  Mr, ^/b  u 
CD  to  DS.  Jgain^  feeing  the  angle  JBC  is^tfltal 
$oth$-a^gl$  ELG^  and  tbe  ai^e  CMD  to  tie 
4pgl^  ELMf  the  remaining  angle  JBD  is  equal 
to  the  remaining  angk'  mLG  9  hut  the  ai^k 
4DB  is  Mo  equal  tb  tbe  angle  LMG  >  and  tJfeve^ 
fore  th  tiir4  a^gl4  J  is  effial  to  the  third  angle 

h  4.  tf.  iGM:  Therefore  h  as  4D  is  tq.  DB^  fo  is  GM 
to  A(L*    But  u  hati  been  demonfrated  that  at 

CD 


JCit  to  MD,fi  UEQ  toLM  ^ 

PROP.   LXII. 

If  a  triangle  JBC  both  $n€  avgk  A  rwen^  aid 
that  the  reBangle  eontained  uwkr  the  fuk^  JB  awl 
JSy  emfnfing  the  gtften  aftajfi  J{  iai^a  gtvtm 
teafon  to  thi  fyuare  of  tSt  oihet  fdeSC^  th$ 
tfiar^k  jBC  is  given  hy  kind. 

coi^r.  For  from  the  f  ointf  A  )^d  B,  ke 
tliere  be  ditwo  the  perpendiculars  ^D  and 

BE. 

Demonir.  Forafmuch  ns  the  angle  BA£  U 
gmn,  andalfo  the  angle  AEB»  the  «riai}g]e 
ABE  is  given  by  a  kind  ;   and.  therefore  xm^^F^ 
reafon  of  AB  to  BE  'is  given  :    Therefoie  the  ' 
reafbn  of  the  reftangle  of  AB  and  AC  to  the 
redangle  of  BE  and  AC  is  allb^^  given   (fbr 

it    is    the    fame  reafonl?  it  & 
1  |r  a#  of  AB  to  fi&)    But 

the  reftangle  of  AX!  and 
££  48  equal  to  the  tt&- 
angle  of  BC  and  AD ; 
fot  that  eaeh  of tho&  red- 
angles  is  c  double  to  the^  ^^  • 
tiiangleABC.    Therefore^      * 
the  reafioo  of  the  re&angle 
of  AB  and  AC  to  the  reft- 
angle  ot  BC  and  AD  is 
into  given.    Biitt  th^  reafon  of  the  reAangle  of 
AB  and  AC  to  the  fquare  of  BC  ia  given : 
Therefore  d  alfo  the  jreafon  of  the  fedangle  of  4&/«qp<.; 
*  BCand  AD  to  ti»  fquaie  of  BC  is  given  ; 
and  therefore  the  reafon  of  the  right  line  BC 
to  the  riglu  line  AD  is  given..   ^For  that « thte  !•.&  . 
se^anj^e  is  to  the  fquaie  as  AD  to  BC.)    Now 
let  the  right  line  FG  given  by  poiition  and 

Sagnirude,  be  exppfed  j  and  thereon  let  there 
i  de(b^ibed  the  fegm^nt  of  a  circle   FIQ ; 

^pahle 


:j  • !  I: 


h  I.  jrof. 


And  feeing  the. Mi  ftn^cL 4 i< j;i^l«9  JU&  lip 
angle  in  the  fegment  TLQ  lEall  be  given  5 
f  8.  itf.  and  therefore  /g£g  fime^,  l^iflKit  is  given  by 
pofition .  From  the  point  Glet  there  be  ereft- 
t4  4t  llglH  a^l^s  oa'dil?  liae  FQt  Ihc  line 
8  4.  if/.  *  ..  cm,  Avltiab^  is  git 

:  wt|  by  EiQ&iipo  I  Xti: 

..itb^  fp^Qt  tfa».ta^ 

.  8Cis  toiAD,  f^I<J 

m^ib^tii.GH^   »nd 

;  fetins  ibftt  the  f^op 

of  BC  to  AD  isgiy^ 

.^Mfo.tbllt  dfx  KUito 

'GJa  i«  i  givfiUvi.  £(^ 

JFG  16  giv«v:  :T3»riir 

M...  -  ,f    :fd«  iGH'is'gi¥«!lbir 

m^gOitUde.    But  it  is>ait9ijiirifi  1:^  pqittiAii, 

M^thtf.miot G  is  giAeit4<irhfiti^l\iie tht^a^jpr 

i  2|^jra^<,H  isi  %\\tx.%vmxu    fiToiR  by    the  point  H  let 

there  ( I^dcavifi  HI*  gavallel  toFG,   and  that 

k  28.;r()p Jiiie  Jil  &iU  b®  gives  Iby  h  pofition.    But  the 

XiegDiefttioC  the  <:irclf  CFIQ  is-ajfe  given  by 

I  zS'frof.oS^dt^'-  Therefore  ^{..riie  point-  I-.  is  given. 

Juet  ]3^t  eight:  lines.  It  >and  IQ  badiWn,  and 

J  .      the  fMerpendicular.  HC j  iThettfc^e  IK  iKgiven 

*     i)7  pofition.    Sat  t){Ofwint  I  /s  glv^n^^^^lfo 

«a0h..of  .tttd  liatsFiSy 'FI,c;;fend4G  is  gif 
n  l9-propi^^  {Hkiitiam  and  magiijikude  :    Wherefore  n  .the 

trianjgk, FIG  is: givja  by fkindi^   aodilpaiiig 

that  4^  BC  .i&  to  A£,  lb  isrFG  to  OHy  atifl 
o'$4</Mr-P  tb^^tb  OH*  UCis  ^outi,  aaBG  ia.ito.iyB;  ^ 

ia  h.fd  to  IK9  asd  t\i  angkt  A.  is  equal  li  ' 
P  ^P/'^^Z-the  juigkjrJG  :i  Thorefora'|i  Sie.  triangifi  AfiO 

ia;QqifidBgled  to  the  tiuaiiflfle  tlQ.  Jdut  Jla 

is  giv^  V'lcit^-  Hhuefon  alia  tiieii^iaii^e 

ABCisi  gii(eii  by  Un^p 


I  r 


-;:>l 


'Jv»«  '*> 


■«.•* 


-J-  ■ 


aXHEiU 


SUCLIDE't  DATA 

6.1  HE  ft  W  I  S E. 


4^ 


•  *  •• 


Conftr.  Let  thf  lltftHgle  ADC,  tthofe  angle  A 
is  given,  and  the  realon  of  the  reftangie  con- 
^Httd'imdff  ABaM  AC,  to  the  fquare  of  BC 
be  ^iven  :  I  fay  tkat*  tht  trianglt  ABC  is  gi- 
ven bjr  kind.  / 
,  Dmpftfit.  For  feeing  the  angle  A  is  given, 
that  iip^Qt  of  whicn  the  fqttire  of  the  line 
cimp^iiRded  of  .BA<3  is  greater  than  the  fquare 
ef  BQf  f  hath  a  gi v<n  reafon  to  the  triangle  q  6j.pop* 
ABC4  NoVr  let  that  fpacb  be  D  s  Thtretm 
the  feafoR  of  I)  to  the  triangle  ABC  it  given* 
But  the  reaCon  .ot  the  .triangle  ABC  to  the 
tt&anglftof  ABaod  AC  is  given  (  r  feejugr  6d./^4!^ 

the    an^k  A 


tt 


dM^ 


UAa^aMM-iA 


ifi        gftVfD 
Theteiore  Jthe  s  8./r^ 
leafon  of  the 

reftlmle     of 
ABaSlACis 

4pYell,BMtthi 
reafeo.of  the 

'^^g^     ^f 
AB  m4  AC 


16. 


.^'?,  'A 


I 


to  the  fquare  of  BG  is  alfo  given :  Xherefoi« 

JtHerealoR  of  the  i^u^  D  to  the  f^vats  of 

Be  i«  given^    Whflr^lfipre  by  ooii|poUii4ing,   t 

the  reaHqn  ©f  thefpice,;  ©»  ^A  the  fqvtreof  t  o.jnit^ 

BC . to .  ithe  fafid  fqwr^  Cff  BC  is  :gi vf n  c  .Thwe* 

ibue  the  fea£pn  o£  thl&  Square  ok  the  Hae  coni- 

pounded  of  BACji  t^.tlie fquare  of.BC  ifi  gi- 

Jen  ^  {£or  that  the  tp^ce  £  with  the  fgUare  ^f 
C  is  equal  to  the  fquare  of  the.  line  cooi* 
funded  <>f  ^G  }^  ^4  therefore  h  fhe  ieaiba  u/i;£..^Z4 
of  tljf  faid  4i«ie  ci^mpfMnded.  of  BAC  to  fiC  Tfrof.     '  - 
is  given*   .  But  the  an^ie  A  is  alfo  given  : 
'^1   ;:^  There- 


^  WOCimWi  DATA, 

1 46./nf.TIierefi>re  x  tfae  trkngl^'ASC  is  given  hf 


P  R  O  Pi 


\ 


D  JIf  of  three  HgUliati 

Ai  Bf  dfid  Cj  frofortior 


B  E  914/  /o  /£ref  otbir  pr(U 

I     — -—  •  ■    *   f&rtional  rij^t  tines  D, 

C  F  E^  andP^  tbejxtremei 

■  ■    •    ■  -    ' — ^.-*-i«4    JaitdD^C  and  F,  ^w 

in  a  given  reafim  (to 
Wfti  as  A  to  D,  and  C  to  F,)  ^^o  the  means  A 
and  B/kallhe  in  a  given  teapm^  and  if  one  ex^ 
trtme  hatha  given  reafonto  an  extreme^  and  the 
mean  to  the  mean,  the  other  will  have  al[o  dgi^ 
van  redfon.  to  the  other. 

Demonfir,  Fotafo^ucb  as  the  reafon  of  A  to 

D|  and  of  C  to  F  is  given,  the  reftangle  of  A 

iLicpt^.^^^  D  a  (hall  have  a  given  rea&n  to  the  reft- 

angle  of  C  aiid  F.    Sue  the  redbingle  of  A  and 

b  IT*  6*    ^  is  ^Qual  ^  to  the  fqiiare  of  B  ^  and  the  redan - 

gle  of  C  iaiid  F  to  the  Iquare  of  £.    Therefore 

the  reafon  ofthefquare  of  B  to  thefquare^of 

cfeh.$i.  Els  given;  andtheie&ie^^e  reaCbn  €»£  the 

firof.         line  Sto  the  line  £  is  alfo  given. 

Again,  Let  the  reafon  01  A  to  D,  and  B  to 

E,  be  given:  Ifa7  that  th($  reafoh  of  C  to  P 

is  aUb  given.    For  feeing  that  the  reafon  of  A 

to  D,  and  of  B  to  £  is  given,  alfo  thfe  reafoh 

i  So.jprojp.of  the  fquare  of  B  i  to  the  fqaare  of  £  is  gi* 

ven.    Buc  the  fquare  cf  B  is  equal  to  the  retb- 

angle  of  A  and  C,  afid  the  fquare  of  £  to  the 

redangle  of  D  and  F  :  Therefore  the  reafon  of 

the  redbn|;le  of  A  and  G  to  the  reftangie  of  D 

and  F  is  given.    But  the  reafcd   of  a  fide  A 

•  xft  s^^^  to  a  fide  D  is  given  ;  Therefore  e  the  reafon  of, 

*^^^^^'the  other  fid^  C  to  the  othe^  fide  F  is  alfo 

ffivtn. 

^       .  FHQP. 


EUCLIDFf  DJTA,  46^ 

PROP.  Lzxxn. 

A  ■''  If  tUre  h four rfgii lifiei  J^jS^ 

B /!9i/D,  ftpfortionalf  as  the  frk  J^ 

C  ■!*    Jball  be  to  that  tine  to  which  tie  fe^ 

D         ■■■       eofdB hatha  tiven  reafbn^  fotha 

E third  C,  fiaJde  to  that  to  wbkh 

F   I  <i^  /iwri&  D  both  Agitfon  weafotu 

^  Conftr.  Let  £  be  the  line  to 

which  5  hath  a  giv^n  leafqnt  ^^  let  it  be  fo 
as  that  B  may  be  to  £9  as  D  is  to  F. 

Demonftr.  Now  the  reaCon  of  B  to  £  is  given, 
therefore  alfo  the  tcafon.of  D  to  P  «  given. 
And  Teeing  that  as  A  |s  to  Bi  fo  is  C  to  D. 
And  a;gain,  as  B  is  to  £,^fo  is  D  to  F,  by  rea. 
fon  ofcqualiqr  as  A  istoE.  fois  C  to  F.,  * 

But  E  is  tliat  line  to  which  B  hath  a  giiren' 
teafoti,  and  F  that  to  which  D  alfo  hath  a  gi. 
vcn  rclafon:  Therefore  as  A  is  to  tfeit  to  whicR 
B  hath  a  given  itafon,  fo  C  is  to  that  to  which 
D  hath  a  given  reafon. 

PROP.    LXXXIIL 

A  If  four  fight  lines  Ai  B^H^ 

andDf    are  tnfueh  fort  to  one 


another^  that  of  awf  three  oftbem 
A^  if,  aird  C,  ami  a  fourth  ^  ^ 
x^cn  froportional^  to  which  thai 
tifie  Df  whkh  remams  offhe  four 
tines ^  bath  a^itfen  reafon^  iha 
four  tines  A^  S,  C,  and  E^  are  * 
£  ftiffortiousd  i  as  the  fourth  D  ie 

•'■'■  ■     ■  to  the  third  Cs  fo  the  Second  t 

fiaU  he  to  that  to  which  thefofi 

A  hath  a  given  reafon. 
J)emof\ftr.  Forafmuch  as  A  is  to  B  as  C  is  to 

E,  the  rcftanglc  contained  under  A  and  E  a  is^  '^** 

€q\xgl  to  the  redangle  contained  under  £  ^od 


4*1  Mnchim':97m4 

C  ;  and  feeing  that  the  reafon  of  D  to  £  is 
given,  alfo  ih^l  be  ^giveii  rho-  mfon  of  the 
reftangle  of  A  and  D  to  tn^  reaangle  of  A  and 

ht.6.      S  (t^.  h  ixM  tht  faiae  rear<Mias  of  D  to  J 
$Ht  Ch«  r^angl^  4»f.A  and  Jiis^cqual  tol  ^ 
raftadgte  of.B  and  C :  Tbereipi^e  th«[ ./eafpn  oL 
die  redt^le '  of  A  and  I>  to\tbe  ceftangie  of  S 

c  Ji'frof.  ^  C  14  pftxk   ^jtietefove  r  as^D  is  to  C,  la 
is  fi  19  chat  to^Whi^  A  hath  a  given  reafon. 

:      P  R  0  ?.    tttXLV.      » 

,  If  tv/j  f  (jJ5^  lines j^i 
Mn$J£  comfrilnndjT^ 
A  £iv$n  ^au  AP  %n_  d 

givm  fingU  JBj£^  tf m2 

th^  4he  one  AS  be 

jrefUf  thet  the  otim 

_  .  A£  tfj  4i£iven  line  CjS^ 

a  '' J£  .  Mq  eaeW  «f  tU  lines 

.        _       JB  and  AE  is  given. 

Demonftr.  For  teeing  that  A£  is  gf toter  tJiah 

AE  by  the  given  line  CHy  the  remainder  AC  is 

equal  to  AE :    Finiffa  the  |)a|allelogran>  AD. 

Therefore  feeing  that  Aj^  is  equal  to  AC,   the 

^  .flaft)!)  of;  AE  to  AC  is  given,  and  the  angle 

9Lfeh6u  A  is  alfo  given  3 .  Tb^relbrfli  ^  AD  is  given  t>y 

fraf.1        kibd«    .WherefeM  ^e  giv^  (pace  AF  i^  anpliea 

•  tt>  the  given  irifiht  lint  CJB^  exceeding  it  oy  the 
l^eb  ^uie  A^  given  bj  kind  i  and  therefore 

h  sf^frd^p  th^  h^dxh  qS  ttia  axo^fs  rs  given*    There- 
^e,AG  ie  f^n.  But:CB,isi^o  given:  There* 

•  fore  thft  Willie  AB  i«  given^  Hut  A£  is  alfo 
f  iten> :  Therbtore  finch  of  the  right  lines  AB 
and  A£  i^j^i^en* 


t  :• 


mdp. 


EUCLIDE'i  DJTJ: 

PROP*    LXXXV. 


4«y 


If  two  right  hues  AC  and 
CD^  dp  comprtbeni  a  given 
j^ace  JD  in  a  given  ai^le 
JCDj  the  line  compoumed 
of  tbofe  lines  JC  and  CD 
is  given f  alfo  euh  ofthofe 
lines  JC  and  CD  is  given.' 
Confir.  Fot  let  AC  be 
prolonged  to  the  point  B,  and  let  CB  be  put 
equal  to  C\\  then  by  the  point  B  let  BS  be 
drawn  parallel  to  CD,  and  fo  finiih  the  paral- 
klograna  CF. 

Demonftr.  Seeing  then  that  CB  is  equal  to 
CD,  and  the  angle  DCB  is  given  ;    tor  that 
angle  that  follows  is  the  given  angle  ^    and 
therefore  a  the  parallelogram  DB  is  given  by  ^y^j^^^i, 
kind;   and  agrain,    feeing  that  the  Tine  com- ^/^a* 
pounded  of  ACD  is  given,  andCB  is  equal  to 
CD,  alfo  AB  is  given.    And  thut  to  the  right        , 
line  AB  there  is  applied  the  given  fpace  AD, 
deficient  by  the  figure  DB  given  by  kind ; ,  and 
theretbre  h  the  breadths  ot  the  defers  are  al-  b  s9.froP. 
fo  given  :  Therefore  the  right  lines  DC  and  CB 
are  given.    But  the  compounded  line  ACD  is  c  A.ffoi* 
jfXio  given :   Therefore  c  each  of  the  lines  AC 
and  CD  is  given. 


<Ji 
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gkienj/pacg  JC^tit  agivin 
ai^le  i4BCj  the  fyuare  tf 
th$  one  BCf  u  greaur 
1^  ihc  fipiare  of  tic 
-^mkr  JBy  hy  a  giv€n 
Jface  (vet  in  a  given  rea^ 

nm)  I^  eM  ^  ^fl 
Hats  IB  Urd  BC  pat  h  givmt.     ' 

Dmai^.  For  fetiiMg  ttaoic  this  Ugm^  dt  BC 
is  greater  than  the  fc^uare  of  AB  by  ft  py^ 
{pucc  ffec  iu  ft  ietuisn  ittihiL)  Let  tke  gf^n 
f^ce  lie  xkTKm  a«^  tMt  ^  to  %,  Afe  b6A- 
aMgle  co*i«lhel  mUer  C3  an^  BE  :  TlitrtBrtMF 

zit.Uf,  auhe  f^dH  df  tlie  ttmaif«fct^  »i!lrMeki»lM 

b  z.  a*      relhittgie  contained  ondtrr  BG  Mft  CE  to  tM 

.  tqIlall^  ^  AB  isgiv«».   And  fttrfftii^ll  t9  Mr« 

iftaangk  t«fK«iir  At  and  BC  is  ^taiS  m 

c  Lfrcf.  aUb that  of  C8 aa><t  BE^tlMfr v  ^aSMr fsvlWfk 
But  as  the  feAtfi|(!e  ubder  AB  smt  BC  ii  to 

d r«6.  ttat ttfiangle  under  CBwA  £B,  it {o  AB  fe to 
B£^  aid  ihcP^0ft  the  redfoir  6f  AB  to  BS 

e  f^^poph  given :  WhMlbtft  a tfit^rtafon  df  tite  %i«t« 
erABtotfaeOfnaHrt  of  BE  zsHlfoghtiK.  But 
the  reafon  of  the  fquare  of  AB  to  Aeidf!*** 

f  i.frof.  glc  under  BC  and  CE  is  given :  Therefore  / 
alfo  the  reafon  of  the  reAangle  under  BC  and 
C£  to  the  fquare  of  BE  is  given.  Wherefore 
the  reafon  of  four  tilhes  the  redangle  under 
BC   and  CE  to  the  fquare  of  BE  is  given  ; 

gB-pop.  tAd  by   compounding,  g  the  reafon  of  four 

times  the  rettangfc  \Sidcr  BC  and  CE,  with 

the  fquare  of  BE  to  the  fquare  of  BE  is  eiven. 

*  But  four  times  the  reftangle   of  BC  and  C£» 

b  8. 1.  with  the  fquare  of  BE,  b  is  the  Iquare  of  the 
compound  line  BC£:  Therefore  the  reafon  of 

the 


fquare  of  the  comoound  line  BCE  to  tlie  fmiiK 
of  BE  is  given  :  Wherefore  i  the  leaTon  of  thei  S4.frcf» 
line  compounded  of  BC  and  Cb  to  BE  is  gi- 
ven, and  oy  doisopounding,  4  the  resfon  ot  tfit  k  6.frof. 
compound  of  the  lines  BC,  CE,  and  BE,   that 
fs  to  fay,  the  doitbie  of  BC  to  BE  is  given  ; 
and  therefore  the  leafen  of  the  only  line  BC 
to  BE  is  alfo  given.    But  as  BC  is  to  BE,  /  fo  1  f  •  & 
the  reftaiigle  under  BC  and  BE  is  to  the  fquare 
of  BE ;  Therefore  the  reafon  of  the  rectangle 
tender  BC  and  BE  to  the  fquare  of  BE  is  gi»> 
ven     But  the  reftangle  of  BC  and  BE  it  g|. 
iren  :  Therefore  m  the  fquare  of  BE  ia  alfo  gi-m  2.;rqp. 
ven,   and  coiifequently  the  lirte  BE  is  giyea. 
I^herefore  BC  is  aHb  given,  feeing  that  the 
reafon  of  BE  t6  BC  is  givtn.    But  the  fpaoe 
AC  is  given,  a^  alfo  the  ^ngle  B  >^  Therefove 
II  AB  is^v^*    Whetefore  each  of  tte  lines  n  $7./ny« 
AB  and  BC  is  given. 

SchoiitSQlf 

t  tnfiead  tf  Miig  yn,  this  ^ce  fwliat  is  ui*. 
der,  ^c.]  we  Dave  vfid  this  Wbrd  KeB^ngU^  it 
hii^  manifijt  h  what  foUaws  that  fuch  wm  tht 
intention  of  BUCLIDE^  feeing  he  makes  ufe  Otthi 
/aii  Demonfaation  of  tie  fectnii  and  e^%ti  Fro* 
J/obion  of  the  twelfth  Element  \  and  alfo  that 
tie  ^au  Of  ParaUelqgram  giten  heing  not  reSaii^ 
gftdj  it  maj  be  reduced  tieretOf  makii^  on  MCf 
and  in  the  given  point  B^  a  rmt  at^k  CBJ^  fi 
«r  that  there  wiU  be  two  farauekgvams  eonfUtw* 
ttd  on  one  and  the  fame  iafs  HC,  and  between  the 
frnnefaraSeU^  as  in  the  69th  frof  option  by  mtant 
wherwf  this  Cend^bn  is  drawn. 

Mote,  This  fetves  alfo  £v  tht  neat  Prop. 

t3g>  9KOff 
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PROP,    LXXXVlI. 


a  2*  z. 


bi,6. 


If  two  r^ght  lines  JS 

and   BC^    do  comfrehcnd 

a  given  ^acc  JCj  in  a 

given  angle  B^  the  fquarc 

of  the  one  BC^  is  greater 

th^n    the  fquare   of   the 

other  j£y  If) a  given  j^ace, 

^tlfo  each    of  thofe  llim  JB   and   BC  Jball  he 

given. 

.   Demonftr,  For  feeing  that  the  fquare  of  BC 
is  greater  than  the  fquare  of  AB  by  a  given 
fpace  :  Let  the  given  fpace  be  taken  away,  and 
let  the  rcftangle  be  .Contaiaed  .  under  BC  and 
-BE:. Therefore  the  remainder,   j  which  is  the 
redangle  of  BC  an4  C£,  is  equal  to  the  fquare 
of  AB.    And  feeing  that  the  reftangle  of  BC 
and  BE  is  given,  and  a)fo  the  fpace  or  reftan- 
cle  AC  5    the   reaf^o  of  the  faid   refta-ngle  of 
Be  and  BE  to  AC  li"  given.'    But  as  h  the  reel- 
angle  of  BC  and  BE   is  to  tiaje  redlangle  of 
lAB  and  EC,  Co  is  BE  to  AB  :   Therefore  the 
jreafon  of  BE*  |:o ,  AB  is  given,    and    therefore 
c  jc/fopj^  th«  reafon  of.  the  fquaie  of  the  faid  DE  t6 
the  fquare  of  AB  is  alfo  given.    But  to  that 
•  fquare  of  AB  the  reftangle  of  BC  and  CE  is 
equal :  Therefore  the  reafon  of  the  faid  reftaa- 
.  g|e  of  BC  and  CE  to  the  fquare  of  BE'is- gi- 
.  ven  ;  and  therefore  the  |-eafon  of  the  quadruple 
of  the  Caid   redahgle  of  BC  ai.td  Ct,  to   the 
,  fquare  of  BE  is  aifo  giveii  i  and  by  compound- 
^5  fty^^/ing,  diht  reafon  of  four  tiincs  the' redangl6 
*^  '^^  of  BCaiid  CE,  with  the  fquare  gf  BE,  to  tUe 
faid  fquare  of  BE  is  given.    But  four  times 
the'  redangle  of  BC  and  CE,    wiih  the  fquare 
«  8.  2.      ^^  ^^»    ^  *^  ^^®  fquare  of  the  compound  line 
*    ^*J5^/£;    Therefore jthe  reafon  of  the  fquare  of 
that  compound  Ime'  BCE  to  the  fquarc^of  BE 

is 
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is  alfo  given  ;  tind  therefore  the  T»afon  /of  xhtf^^^rop. 
compound  line  BCE  to   BE  is  given.    Where- 
fore by  compounding,  ^  the  realon  of  the  faidg  6.^r<3f. 
compound  line  BCE   and  EB,    that  is  to  fay,     • 
twice  BC  to  BE  is  alfo  given  ^  .therefore  the 
reaCon  of  the  only  line   BC  to    BE  is  given. 
But  the  reafon  of  the  fame  BE  to  AB  is  alfo 
^iven  :  Therefore  h  the  reafon  of  AB  to  BC  ish  8.  frof. 

fiven.  And  feeing  that  the  reafon  of  BC  to 
E  is  given,  and  that  as  the  faid  BC  is  to  BEi 
fo  the  Iquare  of  BC  i  to  the  reAanglc  of  BCi  i»  6.  ' 
and  BE,  the  reafon  of  the  Iquare  ot  BC  to  the 
reftangle  of  BC  and  BE  is  alfo  given.  But 
the  faid  reftangle  of  BC  and  BE  is  given,  it 
being  that  which  was  taken  away,  and  which  k  i.frof* 
was  given.  Therefore  the  fquare  of  BC  k  is 
given,  and  therefore  the  line  BC  is  given; 
But  the  reafon  of  the  fame  BC  to  BA  is  given, 
therefore  AB  is  alfo  given. 

V 

PROP.    LXXXVIIL' 

'    '  If   in    a   circle 

JBC\  given  hyma£^ 

mtuie  ,     there  '  he 

drawn  a  right   line 

AC,  which  fialltake 

away     a    fegnieiit 

JBC^    which  doth 

comprehend  a  given 

angle    JEC, .  that^ 

line  AC  is  given  by 

.  magnitude. 

Conftr.  For  let  D  be  the  center  of  the  circle  ^ 

and  let  the  diameter  thereof  ADE  be  drawn, 

and  let  EC  i)e  joined.  1     *  or-    • 

Demonp.  Forafmuch  as  the  angle  ACE    is 
given,  for  /i  it  is  a  right  angle.    But  the  angle  a  li-  5- 
AEC  is  alfo  given,    and   therefore    the  other 
angle  CAE  is  given.    Wherefore  the   triangle 

Gg3  ACE 
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^  4<>*/^>  ACE  *  j^  |ive9  bT^iod}  and  theieSdr^  thf 
U9£0n  of,  MJk  CQ  AC  isgrreOt'  Bii^  A£  isjz^ 
yen  bjr  magnitude,  fte^ng  that  the  circle  aSC 

C  X.^^.  16  given  bjr  inafipitude.  Ttore&i|5  f  AC  if; 
fttp  'givcft  by  foS^nkudc* 

PROP.    tXXXDC. 

If  in  Athck  jfBCf  jtivipn  iymMgniindct  ti^tt 
^e  irawn  a  rf^/  Uth  4C%  given  hy  magnitude^  thu 
line  JG  mU  iah  ^sj  a  foment  ABCy  comfr^ 
Inn^^e  &  given  an^e. 

Confir.  I^r  faaviag  takea  the  point  D  for  thi^ 
center  of  th^  circle,  let  the  diAOoist^r  ADZ  b^ 
dttWa,  as  airp  the  right  liae  f  C. 

Bemomfbt.  Fofifmucli  as   each  of  thejrigbt 
lines  A£  and  AC  arc  giveii,  tte  rcafon  of  th' 
a  I.  frof.  }ine  A£  to  AC  a  n  giwm  \  and  the  ai^e  AC] 
b  4i.frof.is  a  right  angle :  Tlieieforc  b  the  triangle  ACL 

is  given  by  kind>  and  therefore  the  angle  A£C    e 
|s  given.  ' 

"  PROP*  xa 

*  ft 

«  _ 

If  in  the  circumference  t>f  a  cirdp  ABC  given 
typojkiony  and  by  magnitme^  there  ie  taken  a 
given  point  S,  Am  that  froTn  that  point  B^  to  the 
eiramference  of  the  eirch  ABC^  tbeve  ii&th  bemi 
%  right  line  JBrAC^  rnaking  a  ^iven  angle  tJC 
the  othfr  extremity  C  of  the  bent  line  JbaU  b^ 
fipen,  '^ 

Conjlr.  For  let  the  center  of  the  circle  be  D, 
ft|)d  let  thp  right  lines  BD  and  BC  be  drawn. 


pcvmjit. 


each  piat  9  wd  D  m  ^  ^  ^, 
Te»,  the  right  line  BD,  4»  ;^|r<»/. 
is  given  1>J  PoCtion ;  »M 
fieing  that  the  angle  B AC 
is  givtB,  the  angle  BDO 
is  Sfo given.  Wherefore 
to  the  right  line  BD  gi- 
J      ven  by  pofition,  MO  m 

!t*  the  point  D  givenj**";: 
in,  there  is  drawn  tfie 
right  line  C  D  i    which 


.    1  ar  iTowor  by  poUtion  aiw  n>agn«u«c  . 

PROP.   XCI. 

point  C ,    r J«re    i« 
drawn  a  f'pf   "«« 

a  circle  JB,  &venp 

and  by  magnitude.^ 
^  Co#>'.  tor  having 
„  taken  the  point  D 

for  the  center  of  the  circle,  let  the  right  lines 

DA  and  DC  be  drawn-  ^    ^  t^ 

Dm«.A.  Foratouch  as  «cb  poxnt  C  and  D 

is  given,  the  right  line  CU  «»  giv       ^k     .      /  r 
drfaiSI  o»  6d'  W  p.t.  .br  .li«  }»»■  A; 

>«*  2  4  V 
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c6.  def.    DAC  r  is^given  by  pofition,  and  alfo  the  circle 
d  ij.yrof . ABt,  d  the  point  A  is  ^iven.    But'  the  point  ♦ 
•«  i6.frap,  C  is  alfo  given  :    Theretorc  e  the  tight  line 
AC  is  given  by  pofition  and  by  magnitude. 

PROP.    XCIL 

If  without  a  eh" 
cU  JEC,  given  hy 
fofition^  there  he 
taken  fome  point 
D^  and  from  that 

fiven  point  there 
e  drawn  a  right 
line  DB ,  cutting 
the  circle^  the  r^*- 
angle  complied  ufiF 

ier  the  whole  line  BD,  and  the  part  DCj  between 
the  point  D,  and  the  circumference  convex  JC 
fiall  he  given. 

Confir.  For  from  the  point  D  let  the  right 
line  DA  be  drawn,  which  Ihall  touch  the  cir- 
cle in  the  point  A. 
'apr.pof,     Dmo77/?r.  Therefore  DA  «  is  given  by  pofi- 
'  tion  and  magnitude  }  and  theietote  the  fquare 
VS^'prop.Q^  the  faid   i)A'is   h  given.     But  the  laid 
c  J6.  g,     fquare  of  DA  is  equal  c  ib  the  leftangle  of  BD 
and  DC :  Therefore  the  faid  reaangle;  of  BD 
iipd  DC  is  alfo  ^ixts^. 


OTHER- 
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OTHERWISE. 

Cc9ijh»  Let  E 
be  the  center  of 
the  circle,  and 
by  the  fame 
center  let  there 
be  draMiti  from 
the  point  D  the 
tight  line  DA. 
DemonftrJPou 
afmuch  as  each 
point  D  and  £ 
is  given,  the  right  line  DE  is  ^  given  by  oo-  d  i6.fraf. 
fition  and  by  magnitude.  But  the  aide  ABO 
is  given  by  pofition  and  by  magnitude  :  Thcre- 
ibre  each  point  A  and  F  «  is  given,   and  the 

{loint  D  is  alfo  given  5  and  therefore  d  eache  zj./nj. 
ine  AD  and  FD  is  given.  Wherefore  the  reft, 
ancle  of  the  lines  AD  and  DF  is  alfo  given. 
But  the  faid  reftangle  of  AD  and  DF  is  equal 
to  the  redangle  ot  DB  and  DJ  :  Therefore 
the  reaangle  ot  DB  and  DC  is  given. 

XCIII. 

If  in  a  circle  gi" 
ven  hy  fofition  there 
he  taken  a  given 
foint  Jy  and  hy  that 
foint  A  there  he 
drawn  a  right  line 
BC  to  the  circtey  the 
reBavgle  comfnfed 
under  the  fegments  of 
the  fame  line  BCfball 
he  given* 

Conp.  For  let  D 

be  taken  for  the  center  of  the  ciicle,   and 

having 


.«4       '  f,^^akJX>%%    frJTA' 

having  dnwn  the  vight  line  AD  prolong  it 
to  the  poi»  \lifiM-         V 
Dmoifir.  Fonumucn  as  eaco  point  A  and 

»i&»n*.P»8>*».tl«J'gtthMAp«i!.  given  by 
BoftiNfV  But  tbe  circle  B£C  u  alfo  given  by 
■ofitiM  i  TlHrefore  each  point  £  and  F  is 
slfo  givnn  tw  pofition,  and  the  pnnt  A  is  gi- 

bjs.?.  WB.  WlMMfereeach  line  t  AE  and  AF  is 
«i,ven :  Thwcfore  the  reftangle  of  tbe  b^;^ 
Cu3  A£  and  AF  is  given  \  and  is  equal  to 
tbe  kOri^  ^  of  Afi  ind  AC :  Tberefo^e  tbe 
jy4  ifdM^  of  AB  and  AC  is  given. 

PROP.  xcrv. 


irawn  «  rigit  im  SO, 
whkb  dotb  tak*  aiKf  f 
ffgwmt  wiiei  ixk  tnt- 
fnktfd  «  /fvra  auk 
JSCt  m4  tba  Oi  Jtid 

itmU  UoK  IS  titt  fig'  ■ 

Wtnt  it  ful  iia»  twa  efufi 
{arts,  the  line  compounded 
tjf  tit  rygit  lints  EA  and 
JC,  whici  covtptUni  taeg^en  angU  BAC  Jball 
Aiv)  1  to    the  line   AD,    which 

lifith  le  into  tvo  emiai  fvti  \and 

tit  I  cd    tmStr  the  tiiti  compifvded 

nf  i  td  AC,  camrehniing  thtei- 

that  part  ED  of  the  interjM- 
iw  the  fegment  between   wp 
, .  imfeyence,  fiaU  he  given, 

C  diawi). 

'     %  ich  asjn   the  circle  A8C 

eW  e,  there  is  dmwn  the  fiehc 

ne  :es  away  the  (tginent  BAC 

fto«9i«b«idi«K  llie  %aea  ^ngle  ^AC>  that 
IJDB 
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line  BC  4  is  given ;  and  therefore  BD  is  alfo  a  98.frop 

given  :  Therefore  tlif  rfafbn  of  fiC  to  BD  i  b  b  i.  ;r.;>. 

given.    And  feeing  that  the  given  angle  BAG 

nau  in  tvo  equal  ^.arts  by  the  right  line  AD,as 

^  BA  is  to  CA.  lu  is  B£  10  C£  j  and  by  com  c  ^  o 

|)PMndlQgt  as  BAG  is  to  CA»  fo  is  BC  to  Gt ; 

•nd  by  pergiutation,  as  BAG  is  to  BC^   fo  is 

^A  to  C£.    And  feeing  that  the  angle  bA£ 

is  equal  to  the  angle  GAB,    and  the  a 'gle 

ACB  i  to  the  angle  BDL,    the  other  an^ie  d  zi.  }v 

A£C  is  eqiial  to  the  othej  angle  ABD  5  and 

therefore   the   triangle    AGE    is .  equiangled 

to  the  triangle  ABD :    Therefore  e  as  AC  is  to  e  4«  tf. 

C£,  lo  is  AD  to  BO.    But  as  AG  is  to  CS» 

to  the  line  compounded  of  BA  and  AC  is  to 

BC :  Tberefpie  as  the  compound  line  BAG  is 

to  Be,  fo  is  HD  to  BD  y  and  by  permutation^ 

as  the  compound  line  BAG  is  to  AO,  fo  is 

BC  to  BO.    But  the  reafon  of  BC  to  BD  is 

nvea :  Therefore  the  reafon  of  the  compound 

lisie  BAC  to  AD  is  alfo  given.    Moreover,  ^ 

1  fay  that  the  rafbaogle  uimr  the  oompouiv) 

line  BAG  and  £D  iM  given-    For  feeing  th$r 

tiie  triangle  AEG  1^5  equiangled  to  the  trian** 

gle  BDE,  (for  (he  ai^le  AC£  d  is  equal  to  thf 

angle  BDE.  and  the  angle  AEG /to  tbeawj^f  t^  ^^ 

BED)  as  BO  is  to  0£,  fo  is  AC  toCE.    m 

as  AC  is  to  CE9  fo  is  alfo  the  isompound 

line  BAG  to  BC :  Therefore  as  the  coapoiiq4 

line  BAG  is  to  BC,  fo  is  BD  to  DE.    Wbmr 

fore  the  redangle  of  the  compound  line  BAO 

and  DE  g  is  equal  to  the  reilaiigle  of  BC  and  e  i&  & 

tD.    But    the   redangle  of  BC  and  BD  h 

given*  (for  that  tbofe  lines  BC  and  BD  t» 

g^ven  : )  Therefore  the  re^angle  und^r  the  co^tr 

l^ued  line  BAQ  «nd  £0  is  wq  c^vi^ 

QtaxR- 


47^ 
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OTHERWISE. 


i  5*  !• 


Confir.hetCA 
be  prolonged  to 
the  point  £,  and 
let  AE  be  put 
equal  to  BA, 
and  let  BE  and 
BD  be  joined. 

Demonftr.  For- 
afinuch  as  the 
angle  BAC  is 
double  to  each 
ot  the  angles 
CAD  and  AEB 
(for  the  angle 
BAG  is  cut  in- 
to .  two  equal 
parts  by  the  line 
AD,  and  equal  b 


to  the  two  angles  ABE  and  AEB,  which  i  arc 
equal)  the  angle  ABE  is  equal  to  the  angle 
k  21,  J.'  CAD,  that  is  to  fay,  k  to  the  angle  CBD  ^  ad- 
ding therefore  the  common  angle  ABC,  ^the 
whole  angle  ABD  Ihall  be  equal  to  the  whole 
angle  FEE.  But  the  angle  ACB  is  k  equal  to 
the  angle  ADB  :  Therefore  the  third  angle 
AEB  is  equal  to  the  thiid  angle  BAD;  and 
therefore  the  triangle  CEB  is  equiangled  to 
the  triangle  ABD :  Wherefore  as  CL  is  to 
.  CB,  fo  is  AD  to  BD.  But  the  right  line  CE  is 
compounded  of  the  two  lines  CA  and  AB : 
Therefore  as  the  compound  line  BAC  is  to  CB, 
Co  is  AD  to  BD  ;  and  by  permutation,  as  the 
compoiMid  line  BAC  is  to  AD,  fo  is  CB  to 
BD.  But  the  reafon  of  CB  to  BD  is  given, 
feeing  that  each  of  thofe  lines  is  given : 
Thercfbce   the    reafon  of  the    compound  •  lin^ 

ind  feeing  that 


BAC  to  AD  is  alfo  given.    And  feeing 


the 
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the  triangle  CEB  is  equiangled  to  the  triangle 
FBD  (for  the  angle  AFC  is  equal  /to  the  an- 1  21,  |. 
gle  BFD,    and  the  angle  ECB  m  to  the  angle  m  16.  &: 
ADB)  as  EC  is  to  CB,  fo  is  BD  to  DF.    But 
EC  is  equal  to   the    compound    line  BAG : 
Therefore  as  the  compound  line  BAC   h  to 
CB,  fo  isBD  to  DF.    Wherefoie  w  the  itSt'Ul6.6. 
angle  of  the  compound  line  BAC  and  DF  is 
equal  to  the  redlangle    of  CB  and  BD.    But 
the  redangle   of  CB  and  BD  is  given,    confi- 
dering  that  each  of  the  lines  C6   and  BD  is 
given :  Therefore  the  reflan^le  of  the  com- 
pound line  BAC  and  DF  is  given, 

OTHERWISE. 


Cofifir.  Let  AC  be  prolonged  to  F*  and  let 
CF  be  put  equal  to  AB,  aod  let  the  eight 
lines  BD  and  DF.  be  drawn. 

Demonfln  Forafmuch  as  BA  is  equal  to  CF, 
and  0  BD  to  DC,  the  two  fides  AB  and  BD^  **>  *•• 
are  equal  to  the  Wo  fides  CD  and  DF^  each  1* 
to  his  cbrrefpondiflg  fide,  and  the  angle  ABD 
^s  equal  to  the  angle  DCF,  f  feeing  that  the  p  zu  ;• 

four       ^ 


WCLlDE's  tAfA, 

£^ft!ed  Hgurt  ABi>C  iswithhi  th«  ejiclei 
Theiefore  the  bafe  AO  is  j  equal  to  ttw  b»f(S 


W«  WJC     Kl'*"    •"•6'~     •»»»v/        'U»iVAWI<i     lUB    •••• 

S|e  DKJ  is  fo  alfo.  But  DAF  i^  alf9  givin  ; 
Jhctcfei^  the  triangle  ADF  U  glircn  bikini 
Wherefote  the  leafon  of  FA  td  AD  is  given. 
But  AF  is  the  Compound  of  BA  and  AC,  fot 
that  CF  is  equal  to  AB  t  Thcrcfbte  the  re^ 
Ton  of  the  compound  lina  BAC  to  AO  is  gi* 
iren:  Thefamie  Demonftratioti  will  lerve  cd 
ftew  that  the  reAangle  contained  under  th6 
compound  line  BAC  and  £D  is  j|iven  alfo« 

PROP.    XCV. 

If  in  the 

dhmettr  BC 
cf  a  cirdt 
jiBC  given 
ly  pofition^ 
^  there  i»taken 
a  ghen  fomt 
Di  and  that 
from  that 
foint  D  there 
he  drawn  a 
right  iine 
t>J^  to  the 
eluumference 
w^tte  eirth* '  But  pvf/t  vtk  v^hflt  tf  the  fitid  line 
•dim  he  drawn  a  right  itne  u£8,  t^rfeHdicnkbr 
thereto^  and  hy  tit  point  B  wine  that  ferfenM^ 
eniay  doth  meet  with  the  errcnrrftrence^  there  he 
drawn  a  faraUel  EF^  iathtfajt  liite  aratrn  M^ 
ihaf  foifH  P  in  which  the  parMd  mete  wiA 
the  diametJtr^  is  given  5  aftt  the  reSang^k  ctAt* 
^fned  wilder  the  jaraM  kntt  JB>  ma  £P  *f 
li^  given* 

Co90r* 
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CoM/r.  Let  the  right  line  £F  be  prolonged 
to  the  point  Q»  and  let  the  right  line  AG  be 
drawn. 

Demonfir.  Foraffliuch  as  the  angle  AEO  is 
2,  right  angle,  the  right  line  AG  is  the  dia- 
meter of  the  cirde.  %ut  BC  is  alfo  the  dia- 
meter :  Therefore  the  point  H  is  the  center 
of  the  circle.    Now  the  point  D  is  given  ; 
and  therefore  a  the  line  DH  is  given  by  mag*  a  i6.p9f. 
Ditude.    Btft  feeing  that  AD  is  parallel  to  EG, 
and  AH  equal  to  QH ;  h  DH  is  equal  to  FH,  b^.^m*. 
and  AD  to  FQ  \  (for  the  angles  AHD  and' 
FHG  c  are  equal,  and  DAH  and  FGU  d  arec  r^  t; 
alfo    equal.)     But  the   line  DH  is  given  :d  291 1. 
Therefore  FH  is  alfo  given.    But  each  of  thofe 
lines  DH  and  HF  is  alfo  given  by  pofition, 
and    the  ]^oint  H  is  given  :    Therefore  s  the  e  vt^pnfm 
point  F  is  alfo   given.    And  feeing  that  in 
the  circle  ABC  given  by  pofition,  is  uken 
the  given  point  r,  and  through  the  lama  is 
drawn  the  right  line  EFG ;  the  reftangle  un- 
der £F  and  YQ  /is  given.    But  FQ  is  equal fpj.Mf* 
to  AD.   Therefore  the  reftanglecompxebond^^ 
«d  under  AD  and  £F  is  given.   Which  was  tit 
be  demonftrated. 


m  End  of  EVCXIDEV  DjITA 
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;     .  •  ■       •  •       »      ► 

A^<!ed   by  ^ I  US S AS, 


\ 


•  or 


...     }, 


Regalar  SoHds. 


Egular  Solids  are  fald  to  be  coQi^ 
ppfed  and  mi^M  when  each  <^ 
them  is  transfoboed  into  other 
Solids,  Iceeping  ftill  the  form, 
^  ^  number  and  inclination  of  t1;e 
bates,  -vtrhjpfa  they  before  had  to  onp  ano- 
ther ;  Cbmr  of  which  yet  are  tranjsforgieflintp 
mix'd  Solids,   and   other  feme  into '^mple. 

Hb  Into 


•     I 
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Into  nixt,  9s  a  Dodecaedioii  and  an  Icob- 
cdron,  which  are  transformed  or  altered,  it 
youdiVidd  theit^  Adet  into  two  eoual  parts* 
and  take  away. the  foUd  angles  fuocended'of 
fiain  fyperficlal  fieures,  made  by  the  lines 
coupling  tbpfe  middle  felons  i  for  the  So* 
iM  remaining  after  the  takine  away  of  thbfe 
folid  angles,  is  called  an  Icofidodecaedron. 
If  you  divide  the  fides  of  a  Cube  and  of  an 
O£toedron  into  two  egfoal  parts,  and  coupk 
the  feAions,  the  folid  angles  fubtended  of 
the  plain  fuperficies  made  by  the  coupling 
lines,  beiqg,taken  away,  there  fhall  be  left  a 
fondt  isrh^h  M  w<9Ued  an  Exoftoedion. .  So 

}hat  both  of  a  Dodecaedron  and  alfo  of  an 
cofaedron,  the  Solid  which  is  made  ihall  be 
called  aq  Icofidodecaedron ;  and  UH^wifethe 
Solid"  made  of  a  Cttbe,  and  alio  of  an  Odo- 
edron,  fhall  be  called  an  Exodoedion.  B\^  tfao 
other  Solid,  to  wit^^a  PynMliisor  Tetraedron» 
is  transformed  into  a  finple  Solid ;  for  ifyou 
divide  into  two  equal  parts  each  of  the  fides 
of  .tlie  j^atpis, }  triangle^  defcribed  of  the 
lii^s  which  puple  the  f^iolis,  and  fubtend*. 
ing  and  taking  nway  the  folid  angles  of  the 
Pyramis,  are  equal  and  like  unto  the  equi- 
^  lateral  triangles  left  in  each  of  the  bafe^,  of 

all  which  triangles  is  produced  an  O^edron, 
to  wit,  a  fimple,*  and  not  a  compofed  So* 
lid.  For  the  Oapedron  hs|th  four  bafes,  like 
jt)  number,  forn^,  anfl  mutual  inclination  with, 
the  bales  of  the  pyrafnis^  and  hath  the  other 
four  bafes  wit^  like  (ituation  qgpoiite  and  pa- 
rallel  to  the  lormer.  Wherefore  the  applica- 
tion of  the  pyra^iis  taken  twice^  maketh  it 
fimple  Oftoedron,  ^s  the  othef  Solids  majkp 
j^  mixM  cgmj)Ounf  SoUd, 


'^ 


KEGrVLkK  SOLIDS. 
DEFINITIONS. 

I.  ^1*  ExoiUeJrm   is  0  feUd  figurt  tofh- 
tsimd  </  fix  tftial  fynsm,   m$d  eigh 


4«r 


4l^  .  d.'TM.nAXiSe.aiti 


\  4,  r^ 


II.  Jn  potdoi^^idiron  h  tw  'J^i\  figure 
ccntainc^  under  tv^tlve  equilateral ^  equol^ 

f^mal  (xnd  <^ui!afefal  triafi^ei^.^^  [, " 

for  the  betttr  Undcrftandii»  bPtlie  two 
former  Definitions,  and  alfo  or  the  two  Fro- 
poiitioDS  following^' X  have  here  fet  two  fi- 
gur^,  vfhoit  figifres  if  ^ou  firft  defcribe  upon 
paf^  Pap^r  qx  'fuch  like  matter,  and  then 
cut  \them  afld  fold  tliem  accordingly,  they 
will  reprefent  iinto  you  the  perfed;  forms  of  an 

fxodoedron.  and  cf  an  I^ofidgdecaedron. 

«      • 

PR0BLEMEX^ 

T0  dtfcrih^  an  equilateral  and\  equiangUd 
EsUBoedr-en,  and  to  contam  it  ^n  a  given 
Sfbere,  and  ta  prove  that  the  Diaweifr  of 
the  Sphere  is  doukle  to  the  Jide  of  the  faid 
ExoBoedron. 

Confix  Suppofe  a  Sphere  whofe  diameter  let 

be  IkBy  and  aoout  the  diameter-  AB  let  there 

a  6*  4.       be  described  a  fquare  a  ,  and  upon  the  fquare 

b  15- 15-  ^^^  there  be  dcCcribed  a  Cube  J,   which  let  be 

CDEFQTVR ;    and  let  the   diameter  thereof 

be  QjR,   and  the  center  S.    Divide  the  fid^ 

of  the    Cube   into  two  equal  parts   in    the 

points  G,  H,  I,  K,  L,  M,  N,  O,  P;  &c.  and 

couple  the  middle  fe<f^ions  by  the  right  fines 

IN,  NO,  OP,^,PI,  and  fuch  like,  which  fub- 

tend  the  anjgles  of  the  fquares  or  bafes  of  the 

c  4*  I.      Cube  ^  and  they  are  equal  c,  and  contain  right 

angles,  as  the  angle  NIP.     For  the   angle 

JilD,  which  is;  at  the  bafe  of  the  Ifofaeles 

^  triangle 
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oi«d>  mn,  U  the  hdfoFa  ri<litii|kv  add 
4e  U&wift  iiifaB  gppditf  ugbSIF.    WheR- 


4»* 


fore  the  (eTidue  NIP  if  i  right  angTe,  2nd  /o 
the  reft.  WherefoieNIPO  is  a  Iqture.  And 
by  the  Tame  icafou  fhall  the  leil:  NMJLK, 
KOHI,  &e.  infcrjbei  in  the  bafes  ofjthc 
Ciut»,  be  fqiiares,  and  theyfhall  be  fix  in  turn, 
ber,  accoidilig  to  the  nonibei  of  the  (afes 
of  the  Cube.  Again,  foiafmuch  "as  the  tri- 
angle KIN  fubtendeth  the  foiid  angWA'of 
the  Cube,  and  likewife  the  triangle  KCL  the 
folid  angle  0,  and  To  the  reft  which  fubtend 
tlie  right  folid  angles  of  the  Cube,  aild  thefe 
tiiao^s  are  equarand  equilkteral  (to  wit)  be- 
ing made  of  equal  (ides,  and  they  are  the  li> 
Mus  or  borders  of  the  fjjuaies,  and  the  ttjmtcs 
the  limits  or  borders  of  them ;  as  faaih  been 
^-         Hk  }  b«fote 
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bcibie  pmvtd.  Wherefore.  LMNOPHGK  is  tn 
Zaoftoedfon  bjr  the  definition^  and  is  equi. 
latenl ;  for  it  is  contained  of  equal  fubtendant 
lines,  it  is  alio  equiangled  s  tot  evenr  folid 
ai^e  thereof  is  contained  under  two  luperfi- 
ciU  angles  of  two  iqiures,  and  two  fuper&cial 
andes  of  two  equilateral  triangles, 
^Vmoiffif*  Forafmuch  as  the  opp^iite  fides 
an  d  diameters  of  the  bafes  of  the  -  CUbe  are 
patallels,  the  plain  extended  by  the  right 
Itos  QT  and  VR,  ihaU  be  a  parallelogram. 
And  for  that  alfo  in  that  plain  lyeth  QR,  the 
diameter  of  the  Ciibe,  and  in  the  fame  plain 
aUb  is  the  line  MH,  which  divideth  the  laid 
plain  into  two  eqiud  parts,  and  alto  coupleth 
4he  oppofile  angles'^  of  the  Exodoedron  \  this 


*•• 


line  ^m  therefose  divideth  the  diameter  into 

two 
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two  equil  parts  i  i   And  tUo  diWdeth  it  felfd  cor.j^^t* 
in  the  Cune  paint»  vrhich  let  be  S,  into  twb 
cqioi  para  #•   And  by  the  fame  reafon  may^  ^  |^ 
we  prove  that  the  refl  oF  the  lines  which    ^ 
couple  the  oppofite  angles  of  the  Exoftoedron* 
do  in  S  the  center  of  the  Cube,  divide  one 
inother  into  two  equal  pnits^  for  each  of  the 
angles  of  the  Iso&otdtM  are  fet  in  each  of 
the  bafes  of  the  Qibe»    Wherefore  making 
the  center  the  point  S,  with  the  diilance  SH 
or  SM  defcribe  a  Spher^y  and  it  ihall  touch 
every  one  of  the  angles  equidiftant  from  tbi 
point  & 

And  ferafmuch  as  AB  the  diameter  of  the 
fphere  given,  i$  put  equal  to  the  diameter  of 
the  bau  of  the  cube,  to  wit,  to  the  lint 
RT,  and  the  fame  line  RT  is  equal  to  the  line 
MH/,  which  tine  MH  coupling  the  oppofite  f}]«  u 
angles  of  the  Exoftoedron,  is  drawn  by  the 
center.  Wherefore  it  is  the  diameter  of  the 
Sphere  given  which  contaioeth  the  Exofto- 
earott. 

Laftlyi  forafinuch  as  in  the  triangle  RFT»  . 
the  line  PO  doth  cut  the  fides  Into  two 
equal  parts,  it  iUall  cut  them  proportionally 
with  tne  bafes,  to  wit,  as  FR  is  to  EP,  ib 
Ihall  RT  be  to  POj*.  But  FR  i^buble  tog2«6> 
FP  by  fuppofition :  W herefeie  RT|  or  the 
diameter  HM,  is  alfo  doume  to  thte  line  PO, 
the  iide  of  th*  EioAoedroo.  Wherefore  we 
have  defcribed,  ^c  Which  w«s  required  to 
\)e  done* 

PROBtEME   U. 

T0  difcfibe    0§  e^nitatiral  and  efuian*- 
gUd  Upfid^dicaedron  y    and  to  cofffftebtnd    ' 
it  in  a^kiTi  given,  and  to  frovi  that  tbi 

H  h  4  diamt^ 


i-.  -  •.., 


•»    «" 
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J(iff0int   Jiuhfi,  ia   the  ^Je  of  the  Ici&p^ 

•Co^f ^  Sttppot?  tirt^  the  dkmetef  ^f   tkt 

ft  JO.  6.    {phtit^  git<n  hb  NL^  «  dividn  riae  line  KU 

1^  ftA  bicimnr  aiia   aeul  prQjpotUon  i^  tbt 

rat  I,  md  tfae  |;ri9fttet  ff;g;i«eiit  thereof  Ut 
NI^   And  iif0n  tfafe  line  .INI  def^ibe  ft 
b  i^  x;.  Cube^  ^  and  ibbut  tliis  Qobcti^  ihece  J)^  cir- 
c  17,  i2,  cumfcribed   ft    Dodecaedron  r ;   and    jtet    the 
ftifte  ^e  ABCD£FHKM(\  aUdjAMik.  each  of 
Hid  ftAl  im^  two  eiutl  dk^  in  the  Mints 

ftUd  ^feUp^^  theftdiofti  iMrkh light  UaeH  which 
ftnU  fuhttfid  ^  9tf9;ie$  6f  Jtiii  pm^sagons^  as 
Ih*  I!i«cs  POj  QVrV<h  QXf  YR,  RCi  VlT^ 
TX,  KV,  «id  fo  ihe  reit 

DeiMnJtr.'  Fora&uuch  as  thefe  iinos  Cubtead 
equal  angles  of  the  Pentagons,  and  thofe  s^ual 
•     aligW  £ir)B  <cibiitaMtd  of  eqifitl  MflSt'tO'  wit,  of 
file  halls  dMht;.fidst  «dfae>»nuigons  i 
d4. 1,     therefore  fctotfe'  fubteoding  liitgi$  sre  equal  £ 
Wherefotfc  thte  tiitngies  GQy*  YQR,  akti 
^    *  "  VXt,  and^  ttaei  reA,  w;hidi  4Sk^ .  ftWar  iolid 
ftnglikis  o^'  tlie  OadtCAMron».  «l»(iMtiUiit«rftl» 
<    Ag^ii,  tt^tftteotehdte  hi.evciry  reptagoa  ftie 
^HfTaribed  ifi^  efasl  ^ht  liiw^  <wplii^  t^ 
toiddk  <baiteiHs('^9)i{|lle  fi^,.ltoilf$  the  lines 
•  QV,  VT,  TS,  SR,   and  R^i  they  di^erjbe  ft 
Pentagon  in    the  plain    of  the  Pentagon  of 
the  I}odec4l^0ro5.|,^4 'the  iaadrr Pentagon  is 
,    contained  in  a^circfe,   to  wft,'  whofe  center 
is  the  c^n^r  vL^  Pentagpn  of  the  » Dodeca- 
edron.   For  the  lines  dfawft '  frdjrti  that  (tenter 
to  th^'^nglels  oJF^his. Pentagon  are  ecfuajt)  ^t 
^faat  thejr  at|  fd^fundiculm  upet  the  hftfie's 
••  '.'  ••  |..    ■'  _  cut. 


^""     "      '    "     goo  QJMTVi 

fa 


4»> 


equiahgled/.    And  By  the  lalxie   KafoA  mayfii.  4. 


die  ibA  oE  riie  Pemgont   dtCciiMd  In  thfe 
tiifte  ttf  tta  IMtoca«dflDii|  \m  ptotti  a^uai  and 


ffv 


.  WkfMthtt  thbfc.  Pmwgmi  are  ni«lw  in 
Mn^ts  AihI  fcttfinMckus  tbt  Muti  tod Itipe 
triangles  do  fubtend  and  taks  aMf  nvf ntf  fi»» 
lid  angles  of  the  Dodecaedron  ;  therefore  the 
laid  triangles  fhalt  be  twenty  in  number* 
Wherefore  we  have  defcribed  an  Icotidodec^ 
edion  by  the  Definition,  which  Icofidodeca- 
^dl>On  is  equilateral  ;  for  that  all  the  fides  of 
the  triBgles  are  equal  and  common  with  the 
Pentagons;  and  it  is  alio  equian^^.  Fof 
each  of  the  folid  angles  is  noode  of  two  fu. 

peificial 
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pefficial  angles  of  an  equilateral  Peotaffoft^ 
and  of  two  fuperficial  angles  of  an  eqidute^ 
lal  triangle. 

Now  let  us  prove  tbat  it  is  contained  in 
the  given  fplieie  whofe  diameter  is  NL.  For^ 
dinuch  as  perpendicular  drawn  from  the  cen- 
ters of  the  Dodecaedron,  to  the  middle  fe* 
ftions  (^  his  fides,  are  the  halfs  of  the  lines 
which  couple  the  oppofite  middle  fedions  of 
g  }  cor.  of  the  fides  of  the  Dodecaedton^  ^  which  lines 
17. 1  J.  alfo  h  do  in  th^  center  divide  one  andther  int^ 
li  idim,  two  equal  parts.  Therefore  right  lines  dtawn 
from  tbat  point  to  the  angles  of  the  Icofi- 
dodecaedron  (which  are  fet  in  thofe, middle 
feftions)  are  eoual ;  which  lines  are  thirty  iii 
number,  according  to  the  number  of  the.  fides 
of  the  Dodecaedron  i  for  each  of  the  aqgles 
of  the  Icofidodecadbroii  are  fet  in  the  nnddle 
leftions  of  each  of  the  fides  of  the  Dodeca* 
edron.  Wherefore  making  the  center  of  the 
Dodecaedron,  a^d  the  fpace  any  one  of  the 
lines  drawn  from  the  center  to  the  middle 
feOions,  defcribe  a  fphere,  apd  it  fhaU  pafs  by 
nU  the*  andes  of  the  Icofidodectedroil,  and 
ihall  contain  it.     . 

And  foraCnuch  as  the  diameter  of  this  fp* 
lid,  is  that  right  line  whofe  greater  feg- 
ment  is  the  fide  of  the  Cube  infcsibed  Si 
I  4.  cor.  the  Dodecaedron  i ,  which  fide  U  NI  by 
t^yxz.  fuppofition.  Wherefore  that  folid  is  contain- 
ed in  the  fpfaeie  given,  whbb  diameter  k  p«t 
to  be  the  fine  NX«  • 
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Now  let  us  prove  that  the  greater  fegment 
of  the  diameter  is  double  to   'QV  the  fide  of 
th^  folid.    Forarmuch  as  the  fides  of  the  tri- 
angle AEB,  are  in  the  points  Q  and  V  divi- 
ded into  two  equal  parts,  the  lines  QV  and 
BE  are  parallels  ib.    Wherefore  as  A£  is  toK^.^9«f« 
AV.  foHis  £B  to  VO /,   But  the  line  AS  is  1  »•  6. 
double  to  the  line  AV«    Wherefore  the  line 
BE  is  double  to  the  line  Qy«i.    Nowtheni4«& 
line  BE  is  equal  to  NI,  or  to  the  fide  of  the 
Cube  n ;  whkh  line  NI  is  the  greater  fegmcfit  n  i  eor.^l 
•f  the  diameter  NL«    Wherefore  the  greater  I7«  <3t 
Cement  of  the  diameter  given  is  double  to  the 
fi&  of  the  kpfidodecaedroQ  in(cribed  in  the 
iven  Iphere.     Wherefore,  We  havedeCeri' 
if  Q^c,  Which  was  required  to  Dt  done. 


hei 
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To  the  TJnderftanding  of  the  itatihe  of  this 
Icoiido4ecaLedron,  you.  muft  well  conlseivc  the 
paffions  and  proprieties  of  both^tbefe  fdlMs,  of 
tvhofebafes  it  toniifteth,  towit,  ofthelcoik- 
edroQ  and  of  the  DodecaedroiK  And  altW  In 
it  the  bafes  are  placed  .opPoStely.  yet  have 
they  to  one  another  one  ana  the  lame  i4cli- 
nation.  By  reafon  whereof  there  lyt  hiddeA  in 
it  the  aftions  and  paffions  of  the  c^faer  Kegu- 
lar  Solids.  And  I  would  have  thought  ^t!  not 
impertinent  to  the  burpofe  to  hiave  fetibrth 
the  infcriptions  and  circumfcriptions  ti  this 
Solid,  if  want  oF  time  had  not  hiodred.  But . 
to  the  end  the  Reader  may  the  better  attain 
to  the  IJnderftanding  thereof,  I  have  here  fol- 
lowing briefly  fet  forth,  how  it  may  in  or 
about  ever/ one  of  the  five  Regylar  Solids  be 
infcribed  or  circumfcribed ;  by  the  help  where- 
of he  may,  with  fmall  travel  or  rather  none  at 
«11^  hfvii^  well  poifed*  and  confideretl  tbeDe- 

•  atfionftradpnn  appeitai^iiig  t4  die  fi^refaid;  five 
.Regular  Solids,  demoi^fEiaDe  both  ttit  inCsri- 
^on  of  the  faid  Solids  in  ft,  and  Urn  iitfcri- 

ytioa  of  >(  in  the  faid  SoUda. 

• »  ♦    * 

•  «»>.•.  .  .    • 

An  kdCdodecaedrott.  fnay  cootaiAtbe  other 

five  :iftgU)fasuc:  bopiies*    Xor  it  will  receive  the 

«M|gles  sfa  Dodeciedroalnthe  oescirs  <»f  the 

^tAw^t  which  fubtend^tte^olid  ailgtttt  of  the 

rDodocasiioftt  whioiifolid  tmgtas  aie  twenty 

in  imnibei^  and*  are  pkced  in  the  foibie  ordfr 

ii^.^iwthe:iDli4 angkff of  the  Dodecaedran 

taken  away,  or  fubtended  by  them,  are.    And 

•  bf.„t!la  reafon  it  Ihall  receive  a  Cube  and  a 

Pjrtamis 


•  ♦  ♦ 


I 
i 


of  ,^bc  .other. 
.  An  {9pfidodcG9i9droo  rccmetb  ao  OftoedroOt 
|he  am\^  cmting  |he  fix  oppolue  r«^Uoo#. 

"  e  ped^cafdroQ,  cv«q  as  if  it  were  a  fioiBli 

And  i(  coot^iKtU  ftn  I^ia^droi^jBiUcinff  thc^ 
ti{if€^vf{  aogle^  or  th^  Ico&edroa  lO^^tTaoie' 
cent^c^.<^  tbe  twelve  pentagons.  > 

It  may  alfoby  the  fame  reafon  be  ialkxUi 
bed  ia  eaeh  of  the  fire,  regular  bodies,  to  mt^ 
iH;a  Pytami^,  if  yow  place  feur  triangular  ba^ 
ft^  .^c^ntrical  wh  four  baUs  of  the  Pyraimsiy 
afpifr.^fame  maDQCjr .  that  you  inCcribed  ai| 
If^i^r^ep^QU  in  a  Pyramis  ;  fo  likcw^fp  ma^  at 
be  laicribed  io  ao  Q(ftoedroo,  if  you  nukA  eiglir 
bjaCss  thereof  coooBntri^gl  with  the  ei^h^  bafesk ' 
of  ti9^  Oftoedron*  it  ibaU  alfo  be  infcribed 
in*  a  Cvba«  if  you  placp  the  angtes  which  r^ 
Q^vetha  O^toedron  iu  it, 'in  thecentfsrs  oS 
^  bafes  of  the  Cubou  Again*  youiball  in* 
dilpe.kio  an  looiaedron,  when  th«  trianglet 
q^oipaifed  in  pf  the  P«nugon  babs^  are  qnh 
c^ntrH^ai  with  the  uiai^las  ybich  ^ake  ^ 
(oUd  angle  pf  the  Icc^aedron. 
-  j(«a#ly»  1%  ihaU  be  infcribed  ia  a,  Podeca^ 
^^f^  ^f  you.pl^ce  ea^bof the  luigiea ^tiec^, 

of  in  the  middle  fectlons  of  the  fides  oC  tbf 
Dqdasat dron, '  accoiding  -  to  tbi  9fAv  ui  the 
Conftxuftioo  therfo£  .  .  ^  j 

1  This  opipoilte  plain  (uper&cies  allp  of  this 
(b\^  are  parallels*  Fo^  the  oppofij^  Cplid  an* 
^I^  -  ^  ce  tubteoded.  of .  parallel  plain  fapeificie«, 
a&  well  in  the  angles  of  the  Dodeca^dvpn  lub^ 
upfi^(\  by  triangles,  as  in  the  aagk$  of  tht 
Icbfaedron  fubcended  of  Pentagons,  vhicli 
tb^g  noay  eafily  be  denonftratedi*    Mortoner, 

e*  this  folid  aie  infinite  properties  and  paOkuis^ 
^yM^sM^  ^^  ^^  ^\^  vb^reof  it  is  omSS^^- 

Wlipre. 
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'  Vheitfore  it  is  m^fSsft,.  that  a  Dodeot-' 
edrop  and  as  Icofaedron  mixed,  axe  transfbrim 
cd  into  one  and  the  Celf  fame  folid  of  an  Ic*- 
fidodecaedron.  A  Cube  aUb  ^d  an  OAoedron 
ate  mixed  and  altered  into  another  Iblid,  to 
Mrit,  into  one  and  the  fame  Exoftoedron.  But 
a  Pyrande  U  transfiajrmed  into  a  fimple  and 
perfefl:  &lid,  to  wtt,  intd  an  Oftoedion. 
If  We  wiH  firame  thefe  two  foUds  joined  to-* 

Ether  ifitb  one  folid,  this  only  muil  we  ob*^ 
"ve. 
•  In  the  Pentagon  of  a  Oodecaedrpn  Infcribe 
a  like  Penagon,  and  lee  its  angles  be  fet  *  iq 
the  middle  te^bons  of  the  Pentagon  circuni* 
fcribed,  and  then  upon  the  faid  l^ntagon  iti* 
fctibed,  let  there  be  fet  a  folid  angle  qf  an 
looTaedron,  and  fp  obferve  the  fame  order  in 
each  of  the  bafes  of  the  Dodecaedron,  and 
the  folid  angles  of  the  Icofaedron  fet  upon 
thefe  Pentagons  fhall  poduce  a  folid  connft* 
ing  of  the  whole'  Dodecaedron,  and  whole 
Icofaedron.  In  lil(e  fort,  if  in  every  bafe  of 
the  Icofaedron,  the  fides  being  divided  into 
two  equal  parts,  be  infcribed  an  equilateral 
tfiangby  and  upon  each  of  thofe  equilateral 
triangles  be  let  a  folid  angle  of  a  Dodecaedron, 
there  ihall  be  produced  the  fame  folid  confift* 
ing  of  the  whole  Ieofaed|ron,  and  of  the  whole 
Dodecaedron. 

And  after  the  fame  order,  it  in  the  ba? 
fes  of  a  Cube  be  infcribed  fquares  fubtending 
the  folid  ansles  of  an  Odoedron,  or  in  tha 
bafcs  of  an  Oftoedron  be  infcribed  equilatertt 
triangles  fubtending  the  foiid  angles  oi  a  Cube, 
there  ihall  be  produced  a  folid  confifting  of 
either  of  the  whole  folids,  to  wit,  of  th« 
whole  cube,  and  of  the  whol^  Oftoedron. 

But  equilateral  triangles  infcribed  in  tfai^ 
bafes  of  a  Pyramis,  having  their  angles  fet  in 
^e  Qiiddle  feclions  of  the  fides  of  thePyramis, 

an4 
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aii4  the  (olid  angles  of »  Pyramist   let  upon 
the  (aid  equilateial  triangles,   there  ihall  be 

Eoduged  a  folid  con&ftiug  of  two  equal  and 
^e  pyramids. 

And  now  if  in  thefe  folids  thus  oompofedt 
you  take  away  the  Colid  angles,  there  ihall  be 
leftored  again  the  firft  compored  folids,  ta. 
wit,  the  folid  angles  taken  away  from  a  Do* 
decaedron  and  an  Icofaedron  compofed  into 
one^  there  ihaU  be  left  an  IcoiIdodecaedion» 
the  folid  singles  t^k^n  away  from  a  Cube  and 
an  OAoedron  compofed  into  one  folid,  there 
Iball  be  left  an  Exoftoedron.  Moreover,  the 
iblid  angles  taken  away  from  two  pyramids 
compofed  into  one  folid,  there  ibali  be  left 
an  OOoedron. 


Of  tbi  nat$$r€  rf  0  frUaiirnl  Md  e^m^ 
laferal  'Pyramis. 

T.  A  trilateral  equilateral  Pyramis  is  divi^ 
ded  into  two  equal  parts,  by  three  equal 
(quares,  which  in  the  center  of  the  Pyramis 
cut  one  another  into  two  equal  parts,  and 
perpendicularly,  and  wbofe  angles  are  let  in 
the  middle  feAions  of  the  fides  of  the  Py« 
famls. 

.  X.  From  a  Pyramis  are  taken  away  four 
Pyramids  like  unto  the  whole,  which  utterly 
take  away  the  fides  pf  the  Pyramis,  and  that 
which  i^  left  is  a|i  0£loedion  inscribed  in 
the  Pyramis,  in  which  all  the  folids  inforibed 
i(i  the  Pyrapiis  are  contained.  * 

%.  A  perpendicular  drawn  from  the  angle 
pf  the  Pyrai¥iis  tp  the  bafe,  is  double  to  the 
diafntter  of  the  Cube  infcribed  in  it. 

4L  And  a  right  line  coupling  the  mi4dle 
Ceaipns  of  the  oppolke  fides  ot  the  Pyramis 
i^  triple  to  the  fide  of  the  fame  Cube. 

5,  the 
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'  J.  The  fide  alTo  of  a  Pyraipis  is  triple  to  tjic 

diameter  of  the  bale  of  jhe  Ciri}6.  * 

6.  Wherefore  the  tn^fs  fide  of  the  P)nramls 
U  in  power  double  to  the  right  line  which 
coupleth  the  middle  feiftipns  of  the  oppofite 

7.  And  it  is  in  pointer  fefJquitlter  to  the  p«M 
pendieular  which  Is  dmwn  from  the  angle  t* 

the  bafe.  /^  -    ' 

ft  Whejrefijter  the  perpendicular  is  in  power 
fcfquitertia  to  the  line  which  coupletp  ch^ 
middle  (cftions  of  the  oppofite  fides.  ' 

9.  A  Pyramis  and  ?n  Ofto^dron  lrfcribe4  itj 
it|  alfo  an  Icofacdron  infcribed  in  the  fainc 
Oftoedron,    do  contain  one  and  the  feme 

fpbere.      ^*  -'       '  ' 

■- » 

■  •  * 

T.  Four    perpendiculars   of  an   Oftoedron, 
drawn  in  four  bafes  thereof  from  two  Oppo- 
fite angles  of  the  faid'  O^edron,   and  coU'^  , 
{led  together  hj  thofe  f6ur  bafes,  defciibe  i 
Lhonibus,  or  Diamond  figure;  one  ofwhofe 
'    diameters  is   in   power  dduble  to   the  otbei 
diameter.  * 

a.  For  it  hath  the  fame  proportion  thai  the 
diameter  of  the  OAdedr^n  httii  to  the  fide  of 
the  Oiteedifon.  '^    / 

'  %^  An  Odioedron  and  en  Icofaedren  in^ 
fetibed  m  it»  do  contain  one  and  the  fame 
fphcre.       -  -* 

4.  The  diameter  of  the  folid  of  the  Ofto- 
edrdA  iisln-  power  fefquialtet  to  the  idiame- 
ter  oi  the  circle  which'  containeth  the  bafe, 
an4  is  iti  power  duple  fuperbiparticns  tertias 
(that  is,  as3  to  ;,)  to  the  petpendk«ia#  pr 
Me  of  the  foreraid  Rhon^s:   andmbreo^r 
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is  In  length  triple  to  the  line  which  cotipleth . 
tfie  centers  of  the  next  bafes. 

J.  The  angle  of  the  inclination  of  the  bafes    ^ 
of  the  Oftoedton,  doth  with  the  angle  of  the 
inclination  of  the  bafes  of  the  Pyramis«  make 
angles  equal  to  two  right  angles. 

Of  thi  Mature  if  a  Cnhel 

i.  The  diameter  of  a  Cube  is  in  power  feC; 
qiiialter  to  the  diameter  of  his  bale.  \ 

1.  And  is  irt  power  triple  to  his  fide. 

J.  And  unto  the  line  which  coiipleth  thct 
centers  of  the  next  bafes,  it  is  in  powes 
fextuple, 

4»  Again,  the  fide  of  the  Cube,  is  to  the 
fide  of  the  Icofaedron  ihfcribed  in  it,  as  the 
whole  is   to  the  greater  fegitient. 

i.  Unto  the  fide  of  the  Uodecaedrdh,  it  is 
as  the  whole  is  to  the  leffer  fcgmeht. 

6.  Unto  the  fide  of  the  Oft&iedroni  it  is  in 
pt)wer  duple. 

7.  Unto  the  fide  bf  the  Pyramis  it  is  iii 
power  fubduple. 

8.  Again,  the  Cube  is  triple  to  the  Pyra- 
mis, but  to  the  cube  the  Dodecaedron  is  ia 
a  manner  double.  Wherefdre  the  fame  Dode- 
caedron is  in  a  manner  fextuple  to  the  faid 
Pyramis* 

Of  the  Hatuu  of  the  icofaedron* 

t.  iFive  triangles  of  an  Icofaedron,  do  make  • 
afolid  angle,  the  bafes  of  which  triangles  make 
a  Pentagon.  If  therefore  from  theoppoiite  ba- 
fes of  the  I<iofaedron  be  taken  the  other' Pen- 
tagon by  them  defcribed,  tbefe  Pentagons  fliaU 
in  fuch  fort  cut  the  diameter  of  the  Iqofaedron 
which  coupleth  the  forcfaid  oppofite  angles, 

I  i  that 
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dut  ttiat  part  which  i$  c^taujied  between  ihe 
planes  ot .  thefe  two  ^Pentagons  fliall  b^.  the 
gf&itir  fegment,    and  the  re^ldae^  whic^h  is^ 
SrawB  from  the  pistin  to  the  angle,    Ihall  be 
the  leffcr  fegmcnt.  '] 

X.  If  the  oppoute  angles  ot  two  bafes  |dhi-  * 
ed  together,  be  coupled  by  a  right  line,  the 
greater  fegilient  of  that  tight  line  is  the  fide 
of  the  Icofaedrom 

}.  A  li^ne  d^wn  from  the  center  of  the  Icd« 
UAdicn  to  the  angles,  is  in  power  quintuple 
to  half  that  line,  which  is  taken  between  the 
Pentagons,  or  of  the  half  of  that  line,  which 
is  drawn  from  th^  center  of  the  circl^  which 
containeth  the  forefaid  Pentagon,  which  two. 
lines  are  thereCDre  emial. 

4.  The  fide  of  the  Icofaedroii  contaitieth'  in^ 
powef  either  of  them,  and  alfo  the  lefler  fes- 
ment,  to  wit,  the  line  which  £illeth  from  the 
folid  angle  to  the  Pentagon. 

5.  The  diameter  of  the  Icoiaedton  cc^taineth 
in  power  the  whole  liiie,  which  ooupleth  the. 
oppbfite  angles  of  the  bafes  joined  together/ 
ana  the  greater  fegmlsnt  thereof^  to  wift  the 
fide  of  the  Icoraedron. 

6*  The  diameter  alfp  is  in  power  quintuple 
to  the  line  which  was  taken  between  the  Pen* 
tagons,  or  to  the  line  which  is  drawn  from  tht 
.center  to  the  circumference  of  ihe  circle  which 
containeth  the  Pentagon  compofed  of  the  fid6s 
of  the  Icotaedrott. 

J.  The  dimetient  oontaiheth  in  power  the 
right  line  which  coupleth  the  centers  of  the 
*  oppofite  bates  of  the  Icofaedron,  and  the  dia-^ 
meter  of  the  circle  which  containeth  the  bafe. 

S«  Again,  the  faid  dimetient  containeth  in 
power  the  diameter  of  the  circle  which  con- 
taineth the  Pentagon,  and  alfo  tfie  line  which 
is  drawn  from  the  center  of  the  fame  circle 
to  the  circumference  j  that  is^  it  is  quintujile 

to 
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tb  tbfi  line  ^ivth  firom  the  center  to  the  eir- 
tumftienoe. 

9.  The  line  which  obuplctfa  the  cettttfrs  q£ 
the  oppofite  bafes^  containeth  in  poiver  the 
line  which  coupleth  the  centers  of  the  next 
btfes,  and  alfo  the  reft  of  that  line  of  which 
the  fide  of  the  Cube  infcribed  in  the  Icofaadrod 
is  the  Sfcster  fegtnent. 

to.  The  line  which  coupleth  the  middle  ft- 
dlons  of  the  oppofite  fides,  is  triple,  to  the 
fide  of  the  Dodecaedron  Infctibed  in  it. 

II.  Wherefore  if  the  fide  of  the  Icofaedron, 
and  the  greater  fegment  therfof  be  made  one 
line,  the  third  part  of  the  whole  is  the  fide  of 
the  Dodecaedroii  infcribed  in  the  Icofaedron. 

0/  tBe  Dodecaedron. 

1.  The  disliheter  of  a  Dodebtedron  contaihetli 
in  ppwer  the  fide  of  the  Dodecaedron,  and  al. 
fo  that  right  line  to  which  the  fide  of  the 
Dodecaedron  is  the  leffetfe^oient,  and  the  fide 
of  the  Cube  infcribed  in  it  is  the  greater  (eg- 
inentf  which  line  is  that  which  fubtendeth  the 
angle  0S  the  inclination  of  the  bafes,  contained 
iinder  two  pefplcndicularis  of  the  bafes  of  the 
DodeCaediroti: 

a.  If  there  be  taken  two  bafes  of  the  Dode. 
taedroQ,  diftantfrom  one  another  by  the  length 
of  one  of  the  fides,  a  right  line  coupling  their 
centers  being  divided  by  an  extreitie  and  mead 
pioportion,  maketh  the  greater  fegment  the 
right  line  which  coupleth  the  centers  of  the 
next  bafes. 

}.  If  by  the  Centers  of  ^  five  bafes  fet  upon 
one  bafe,  be  drawn  a  plain  fuperficies,  and  bf 
the  Centers  of  the  bales  which  are  ttt  iipoir 
the  opjiofite  bafe,  be  drawn  aUb  a  pliiiti  fu^ 
pei&xes,  and  then  be  drawn  a  right  llne^ 
^upling  the  centeri  of  the  oppofite  bafes,^ 

1  i  z  thmt 


fM 


a  TREATISE  of 

that  tigH  line  is  fo  cot,  that  each  of  his 
paits  (et  without  the  plain  fupeificies,  is  the 
|rreater  fegffient  of  that  part  which  is  con- 
tained between  the  plains. 

4.  The  iide  of  the  Dodecaedron  is  the  greater 
femient  of  the  line  which  fubtendeth  the  ap- 
gle  of  the  Pentagon. 

5.  A  perpendicular  line  drawn  from  the  cen- 
ter of  the  Dodecaedron  to  one  of  the  bafes, 
i&  in  power  ouiotuple  to  half  the  line  which 
is  between  the  pnins.     * 

6.  And  therefore  the  whole  line  which  cou- 
pkth  the  centers  of  the  oppofite  bafes,  is  io 

etwer  quintuple  to  the  whole  line  which^  is 
tween  the  laid  plains. 

7.  The  line  which  fubtendeth  the  angle  of 
the  bafe  of  the  Dodeoaedron,  together  witii 
the  fid^  of  the  bafe  are  in  power  quin- 
tuple to  the  line  which  is  drawn  from  the' 
center  of  the  circle  which  containeth  the  baft, 
to  the  circumference. 

8.  A  feAioo  of  a  fphere  containing  thiee 
bafes  of  this  Dodecaednon,  taketh  a  third  part 
of  the '  diameter  of  the  {aid  fphere. 

9.  The  iide  of  the  Dodecaedron  and  the  line 
which  fubtendeth  the  angle  of  the  Pentagon, 
are  equal  to  the  right  line  which  coupTeth 
the  middle  fefti^ns  of  the  oppofite  fides  of  the 
Dodecaedroiu 
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THE 


THEOREMS 

O  F 

ARCHIMEDES. 

Concerning  the  Sphere  and  Cj'lin- 
der,  Inveftigated  by  the  Method 
of  Indivifihles,  and  briefly  De- 
inonftrated  by  the  Reverend  and 
Learned  Dr.  Ifaae  Barrow, 

HE  tmiti  Defign  of  Archimedes  if| 
his  Treatifeof'thc  Sphere  and  Cj/^ 
tinker t  is  to  lefolve  tnefe  four  Pro- 
blems, 

t^  To  find  the  proportion  of  the  fupetfictes  of  a 
Mere  to  avjf  det^minate  circle  ;  or  to  nnd  a  cir^ 
ifk  equal  to  the  fuperficies  of  a  given  J^here, 

z.  To  find  the  poportion  of,  the  fuperficies  of 
^Hy  fegment  of  a  j^here  to  am  determined  circle  j 
OH  to  find  a  circle  efual  to  the  fuperficiet  of  ary 
ajfis^'d  fegment.  ^  ^  ^.^ 


X 


Cf»0 

;•  To  ftid  the  frofottwn  of  the  gbere  itfe^ 
far  ofitipUi  cmtef^  to  anjf  iptcrrmnate  Cone  at 
Q^inder-^  or  to  find  a'  Cone  or  Cylijiier  efual  to. 
'  ^  given  hhere. 

4.  To  find  the  profmtion  ofafegment  ofafiherf 
fo  any  determinate  Cone  or  Cylinder  \  or  to  find  4 
Cone  or  Cyli^fr  equal  to  a  given  fegtficnt, 

Thcfe  four  Problems  Jrchmeies  profecutes 
ftparately,  and  lays  down  Theorems  ioune^ 
Aately  fubfervient  to  their  folution  ^  but  we 
reduce  them  to  two  :  For  fince  an  Hemi« 
^here  is  the  fegment  of  a  fphere,  s^nd  the 
ihethod  of  finding  out  its  relations;^  in  refpeft 
to  the  fuperftcies  and  folid  coment,  is  com- 
prehended in  the  general  metho^  of  jjRvefti* 
gating  the  proportion  of  the  fegments :  And 
from  the  fuperficies  and  folid  content  of  an 
Hemifpheje  already  found,  the  double  of  them^ 
(that  is,  the  fuperficies  and  content  of  tb^ 
whole  Iphere)  is  at  the  faine  time  given.  An(l 
indeed  'tis  iuperfluous  and  foreign  from  the 
Laws  o^  good  Method,  to  inyeftigate  theiir 
relations'  dJprindlly  and  fepar^tely ;  Vo  that  if 
it  were  not  a  ciime,  I  might  on  this  account^ 
blame  ey«n  jhchimedts  himfelfL 

The  whole  matter  therefore  is   reduced  tp 
thefe  two  Problems. 

^ '  I.  To  find  tlje  frofortio^  of  the  fnperfcm   of 
any  fegment  of  a  ^hert^  to  a  determinate  mcle^ 
of  to  find  a  circle  e^al  to  the  fnferjiciei  of  a 
given  fegment. 

,X!>To.  jjind  the  pofortion  of  the  folidity  of  any 
fegment  of  a  §h$r^  to  any  determtnate  iJonf  or 
Cylinder ;,  or  to  fin4  a  Cone  or  Cylinder  efud  to 
^  ^j^^wV  ffgTff^nt  of  a  fphere* 

,  I  ihall  relolye  thefe  Probleins  by  another 
much  eafier  and  Ihortcr  method:  In  which thft 
order  being  inverted,  •  firfh  t  fhall  ftck  th* 
fejiidity  oi  a  fegpoienty  ^  ripm  thence  deduct 

'  ^'  •    \.         "...       ;    '.    .  ^  :  its 


l^s  |!iiMfi^$  »  thing  wUch  is  in  mfiiid^ 

fent^n  wvrtti  obfe^vfog,  aod  {Nii&cpAji,  aa 
knoiv  of,  bj  none. 

FJrft  tber^rei  for  finding  tbe  fol|ciiiy  itf  a 
IcgmeQty  I  i^ll  lay  dpwn  tuvo,  oomznonly 
luiovrn  an^  rec^iv'd  Suppofitions,  f^i;e:. 

jffnthmetical  Profreffion  from  nothif^  O^lifiw)  ait 
i^hofe  common  dtference  u  tfual  to  itk  l^lmfigir 
pUudCf  is  fuhdufle  of  as  mam  fuantities  ^$al 
to  the  ^reatpft  ;  (i.  e.  fuhdufte  ofthtpoim  ^ 
tie  greatcfi  term  and  n&mier  of  terms:)  So  thl 
if  the  Jum  of  the  terms  be  called  z,  the  greate^ 
term  fi  and  the  number  of  terms  n\  then  wi 

The  ttuth  of  this  Propofitipn  will  eafily 
appear  by  ezpreffing  the  leiies^  twicp*  and  id-r 
Veiting  M}^  order  ^ 

o,   a,   *a,  5$,  ^a. 
4»>  J*>  ^»»   ^t   o* 

For  fo  the  diffierence  ^li^rays  being  equal  to 
the  leaft  qusuttitVi  'twill  be  evident  that  each 
two  conefpondent  terms  tal^en  together  ar^ 

gualtp  the  greateft  term  \  and  alfo,  that  tbf 
jies  taken  tW<^^  ^^  eq\jiaji  to  the  greateft  temfi 
tepeated  as  mai^y  times  9^  there  >ire  terms. 
i.  e.  the  laft  teri^  drawn  into  the  i^umb^r  of 
terxns. 

We  have  in  a  iriarifk  a  vtxy  clear  and  ^a- 
fy  example  of  this  moft  ufeful  Propofitioni* 
which  is  prov'd  hence,  to  he  half  a  faratlehh 
^am  havifijg  the  fame  fbitwkf  find  fiandij^  on 
tbefc^ehye. 
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Suppore  tY)e  9lti^d§ 
A£  of  the  triangle  A£2 
to  be  divided  intQ  pans 
indefinitely  many  and 
fcnaU  AB,  BC,  CD,  DE. 
and  par$illels  BZ»  CZj 
PZ,  £Z;  dr^vtn  thro'  tb^ 
points  of  Pi'vifipns  ;  all- 
thefe  proceed  from  e  iti 
an  Arithmetical  Progref&qn,  and  confequent- 
ly  the  fum  of  'em  all,  that  is,  the  triangle 
^£Z,  is  fubdunie  of  the  greatefi  £Z  drawn 
^nto  the  altitude  AE,  by  which  the  fum  ox 
the  terms  is  ekp'refs^df  that  is^  fubduple  of  the 
Parallelogram  EY^  whofe  bale  is  £Z,  mid 
altitude  AE« 

But  the  illuftration  of  the  Rule  will  con- 
duce more  to  our  defigo  by  inferring  hence, 
Tkat  a  eirck  is  efual  to  mf  if  the  radita  drawi 
into  the  Wr#tt»i/ere»r«,  after  this  manner.  Con« 
ceive  a  circle  to  confifi:  of  as  many  concentric 
Peripheries  as  there  are  points  )Dt  equal,  parts 
inddinitely  ^ny  and  fmall  in  the  radius. 
Thefe  Penpheiries,  as  well  as  their  radii  pro- 
ceed  from  the  center  or  nothing  in  an  Arithme- 
tical progreflioh  )  and  therefore  their  fum,  that 
}$,  the  whole  circle  is  equal  to  half  the  greateft 
(or  extreme  circumference)  drawn  into  the 
pumber  of  terms,  that  if,  the  radius. 

After  the  faniie  manner  we  may  fuppofe 
the  feflor  A£Z  to  confift  of  as  many  con- 
centric Arps  BZ,  CZ, 
DZ,  £^  as  there  are 
points  (or  equal  parts 
indefinitely  fm'all)  in  the 
fadiusAE,  which  Arcs, 
as  their  radii,  proceed- 
IQg  from  a  point  or  nd« 
thing  in  an  Arithiheti- 
c^  progreifion,  the  feftor 


giro  vrill  be  tqiul  to  half  tfie  radius  drawn  in? 
to  the  extreme  Arc  £2L  Which  may  be 
made  evident  alio  after  this  manner  :  Let  us 
fuppofe  the  right  line  £Y  to  be  perpendicu- 
lar tp  th^  radius  AE,  draw  the  right  line  AT^ 
and  from  the  ppints  B,  C,  D,'  of  aivifion  in 
the  f adius,  draw  BY,  CY,  DY,  parallel  to  EY, 
and  terminated  at  AY.  Becaufe  £Y:  DY  ( ::  tai. 
AE  :  rai.  AD)  ::  Jbc  EZ :  Jrc  DZ.  and  EY  = 
EZ,  then  will  DY  =  Arc  DZ  j  and  in  like 
manner  will  CY=CZ,  and  BY  =  BZ-  whenct 
the   triangle  AEY  iiirill  be  =  to  the  fcftor 

^*T     V      .     AExEY  ,AE)sEZ,       -. 
ABZ,  that  IS, —  (  — 2; — )  =  fe. 

£tor  A]£Z.  By  this  means  we  coUi^  ^hat  ce- 
lebrated Theprem  ofJrchimties^  That  a  circle  ue- 
fual  to  a  tria^gh^  whofc  haft  is  equal  to  the  radiut^ 
gnd  altitude  cfualto  tie  imjfhery  efthe  circle  i  and 
that  without  any  imcription  or  circumfai- 
ption,  of  figures,  by  only  fuppoiing  that  the 
Area  or  Superficies  of  the  circle  cgnfifts  of  ia- 
^itely  many  concentric  E^ripheries.  Which 
tnetliod  of  indivifiih'%  (|tow  fii^ft  of  all  known^  to 
me)  feems  no  lefs  evident  (nay  more  evident) 
and  perhaps  lefs  fallacious  than  that  wherein 

fdanes  ar^  fuppofed'  to  confift  of  parallel  right 
ines,  and  fpUds  pF  parallel  planes  ;  as  her&? 
after  fhall  be  evident^  when  we  ftall  colkft, 
by  this  methpd,  the  propprtioAs  of  fpheric  an4 
^lindrip  fuperficies  to  one  anpthef,  by  know-/ 
ing  the  folid  content;  and  on  the  qther  handj 
the  folid  content,  by  kaowipg  the  fuperficies, 
with  admirable  &cifity,  andmoftfiiU  fatisfa- 
^ion  in  thofe  things  which  are. rigidly  ga« 
ther'd  by   pure  Qeometry. 

2«  Let  vi  fuppofe  a  feries  ofMantities  topo^ 
teed  from  o  (iTtclufipe)  in  a  iufticate  Jrithmetic 
pfogreJIion^  tlaf  is,  P^  I9  4t  9^  i6>  &C.  thefquares 


0f  makers  in  aJimfkJrnhnetkjrm^hn,  o,  u 

h  h  4»  ^^*  ^^  ^  '5P*?  oftK^  fmcs  mlt 
ilwajs  ofceei  th$  maim  rem  muU^Ued  hy  iht 
fmmier  of  iemu ;  mft  fbp  ffmbft  of  itms  in* 
rr^aSnff'  the  UTOlwrtioiu  tonttnudh  anoroxintatin 


J 


4^9  =  36.  j6       6 
$  X^(S  =  80.  So^  ST 

6xzs=f|^$«xM      i<* 

As  toremBo^e.  if  the  tenni  be  ttro»  die 
tri{4e  of  the  terms  will  be  to  the  gre«teft 
ferm  drawn  into  the  miaiber  of  terms  as  }  to 
i;  if  there  be  ^reetsenns  its  5  to  4  9  if  four^ 
is  7  to  6;  if  five,  as  9  to  8^  and  fo  oonti- 
waiiy  :  So  dsat  the  antecedents  of  thdb  pro* 
Bortfens  always  mutiiaUy  exceed  one  another 
by  tlie  number  a  9  and  fo  eveiy  antecedent  its 
fonfequeot  by  ^.  W^^nce  it  is  evident  that 
by  how  jnuch  the  greater  the  number  of  ttnos 
ifif  by  fo  nmdi  tm  more  t;he  proportion  tends 
io  equality,  ^o  xoe  to  99  is  le^  diftant  from 
ihe  prop^ion  of  equality  than  to  to  9. 
^^som  httiee,  ftippofin^  the  number  of  terms 
infinite  (qr  infin^ely  greats)  the  triple  of  guan- 
tides  proceeding  thus  in  4  duplicate  'pfopot- 
aioa  (or  as  thelquares  of  thi^  numbei^  o,  t^ 
^9  if  49  ^^-  ^^i  be  e^uai  to  as  noany  ^uan<r 
tMes  equal  to  the  greateft  term« 

The 


w      / 


^wm  bf  JMnmcies  in 

tiic  Foundation  i>f  i^any  Aiguaef^atioas*  Jn 
thMty  and  otha.  Boojcff  W  is  well  dei&oaftrsU 
t^  bj  >c«ir  LewM^d  Countiy-^mn  I>.  JT^/Z/x  ^ 
How^iner,  I  thovg))t  fit  tp  illu^xzyt  tjie  m^tt 
iet .  bf  this  i»et^,  2^  being  not  unworthy 
our  Cpofi4eT^;6n,  and  veiy  perrpixruous  and 
intelljgibte  in  tbis,  that  *tis  free  from  Fra* 
Aipiis.  AtA  bf  the  y^zj  his  gWcrv'd,  that 
fiom  faqnce  we  oiay  e^Iy  find  the  propoitj^ 
ef  a  feri^  tn^Ie  to  as  many  tetms  equal  to 
the  greateft,  viz.  as  twice  the  number  of  teriitt 
kCa  one,  tp  twice  th«  number  of  terms  Iqjfa 
rw^.  So  tbat  if  :the  iiumo(er  of  tejrms  be  tf, 
the  pro{K)ttioo  of  a  fe ries  tmle  to  as  ^any 
lerms  ecmal  to  tkxi  gfCpteft  ivili  b§  as.xff. 

It  will  be  a  ypfff  ^fy  and  apt  lUuftration 
•f  tkis  &uk,  if  V^t  i^r  hence,  nat  a  Caw  U 
frHrifl9  tf  4Cjfliwl^,  ^V^f^n  mat  ^afy 
dni  tfUimdt*  For  let  ys  iMppoie  t|e  .altitu^ 
A£  of  the  ooie  ZY  to  be  diviidc^  i«to  eqi^ 
^ind  indefinkely  nimr  piMt^  hyas  manqr  99^ 
Allel  tiflht  lines  ZX.  »«d  th^Vy|t^  p[  v^m 
be  as  the  numbers  i«  z,  ;,  4,  ^r,  tDd  t^ 
fquares  or  circles  conitituted  upon  the  .^HOve* 
tdfs  ZY,  as  f ,  4,  St»  1^,  6V.  rwfc^qp  ^  thqfe 
eiroies,  ot  the  wihple  cone  a;6V  (q^de  \^ 

of  tbe  fame)    will  t^e  Aib^ 

$iifie  .of  as  a^viy  /f&fck^  e- 

^  to  the  greateft  «nftitur 

ted  pn  tlje  |i;9S(teft  di^umetef 

ZEY.  thatlL  Tutomle  of* 

-cyjinder  whofe   bale  is  AET. 

and  altitude  AE.       "  * 

There  occur  two  other  moil:  ^t  ej&imples 

oF4bis  Rule,  pk.  by  mtisrrii^y  |[&ii^  %  4:ca9^i^ 

tinm  of  a  Sim^rahola  isJuBm^e  <f  §  farajff^ 

v  '  1  alfo. 


itlfoi  Hat  ^e  fiaee  tomfreheaki  iy  tie  S^al 
and  Hadm  w  fuitrivle  of  the  circU  in  which  - 
the  spiral  h  generated :  Hut  of  thek  in  aao* 
thcr  place.  Wherefore  to  go  on  with  what 
yjt  began,  thefe  two  Rules  being  fuppofed  ^ 
let  us  conceive  2^T  to  be  a  fegment  of  a 

fphere*  X  its  center, 
AT  its  diameter,  and 
ZAYT  a  great  circle 
paffing  thro'  the/ver- 
tex, and  the  part  A£ 
of  the  Axe  to'  be idi^ 
vided  into  an  indefi- 
nitely many  equal  pirts ; 
and  let  us  imagine  pa- 
rallel lines  to  be  drawa 
thro'  the  points  of  Di« 
viiion,  generating  cir- 
cles in  the  fphere , 
wliofe  Radii  let  be  BZ,  CZ,  DZ,  and  diaoie- 
ters  ZT.  I  fuppofe  the  fegment  of  a  fphere! 
to  confiit  of  alt  thefe  parallel  circles,  wbofe 
number  is  as.  great  as  that  of  the  points,  or' 
eq(ual  indefinitely  many  fmall  parts  in  the  Axe 
AE,  aecording  to  the  Known  Method  of  Jfh 
divifihles. 

But  now  fior  brevity's  fake,  let  the  dia* 
meter  AT  be  called  d^  and  the  radius  of  the 
fphere  t  (if  need  be,)  and  the  Axe  AE,  by 
which  the  number  of  terms  is  exprefs'd,  call 
9t,  and  one  of  the  equal  parts  a ;  which  be- 
ing fettled,  'tis  evident,  (ly  the  Element f)  that 

15^»  =  AB  X  BT^  fl xVl  —  tf  =:tfi  —  tf*,  and 
in  like  manner  CZ*  =  AC  xCTz=:zax 

^  —  a  a  =  ^ad^4  a* ,  and  by  the  fame  rea- 

foningDZ*=rADxDT=:  J  tf<J— 9tfS  andEZ* 
=AE  X  ET=:  4  flrf  —  i6  /I*,  &c.  tlMt  is,  that 
the  fquares  of  the  i;gdii  of  the  elites  Z7  ar^ 

tt 


*     \ 
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to  one  anotlier  as  the  reftangks  ai^  zai^  \aL 
Aai^  &c.  (which  proceed  in  an  Arithmetical 
Prpgreffiott  from  o)  lefs  by  the  fquare  fl*i  4^% 
pjS  i6tf*,  &c.  which  go  on  as  the  Tquares 
of  the  numbers,  1,2,  ;,  4,  gfr.)  But  bv  our 
firil:  Rule,  all  the  ReAangles  o,  aL  zgi^  lai^ 
4ji,,  &c«  are  equal  to  half  as  many  terms 
equal  to  the  greateft  A£  x  AT  orni,  that  is, 
_  _  ndxn 

•^      a     • 

Moreover,  by  our  fecond  Rulei  all  the 
fquares  o,  a*,  4^',  94%  i^^S  &c.  taken  to<^ 
gether,  are  equal  to  a  third  ^rt  of  as  many 

terms  equal  to  the  greateft  A£^  or  n^^   that 

.  Wherefore  all  the  fquares  defcribed  upon 
the  radii  BZ,  CZ,  DZ,  £Z,  conjunftly,  are 

equal   to  the  difference ,    (or  the 

tenns  being  reducM  to  the  fame  denomination,} 

}  n  g»x  nnn  ^^  ^^^  quadfuple,  that  is,  all 

6 

the  fquares  deCcribed  upon  the  diameter  ZY, 

-      12  ndn  —  8  »*       6  ndn  —  4  «!! . 
are^equalto  g or  -— 2 — f^ 

Whence  a  fegment  of  a  fphere  is  equal  to  a 
Cylinder,  the  diameter  of  whofe  bafe  is  the 
iideofafquare  equal  tod  9zi  ->-  491*,  add  alti* 
tude  is  I  n ;  or  to  a  cone  having  the  fame  bafe, 
but  the  altitude  ti,  or  which  is  all  one,  havii^ 

a  bafe  whofe  radius  is  V  or  V 

I  %i  —  »*,  and  altitude  n  as  before.  Which 
Cone  we  may  change  into  a  Cone  upon  the 
famis  bafe  ZY  with  the  fegmtnt  ZAY,   by 

faying,  as  ZE*  (?,  t.  in  —  n*)  to  \  »i  —  «*  or 

(both 


^Qthtferms  beifig  divided' by  »)  isd^kt6 
i  <l  —  n,  fo  reciprocally  n  to  the  altitude  of 
the  Cone  fotight:  Or  in  the  figure  by  ifta- 
king,  as  IE  to  TE  -*  XAy  Jo  u  EA  to  ESi 
Fot  ES^  »i^  i^  ^*«  ^Itituit  oftU  Cone  ZSY  e- 
iual  to  ^Tiefegrdent  of  the  J^IHu  ZAT.  Which 
1$  a  noted  jTheorem  of  Archimedes^  demoit- 
^slted    by  hiM  with  fb   much  Ubout  and 

molixity*.  ,  , 

Hcoce,  if  ibfi  giiren  fegment  be  ^  Hemu 
hherej  and  f o  «  =  t  ^'or  f,  then  d  ot  x  r  witt 
De  the  adtitude  of  a-  Cohe,  -^hich  haviM  a 
teife  equal  to  the  baTe  dlx^Jtemi/pbere^Jpt 
«o  the  greateft  circle  in  the  (pherej  will  be 
equal  to  the  Hemifphere*  And  a  Cone  whofe 
bafe  is  double  of  the  greateft  oircle,  and  the 
altkudetr,  or  thQ  Cpikier  ^hofe  bafe  is  ^ 
of  the  greateft  citclei  and  alptude  z  r,  ifiU 
be  equal  to  the  whole  Sphere.  Whence  the 
*«irhole  ^^irr^  is  f  c^f  a  Cylinder  the  diameter 
of  whole  baffe  is  %  r^  and  the  altitude  alfo  2 1. 
And  this  is  the  chief  Theorem  of  Atchim- 
dist  viz.  IMt  d  Men^  it  JfUhfefyuiaiter  or  f 
ef  that  Cylinder f  waofe  Jltituie  and  Diame^ 
ftr  of  the  hafe  i^  tjial  to  the  ^  Diaifietir  of  the 

Sphere,  ^ 

Furthermore,  not  to  pais  over  any  thing 

iff  oitt  AuthcHT  which  feemsto  be  to  our  put*- 

pofe :    . .  ; 

If  td  the  fuiA  firft  founds  vqprefieatlng  a  fe|;^ 

.  6«A»— Aimil,  w»addx<i*B— 6rf»*-+4** 

iaefit»p2z* r^ —   ,  .  ' 

^  J  z 

fendng  the  Qme  ZXYi  the  Aggregate  f  ddn 
wiU  reprefent  the  Seftor  of  the  'Sphere  ZX- 
lA,  which  f<Mr  that  rcafon  will  be  equal  to 
a  Cylinder,  the  diameter  of  who&  bate  ^  dit, 

and 


aiid  the  altitttde  |  f  or  to  a  Cone,  tlie  iU- 
meter  of  whofe  bale  is  ^  dn,  and  the  iiltitu4e 
idi  or  alfo  in  a  Cone,  the  Radius  of  whoGe^ 
bale  is  V  ^^  ^^  ^^  altitude  i  il  =r:  r  (it  be-: 
iw  redprocally  as  ^n:  inn  zd:  f  iJ^  that  is, 
to  a  €}ooe»  the  Radius  of  ^s^hoCB  mt  is  tba 
Lkie  AZ,  drawn  from  the  tenex  to  the 
circumiFerence  of  the  bafe  of  the  Cegmeat,  (fiw 

A2^  =  tA  X  AE  =r  in^  and  the  aidcude  n 
And  this  is  the  nest  famous  Tfaebtem  oidnM^ 
metiSt  coQoetning  the  (blidity  of  the  tt€hsi 
of  the  J^here,  ©«.  That  the  fia^it  of  s  Mem 
is  e^ual  to  a  Cone,  whob  hafc  is  a  mek  ie^ 
fmitihy  a  Radkn  eftahto  a  Itmdtawnfhm 
Ifc  v€rt€»  to  the  eifcumfenmo  of  the  hafe  oftbi 
fegment,  and  whofe  gUinde  is  efml  to  tho  Sma 
dfus  of  the  Inhere* 

And  thus  I  think  I  hare  compMsd  that 
which  befengs  to  the  folidity  of  a  fphere^  wmt. 
its  parts  with  fufficieftt  brevity  aUd  perl^i. 
cuity.  From  hence  we  A^U  deduce  tltt  Re-* 
folution  of  the  other  Problem,  whidi  I  p«h 
pofed  concerning  the  fiuf&ce  of  the  (ntaieni: 
pS  a  fphete  ;  and  thfen ,  of  the  whole  ^here* 
To  obtain  this,  as  we  fimpofed,  before  a  CiIKj 
ak  to  confift  of  concentric  Poripheriesi  anA 
the  SeSor  of  a  Cwkkt  ^  concentric  Arcs,  (itt 
the  number  of  which,  the  greatipft^  and  the 
leaft  ot  a  point  is  xtdkoB^d  :  So  now  wa 
fuppofe  fpheres  to  co^iuft  o(  concentric  rph&- 
tical  fuperficies,  and  the«%&ri  ofSjflktet^  of 

like  /  concentric    ius^ifi- 
.  cies  )  as  forexaiJDple,'thet 

teAor  of  the  fphere  Z AE^ 

of  the  ft^etficies  BZ,  CZ, 

^   DZ,   EZ,  &4^.y   which 

'*'   fuppofition  indeed    feemd 

*  fo  eafy  and  natuiaJ,  thit 

in  my  judgment  'tis  fuffi- 

Ciena 
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I 

I 


% 


eieat  onlr  to  propofe  it  i  neither  is  ^  furi 
tBer  exj^iication  wanting '  to   gain  an  affent 

ro  it  ^  ^ 

a.  We  fuppofe  thefe  fpherical  tupetficies  to 
be  in  a  duplicate  Ratio  of  the  Kadius  of 
the  fpheres :  This  is  the  common  affeftion 
of  all  like  ruperficie$,  and  it  feeitis  to  knee 
-very  Well  witn  the  fupeificies  of  fpheres,  oe* 
caule  they  appear  to  be  moit  uniform  and  fi« 
milar.  But  tius  Suppofition  might  eafily  be 
evinc'd  and  eftablifh'd  by  tha  fame  lort  of 
arguing,    as  fj^heres  are  proved  to  be  in  tri^* 

Slicate  proportion  to  then  Diameters  or  Ra^^ 
ii  \  Or.  might  have  been  ]oin*d  as  a  CoroUaiy 
to  Prof.  17*  and  i8.  EUm.  ii«  where  the  fu- 
perficies  of  lil^e  Polygones  are  fuppos'd  to  be 
ii^cribed  in  fpBeres,  having  as  well  the  fuper- 
ficies  in  a  duplicatei  as  the  folidity  in  a  ui*^ 
^icate  Ratio  of  the  Diameters  of  the  Spheres^ 
Jhcfe  things  being  premised,  let  us  fuppof(^ 
AE  a  Radius  or  the  iide  of  the  SeAor  of  a 
Sphere  EAZi  to  be  divided  into  equal  and 
indefinitely  many  fmaU  parts,  and  the  feftor 
AEZ  to  confift  of  thefe  fpherical  fuperficies 
BZ,  CZ,  DZ,  £Z,  it  will  be  evident  that  all 
thofe  fuperficies  in  the  Progreflion  are   asthe 

fquares  of  the  Radii,   that  is,  as  AB%  AC% 

AD%  A£%  &c.  or  as  the  fquares  of  the  num- 
bers T,  2,  u^9  &c.  whence  by  oUr  fecond  Rule^ 
the  fum  of  all  thefe  fuperficies,  that  is,  the 
fedoT  AE21,  will  be  \  of  as  many  fuperficies 
equal  to  the  greateft  FZ^  that  is,  |  of  the 

«reateft  £Z,  drawn  into  r  the  number  of  terms. 
Thence  a  feftor  is  equal  to  a  Cylinder  whofe 
bafe  is  I  of  the  greatefi:  or  extreme  fuperficies 
of  the  fe Aor,  and  whofe  altitude  is  r  /  Or  to 
a  Cone  whoTe  bafe  is  equal  to  the  fuperficies 
of  the  feAor,  and  its  altitude  r,  which  is  the 
laft  01  Lii.  I.)  but  we  juft  now  prov'd  that  a 

feftor 


C  fM  3 

ifBtM  it  cMil  to  t  Cqm  vkate  ^titmkhri 
pui  Infe  a  cifcle  dfScAVd.  by  tbe  Radius  TE. 
diavnrnoiQ  the  vertex  of  the  fegment  £YZ  la 

gie  'cucumfereace  of  H^  btSe.  Wheielbie,  t 
one  vhofe  altitude  is,  ,and  batfe  equal  tp .  tbr 
fuperficies  oF  the  fefior,  is  eaual  to  a  Cone  of 
the  Taioe  altitude,  .whoie  bale  is  a  circle  d^ 
fcnVd  by  the  Radius  YE. 

And  fo  the  Tupexficies  of  the  teOf^r  £YZ  ia 
egual  to  a  cirole  deTcrity'd  by  the  Radius  Y^ 
Which,  ceitaialy  is  the  principal  Thtorem.  of 
Jill  thde  that  occur  in  the  Books  of  JrcU* 
males^  oorji  tl)ere  fcuod  a  more  ocoeUenc 
pnesi  all  Qpoi|Ktiy ;  . viSf  T^ai thf  fuffi^eg 
if  Mn  figment  of  a  Jfhetf  U  €fu^l  to  a  dulf 
whoffRcuti^t  U  t  r\gbt  line  ^hrttrnnJromtU  ver^* 
ttx 'of  ti^  figment  to  tie  ekan^irenc^  of  tim 
}afes :  Ana  hence,  that  ^  [ufeifUtes  of  an  ffe^ 
mjjfbefo  is  imbh  of  the  hafe^  or  ejual  i^  twa 
preat  <heUt  of  tie  f^lere^  ^  J   \ 

j^orinthis  Cafe  YE*=:£!fc^-+ jkYVria 
AS^  and  cdqfequentty  a  circle  defcribed  by 
,.':  '  the^Radiiis  ¥£  is  ^jual  to 

tM  cxtt\t»  delcf ibM  by  the 
Radius  AF.  Whence  4Ub» 
the  fnfii/fcies  of  the-  wlo^ 
iw  ffhmre^tt  fuairufk  n.  tvtck 
*^  .  tarnng  the  fame  Raiiut  v^iti 
tte^ffhetef  thtt  iSf  fuairt^ 
the  gratejl  circle  in  tbe^  f^^  V  ^^^  ^P^^  ^^  ^ 
firch  wlife  Radttn  it  the  Mameter  of  m  J^hff. 
From  hence  it  foUovo,  That  the fnfeifeits  of  n 
M^  is  ojmal  to  the  fitfetieies  of  a  Cflinkr  of 
th  flme  Ikighth  and  hnMth  I  for  the  fupeifiL 
cies  of  that  CyUilder  is  quadntole  to  the  Wt|» 
as  ^  Iblll  ihew  hcteafer.  And  fheie  bre  the 
tadi  ioted  Theotens  of  JrMmeiet.  Nay» 
Sfiaoi  JuM  all  thofe  thkigsSbllow,  which  he 

.       ftl  hat 
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lii^  •wmte  ieoneeMfii^  ^  the  fap^^^e^   trf 
fflbtie^'  mA  their  Icgfnetit».  -  Sor  ^  Ait  trom 
Sefo  fisw  and  ^y  SHMofitions,  I  hM:  dyidti- 
Jbat^  whatever  (e^'tb  beof  airf*9\ate  H 
(be  Bwke  Of  ifc  i^r  H^ii  CJrfimirf. 
.  I  <i^B«iilf  «Mt  ^bot  «flei:  by  t;]ie  tneStod 
ofJHl^9iKdmi  (fori  tfand:^  fcance  any  btket 
can    be   invented,  .befides  crars,  far,fiA(!(|ng 
Ae  fofidtcif)   the  fof ctficies  of  fegtneiit$*ure 
fcimd«^M   to  Ae*  t*cie*fcrib?d  bj^"^ 
JUdii  1?«  h  bcfloe  if  will  plainly  fSHoWj'that 
the  fu^vrficifis  ^f  tj^Unres,  and  tfatfnce  of  like 
j(bftor6^«te  in  *  a  dil^fosfte  ratio  of  thfc  tUM 
pf  HQifc  Spheres;   and  peiCtquently  ftotttt  t\^t 
fiijperficied*  thitt  •  fbuftSV  *>the.  coiftCtttJ-'te^^feg- 
mentsi  l«d  of  irliole  JpJidfes  ^may  be  tniitimlTy 
HtducKdj  and  that  vetytlcifly   and.  e^pefli^ 
tiottilt  after  thi^  itiximttl   Becatfe*  W  tjh&l^- 
aot  BA«   (fig-  4?ag;  j5^>  the  fiipelrfi<5es  B.Z, 
CZ,  DZ,  EZ,  proceed  acs-  the  TquireJ  tiefcriW 
vpotL  JEBi  AQ  AD,  A2,  that  is,  as  ry4,>;^6, 
^c.Tthej^rhokf^^itwU.he  tqual  hr*^  o£aa 
ny  fuperficies  cqtiaito  .the  greateft  £Z,  or 
'  H .|,  r^bH  i^  10^  «  rCyiioder  whofoybafe  is 
,.,*,;?i«  sftd  altinadr  fVi-T*rf  to  a  "* 
&afeas,i:,Z,  anci.jilmiidex;;.  But< 
ied'.-eqyai  ,«o  -a  circle « <«liAre  jladiju&j 
iiC'li^rei'or^  f h«  fe(£yr.  £AZ.Ss  equal  t^ 
)vho/&.^,Laki  i^.ia  cj«Qtir\d«fi:ribed  by  the   Ra* 
fliuf  YZ.and  ^m^r.x.Wl»ciikJM^m* 
^^  vuilhreifal  -IteiDrQm  T&yr  th6'.  o^mRifii'^ 

ilafMUog \oa  the  tafe.^  aht  'fegm^iir-^  E¥iEi 
a<»d  havi#g  ctr  v^tbts  \a^  the  oeflkettf i  «Im 
£p.l)f^&At  be  ria)d«%d«i  (ysdrJl  Mire  'tllst  feg* 
inent^^YZ;)  £«t  wtevite  ik^r  Et2v^si 
H^^nfp^e,  tliure'^wili -be  aofu^h  ^ibnl^^^ 
be  ^b^^a^id;  aiM  for  tlita:  :;reafoft^t:99M- 
^1^  whol^  bafe  is  f  SZ»   and  altitude  >,   or 

the 


die  ConQ  iKrhofe  bafe  k  lEZ,  ^>  >IItitil<fe 
hk«Wif«  f  will  be  ecltiai  n>  the  wh^e  f|)here: 
But  tbe  tuppiS^s  .o£t];ie  Hcmi^hcie  f,Z^H 
fxmtd  t^  be  equal  to.  j|wo  of  tbe  gr^aceft 
cucles  iQ  tha  l^^e,  whence  the  whokff  heit 
is  given.  .«Thk  is  ^t^Un^itt^t  fift  and  priqa- 
eipai/  Theorem, .  for  the  amtent  of  ii*f^nere  j 
whence,  'tis  eaiiljr  deduce<l,  tb^t.  a  fp]»ei3e  ie  f 
of  a'  drcumfcrib'd  Cylinder,  thgris,  of  t  Cy.* 
Udder  whofe  altitude  and  diameter  of  its  baff 
is  'equal  to  the  diameter  of  the  fohere* 

The  Poftrine  of  oilr  other  IJkLimeJgsi 
feeni$.  to  make  agaioft,  and  fubvert  the  ne^ 
and  celebrated  Method  of  InilvifibUs^  and  i^ 
prefs*d  to  that  end  by  T^cquety  for  in/lancet 
{Prof*  !•  hh.i.  Cylindr.} '  For  the  ufual  procel^ 
of  that  method  Teems  to  exhibit  tlie  dln^efi. 
iion  isnf  the  fupeffici^s  of  a  Cone,  (as  ^lifa 
a  {pheire,  and  of  other  Curves)  diffeidiit  enou 
from  wh^l  itftfer  Author'  aqd  others  Vvji  c_. 

rapnfbratqd;   As  forexaai-. 

pie.  -let  us  Ujff(^t^^JkJ^ClX 
;.a  r&ht  jfone^  whole   Axe, 

is  i^,,  and  bafe  BQD,  and. 
..  plane .;  tf  x  <^     drawn,    .  a( 

pleafure,    parallel     to  .{tli<i 

ba^  BCp.     And  fince,'  "dfi- 
,,iiiim.  BD  :  Peri^.  ^Q©,  ^> 

ajBd  fo  every  where  it  wiH» 
I  u  /be  (siccqrdijg  tp  tl^e^f/M 
of  Mi^mhUs^  aad  by.  12.  ,5-)  as  Ditfw,.^|),." 
ta  jf*<n;SLj^CD^;(b  i^ihe  mangle  ABf),.cpr»s  * 
fitting  jof  thpfe  ..iiaralJel  .jDiameter^  t<il  tlw^, 
Cjpnic  Si^tffidGt  ABCCL'  cmfi&it^  qt  iMkt 
Peripheries,  i.e.  Diaif.^Bu.i  Pcvtp!).  BCD  :r 
h%  xj^Dj^    AX  X  jR^xyft  BCD      .^- .    . 

,    .:fL   .  K  k  a  AX 
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-'«.^ — 7--  wiU  be  tgiial  to  ihe  fuper- 

fidss  of  the  Cone  ;  %hich  is  Mre  and  cdntta-* 
fljr  fo  iKrhftt  vms  deteonftrated  juft  libw.  J^or 
we  deaonllfatel  tliat  the  fupcfficies  of  die' 
^  .  AB  X  Periph.  BCD 

<>0B6'Wa$-i — !"-tv!'v    ;■■'■> 

Ki  aaftvetiiffi  this  OVieAlon,  we  ray,^that 
the  MithcH  (^ IniivifihUiSi  in  the  fj^'eciflatign  of 
Perioietess,  afid  of  Ciirve  Surface^/  proceeds 
otheiwife  tbaAi^the  fpeculatipn  of  jplaiie  Suf-\ 
Cwes  and  folid  Conteiits.  It  does  indeed  Cug- 
fble  that  the  Area  of  plane  Figures  con(^/ 
ws}t^ot  of  ^ar^llel  right  liifts»  a$d  the  con- 
tents  of  fblids  of  parallel  Plan'(l$,  and  that 
their  number  may  be  e%prefsM  \ij  the  altitude 
of  the  Figures :  But  it  by  no  means  fvpppfes,^! 
0tu  the  Perimeters  of  plane  figures  cdnimr  of* 
lontts,  or  the  fimerficles  of  folit^  of  lines,  the  ^ 
number  of  which  xbay  be  expreuM  by  the  al* 
litude  of -the  figure.    As  for  example,  .altho* 
ihe  triangle  ABD  \(in  the  laft  figure)  confiib 
Hf  lines  parallel  to  BD,  th6  number  of  mtIucIl. 
is  eiq^fied  by  the  number  of  pokii^^vlnhe 
perpendicular  AX>  that  is,  by  the  lengtlr^of 
die  perpendicuhir  :  Yet  it  iirould  be  )al)Uittito 
nmpoTe  that  the  l|ite  AB  con&fta-of  ^ftointfir 
wn&fe  number  nuy  be  ejtpiefs'd  byj;he  jauOa-'" 
ber  of  points  in  a  lefs  line  AX.    roi^altho* 
the  right  line  jSg  dr^\M  t*hro*  each  infinitely 
tm^W  part  of  aX^^  divide  AB  into,  as  many 
ioflnkely  (mall  pait8|   yet  thpfe^parts  ^re  tot 
of  the  Ijme  Denc^iiiatlon^  ^r  Qii^lrt^.  utrltb 
the ' pans  of  AX,  mit  fbtncWbat  greater  than 
^ih  i  fo  that  if  the  p^s  of  AX  blTdok'd 
tfpon  as  points,  the  .parts!  of  AB  are  rib^^/p  be 
called  -jtoints,  but  grfeatcr  thatir  pointstil  and 
00  the  contrary,  if  the.  parts  of  AB  be  ctlled. 

-  '^  •  '^  point$i 


points,  tUe  ^amof  AXiuretd  |)tlooMI«M| 
as  kfs  than  pointS|  if^  bef  liiwfol  to  £puk 
To.  ybr  tbe  points  vfaich  tit  tmucdtfiqi 
Che  Method  if  hdixnJUlBs  iite  not  ifttblitely 

Biots,  but  indefinltdy  finaU  ptm«  vbicb  «ic 
:\^  the  nalnteof  p<)ints,  becaufeof  the  Affini*". 
tj*   Since  therefore  points  tlon^  admit  cf  mai> 
er  and  lefs,  the  name  of  points  is  nbt  St  the 
•  Tame  time  to  be  attributed  to  the  paits  dF  Jdtkm 
rent  magnitudes  \  confequentf^  tho*  Ihe  mnnbec  * 
of  the  fester  (tarts  of  AB  maybe  expielsM  by 
the'  number  of  the  lefltsr  pans  of  Aa,  jet  lihe  > 
mimber  bf  points  in  ABcan  no  mp  oe  ex«  : 
ptefTed  by  this  number  of  pdints  in  Ax,  (that  hi 
jjy  the  number  of  parts  in  AX,  equal  td  tfad 
number  of  parts  in  AB,  which  ait  called  points.) 
The,  line  AB  has  as  many  points  as  there  areia 
it  fdf^one,-tir  anoth^hne  emxalto  it  feIf,no»* 
can  it  be  determin'd  hj  any 'other  nieafure.  Ap' 
ter  the  fame  manner,  this  methbd  don^  fuppblSs 
itit  conic  Surface  ABCD  to  confift  of  as  many* 
naralld  circumferences  perpetually  ijicreaiing 
ftOm  the  vertex  A>  or  decreafing  from  the  bale 
BD,  as  there  are  points  in  the  A^e  AX  i  but  ra^ 
ther  of  as  many  thus  increafing  or  decreafing  at 
there  are  points  in  the  fideAB.    For  in  the 
Revolution  of  the  line  AB  about  the  Axis  AX^ 
(whereby  the  fuperficiescf  the  Coneis|[eoetated} 
every  {lo^ot  in  the  line  AB  pro^ces^  circunit* 
ftr^nce,   ^nd  CQnfeqilf ntiy  ^more  circunJCevem^es 
are  produced  than  the  joints  contained  in  the 
Axis  AX.    Therefore  if  you  v^ould  extend  the 
Methf)dtfIndmJihUs  10  f he  fuperficies  ofJbiids, 
and  fuppofe  thofe  fuperficle^  to  cpnfiit  of  paral'» 
lei  lines,  you  ought  not  to  compute  this  by  rHe 
parallel  Areas  conftitttting  the  iplid,  that  Is,  liot 
to  number  ^thofe  Arlsas  by  the  altitude  of  the  f6«- 
lid,,  b^tby^her  lines  agteeabk  to  the  Condition  : 
of  each  fig\ire«  Which  uoesi  in  figuresthat  are  ? 

netirregytar^  may<aft)y'Wdim;xmh)*d*  f^clff^-  > 
•  ^  fiance. 
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mii  A5pD»  w&)Cb  A»  is  AX^ 
VJPP»feng  that  the  lu^xil  fiufacft . 
ouKe  Firamiciccfifift&of  Peu*i 
'n^«n^  ornidamsi  parallel  ta, 
tlW  bafe  fiCDn  Siefe  can  o^ther  , 
bp  G^nputad  bv  tk£  altttudft..' 
AX,  ottr  by  Ae  li4e  AB»  (Ev  by  the  focaiet,. 
the  thipg  requii'd,  VQu)d  Ipe  wantiogof  the  uue ; 
Diai^i^fioik  ^  br  tlpu»  utter,  'twould  esureed  itji* 
but  by  the  Uofi  4£  drarwif  from  the  yeaex  A  pejh«  ^ 
poodicHlar  to  the  fide  BC  of  the  baft ;  theteafQa ' 
oC  whkh  is,  tba^  cv^yy  f  Ignj^  fide  of  a  f  yranj^d , 
as  ABCh.  co9fift&  ot j«^i^4  u|^  lines  cosif^uted 
b^  the  altitude  ^£.    Aftei  the  lanie  manner*. 
fMPiPQfiogtliaf  tb^ftfsei^ies.of  the  Het;u&here . 

%At>f  confiii^fnierijifieiles 
^  ciscies  p^^utlleU^^d  the 
^baJe'BC0|  tn^nposberof 
^fi^m  is  not  t9  be  contpu-*  * 
ted  by  the*  Axis  A2»  but 

^  theQi4adsantal  AsciVBf. 
b<?^uli^  that  eveiy  poinl^  of 

the.  A«c  At)  ip^fevolviw  jpijodoces  a  citcumfe- 
refice.  And  £ii  asy  ivf^^ts^  ivhetbet  Jplan^e  or 
cuKv'd,  vfhiA  is  copc^ived  %q  confift  oTequidi- 
^^WK  right  or  c^iy'4  Uf^i^Ss  is  tOr  he  computed 
by  a  liiic..<uttia£  thoCp  ecttiidiftaiu  lines  perpen- 
dici|}ad(y.  -For  uni:e  th^e  e^uidift^nt  Jines,  in 
thh /JfyiM  of  hiiin^iks^  arenptcon&aef*jiab- 
foivitielar  afi  Uiie3  haYiQ&an  j^6nk4y  CxpaU  t^dth^i 
nvhichis  the  fame  with  th^  breadth  qr  thioknefs 
o^  ^jpoint  defcrsbii^g  tlK)fe,  equiJiitant  lines  in 
theist/QirQU0ivQlutio9» .^diince  the  Oup«i  ^qui- 
djiftaii^Jinesjdivi^ethQ  \w  cuttifl|;,v.theni  per* 
pendi^ujatly:  into  pares  n^eafiiring  its,. oreadtb, 
thoTe  parts,  are  to  be  IflpVd  ufoii  as  fi^clji  fort  qI 
painli^jiod  oonfeoveotiy'the  tHjunbf^  fii  ^f^^^  ^ 
llamr  \vk^  at  theJui^  ofthoTebiieadtli^  is  to  be  \ 
coflipYU^  by  the  muiibcr  ci  p(^t«itl/tbelin^.* 
.•'*'•  cdtting  - 


WttiUg  ilrtiu  pptpcnfficufarly,  tluf  Is,  bythi 
length  of  that  Une,  aii4  Jiot  bv  a  line  0f  any 
bthcrlen^t^^,  fer1tfaat,\»ill  cottfifr  of  inote  'Otf 
left,  points.'  •    '  /  .  ' 

'  Hcnco  thewfoTtih^he^^cctilktfotiqf  tb&Hftic 
ipetficiesof  r6ti*,'thc  'Mefbdd'i^  tnHvptts  h 
iiot  tmilfefulj  but  tttfaet.-freryfiQriitfibdloU^p' md- 
vided  it  be  rightly  urtdeyft6^a;  a'nd  a|>i;rlieaai^ 
Cording  to  the  Rule  prfefctQ)^4.'j]F<»  %Ati 
^  heto  Qflt  ey^Q  Chejfe  Cu^emcies  miy  bfe  ibtxita; 
if  lobe.  w^j.tevU  fotee  coftvfefiiedt  Dati  txe- 
f-upposVi^^oh  wM^b  the  tog^pnlnf^  nday  b^  fdundt 
cd*  For  aqftanbe,.  wq  migMt  %  tlip  heW  cff  fr, 
iivefl;^ate  ihc  fiipexticifCs'  of  a  Cone^  bf,  c^?- 
Toning  after .  this  manftCjif.  ,  ,    ., 

If  tnerimjsrficies'iif the  coh^  ABC  (fig^g*  g  ff^y 
be  divided  into  innuoieiliblfe  Jeripn^nes  of  Cir- 
cles Sj^/'  patallel  to  the  bafe  BCD,  the  breadth 
of  thofe  Peripheries  taken  toother,  make  up  the 
fide  AB  cutting  theiti  j^etpfcnoicularly,  and  con- 
fequently  there  will  be  as  many  Peripheries  as 
there  are  poiots  ia  the  Hoe  AVu  that  is,  their 
number  may  be  exptefs'd  by  the  nuinber  of 
points  in  AB,  or  by  its  length.  'Wherefore,  if 
you  draw  prtpenfticulatt  equal  to  the  PeripWies 
to  every  point  of  AB,.  a.fu^erficjes  will  be«)aj4e 
out  of  tfime  perpendicutars  ebual  t6  the  lupec- 
ficieyjoeiUCotie*  BUtf  tfalitUupeifitie^.  iKjat  |^ 
a  triangt^  wUbfe  heighth  is  ABf. and  bafe^qual 
to  the  greateft  Periphery  BDC,  and  fo  the  fu^ 
f  erficies  oiT  -fh^Cohe  trffl  be'^si  I  A»x  Pet^. 
fiDCi,  which  coflclufiM  agreed;  with  the  tMO^ 
iaid  dotvn  and  demonfUatedi  br  jrchmeia.^^  . . 
After  the  fame  manner^  n  jcm  take  any  ilffA 

l^ne  aR    tc]Uai\tp 

tke  quadrantal  A  ic 

.  AB  of  the  Heml- 

fphete(i»^^.364») 

.  and  to  each  of  its 

J^  points  ^   let  the 

pel- 


